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METHOD  OF  INTEGRAL  ALGEBRAICAL  FUNCTIONS 
IN  THE  THEORY  OF  ELASTICITY  OF  THREE 
DIMENSIONS 

Bt  8.  A.  Savin 

1.  Formulas  of  Displacements  and  Unit  Stresses.  In  the  present 
article  we  are  considering  a  homogeneous  isotropic  solid  in  equilibrium 
under  the  influence  of  external  forces  and  only  a  single  volume  force 
which  is  its  own  weight.  The  own  weight  per  unit  volume  denoted  by 
q  is  therefore  a  constant  at  all  points  of  such  solid,  i.e. 

q  »»  Const.  (1) 

Some  problems  of  the  theory  of  elasticity,  as  known,  may  be  solved 
by  means  of  integral  algebraical  functions  or,  in  other  words,  of  integral 
non-homogeneous  polynomials.  For  such  kind  of  problems  in  the 
author’s  artifcle  “Abridged  Formulas  for  the  Solution  of  Differential 
Equations  of  the  Theory  of  Elasticity  by  means  of  Integral  Polynomials” 
(Journal  of  Mathematics  and  Physics,  vol.  XVII,  number  4,  January 
1939)  there  were  given  the  expressions  of  displacements  u,  v,  w  by 
means  of  integral  polynomials  of  degree  <•>,  which  may  be  written  in 
the  symbolic  form 

m 

[tl,  Vf  it]  “  2^  [Aatr  ,  I  Cmii]  X  Jf  Z  f  (2) 

0 

where  the  integral  positive  indices  a,  c,  v  of  the  displacement  coefficients 

Aa,»  I  Bmtr  >  C atw  ,  (3) 

and  their  sum  a  +  <  +  ■'«  called  as  an  order  of  the  coefficient,  are  subject 
to  condition 

0  <  («,  «,  v,  o  -H  €  +  r]  <  w.  (4) 

The  expressions  of  partial  derivatives  of  the  first  and  second  orders 
of  an  integral  algebraical  function  were  given  there  in  an  abridged 
form  by  the  formulas  (3)  and  (5),  and  the  expression  of  the  cubic  dilata¬ 
tion  A  at  the  current  point  of  a  solid  was  given  by  the  formula  (18). 

Using  these  formulas  we  obtain  the  expressions  of  the  normal  unit 
stresses 
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A'.  =  X.A  +  2m  ^  =  Z  H„..x'‘y'z\ 

OX  0 

Y,  »  X.A  +  2m  =  Z  K,„.x'^y'z\  I  •  (5) 

3y  0 

Z,  =  X.i  +  2M^- 

OZ  n  ) 

the  coefficients  of  which  being  determined  by  the  formulas 
Ha,w  =  XCr  +  l)C«,(r4.1)  4-  (X  +  2M)(a  +  l)zl(04.D,, 

+  X(e  +  , 

K„„  =  X(a  +  1)/I(a4.i)„  +  (X  +  2m)(«  + 

+  X(l>  4-  l)Cat(M-l)  , 

L„,  =  X(e  +  l)B.(H-t)r  +  (X  -H  2m)(«'  4-  l)Cai(H-l) 

+  X(a  -h  J 

and  the  cxpn^ssions  of  the  tangential  or  shearing  unit  stresses 

A-.  .  r.  -  ^  +  g)  .  Z 

the  coefficients  of  which  l)eing  dcU'rmined  by  the  formulas 
Ra,t  —  m[(«  +  l)B(y,+i)„  -h  (f  -h  1)A  a(«+l)rl,  ] 

P»€r  *  /f[(«  +  l)C'«(H-l)r  4-  (l'  +  ^  (8) 

Q«,  “  mKi-  +  1)^  •.(»+i)  +  (a  +  l)C(^i)„].J 

Lamp’s  coefficients  of  elasticity  a«‘  denoted  here  by  X  and  m-  By 
means  of  Young’s  modulus  E,  Poisson's  ratio  a,  and  modulus  of  elastic¬ 
ity  in  shear  G  used  in  engineering,  the  coefficients  X  and  m  are  expressed 
by  well  known  formulas 
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From  (5)  and  (7)  it  is  seen  that  the  formulas  (6)  and  (8)  must  be  applied 
to  all  possible  combinations  of  the  integral  positive  indices  a,  c,  v  con¬ 
nected  by  the  condition 

0  ^  +  *'1  ^  ~  1*  (10) 

A  detailed  derivation  of  (6)  and  (8)  was  given  by  the  author  in  the 
first  article  (in  Russian  with  summary  in  French)  of  the  collection 
“Ouvrages  sur  la  theory  de  I’^lasticit^"  fasc.  I. 


2.  On  Three  Ways  of  Solution  of  Problems  of  die  Theory  of  Elasticity. 

An  isotropic  solid  in  equilibrium,  as  known,  must  satisfy  the  four 
kinds  of  conditions  of:  (I)  equilibrium,  (II)  isotropy,  (III)  loading  and 
(IV)  supporting.  There  are  three  ways  for  satisfying  these  conditions 
by  means  of  integral  algebraical  functions:  direct,  inverse  and  combined. 

The  direct  way  is  that  when  an  appropriate  value  of  degree  u  is  given 
in  the  expressions  of  displacements  (2)  and  equations  are  formed,  ac¬ 
cording  to  the  conditions  I,  III  and  IV,  only  with  the  displacement 
coefficients  (3).  In  this  case  the  conditions  of  internal  equilibrium  are 
expressed  by  three  equations  in  terms  of  displacements.  These  equa¬ 
tions  may  be  written,  following  A.  E.  H.  Love  (see  A.  E.  H.  Love.  A 
Treatise  on  the  Mathematical  Theory  of  Filasticity,  Cambridge,  1927, 
Chapter  V,  §91)  in  the  compact  form,  according  to  (I) 

*  -9[Co8  (g,  ar),  Cos  (g,  y),  Cos  (g,  *)1,  (11) 


where  the  cubic  dilatation  is 

^  du  .  dv  ,  dw 

and  V*  denotes  the  l.aiplacian  of  any  function 

dx»  az* 


(12) 


(13) 


These  equations  were  established  for  an  isotropic  .solid  with  the  two 
coefficients  of  elasticity  X  and  m  by  I^am^  (see  L.  laccomu.  Th^orie 
math^matique  de  T^lasticit^,  Paris,  1929,  p.  3);  therefore  we  call  them 
equations  of  internal  equilibrium  of  I^am^.  Dependences  between  the 
displacement  coefficients  (3)  derived  from  laam^’s  equations  were  given 
in  the  above  article  “Abridged  Formulas.  .  .  ”  for  all  the  coefficients  of 
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second  order  by  the  formulas  (24)  and  for  those  of  all  orders  higher  than 
the  second  by  the  formulas  (21)-(23). 

By  determining  deformations,  rotations  and  unit  stresses  in  this  case, 
according  to  fundamental  formulas  of  the  theory  of  elasticity,  the  con¬ 
ditions  of  isotropy  will  be  automatically  satisfied,  which  represents  a 
considerable  advantage  of  the  direct  way. 

The  inverse  way  is  that  when  a  suitable  value  of  degree  «  —  1  is 
picked  out  in  the  expressions  of  imit  stresses  (5)  and  (7),  and  equations 
are  formed  according  to  the  conditions  I,  II  and  III  only  with  the 
stress  coefficients 

H  aw  f  I  I^aw  >  P aw  f  Qaw  f  Paw  •  (14) 

Afterwards,  taking  into  consideration  the  supporting  conditions  of  the 
solid  imder  discussion  the  displacement  coefficients  (3)  are  determined 
in  terms  of  the  stress  coefficients  obtained  from  the  above  equations, 
for  which  reason  this  way  is  called  inverse. 

This  fact  may  complicate  the  solution  of  problems  by  means  of  the 
inverse  way.  Indeed,  some  deficiency  of  indetermined  displacement 
coefficients  may  take  place  in  this  case,  and  will  make  it  impossible  to 
satisfy  all  the  supporting  conditions  of  the  solid.  It  is  evident  that  in 
this  case  the  adopted  degree  w  —  1  of  the  functions  of  stresses  (5)  and 
(7)  is  to  be  increased  and  all  algebraical  computations  are  to  be  newly 
performed,  if,  of  course,  the  method  of  integral  algebraical  functions  can 
be  applied  to  the  solution  of  the  given  problem. 

A  combined  way  is  that  when  a  suitable  value  of  d^ree  a  is  taken  in 
the  expressions  of  displacements  (2),  and  when,  according  to  the  above 
four  conditions,  we  form  one  portion  of  equations  with  displacement 
coefficients  (3)  and  the  other  portion  with  stress  coefficients  (14). 
Application  of  this  way  enables  us  to  obtain  equations  with  the  least 
number  of  unknown  coefficients. 

The  number  of  terms  of  an  integral  algebraical  function  of  degree  w 
with  three  variables  is 

J(«  +  3)(«  +  2)(«  -I-  1).  (15) 

Consequently,  the  three  expressions  of  displacements  (2)  give  the 
number  of  displacement  coefficients 

No  -  §(«  +  3)(«  +  2)(«  +  1), 
and  the  six  formulas  (5)  and  (7)  contain 

AT  =»  («  -|-  2)(«  !)« 
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of  stress  coefficients.  Hence 

AT  -  iV,  =  i(«  +  2)(«  +  1)(«  -  3),  (16) 

which  gives 

N  >  No  when  «  >  3, 

N  ^  No  when  «  =  3, 

N  <  No  when  «  <  3. 

Therefore,  in  most  problems  when  w  >  3  the  direct  way  is  preferable  as 
it  gives  the  least  number  of  unknown  coefficients. 

3.  Expressions  of  Rotations  at  the  Current  Point  of  a  Solid.  As  it 
was  expounded  in  the  author’s  article  “Flexure  of  a  Rectangular  Cover¬ 
ing  Slab”  . . .  (Journal  of  Mathematics  and  Physics,  vol.  XVIII, 
number  3,  1939),  the  Theory  of  Structures  treats  three  degrees  of  re¬ 
straint  of  a  plane  support  section  of  a  member,  which  are  defined  by 
the  two  analytical  conditions:  by  the  displacement  of  the  centre  of  this 
section,  and  by  the  slope  of  the  tangent  to  the  strained  axis  at  the  same 
centre.  The  slope  of  a  plane  cross  section  called  the  deviation  of  this 
section  and  equal  to  the  slope  of  the  strained  axis  of  a  member  or,  in 
particular,  of  a  beam  is  a  constant  for  all  points  of  this  section,  according 
to  the  hypothesis  of  Jacques  Bernoulli.  In  the  theory  of  elasticity  this 
hypothesis  of  plane  sections  is  justified  only  in  few  cases.  Consequently, 
the  deviation  at  points  of  the  same  cross  section  will,  in  general,  be  a 
variable. 

In  the  theory  of  elasticity  it  has  been  proved  (sec  P.  Appell.  Trait4 
de  m4canique  rationnelle,  tome  3-me,  Paris,  1921,  Chapitre  XXXII, 
§§679,  685)  that  the  displacement  of  an  elementary  vector  taken  at  the 
current  point  of  a  solid  is  a  geometrical  sum  of  its  three  displacements 
of:  translation,  elementary  rotation  and  pure  deformation.  The 
angular  displacement  or  elementary  rotation  of  this  vector  is  determined 
by  means  of  Cauchy’s  formulas 


which  give  the  elementary  rotations  at  the  current  point  about  the  axes 
drawn  through  it  parallel  to  the  coordinate  axes  X,  Y,  Z.  The  sub¬ 
scripts  X,  y,  z  of  w  indicate  the  sense  of  an  outward  normal  to  planes  on 
which  these  rotations  are  observed. 
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On  the  IiaKiN  of  the  above  abridged  formulas  of  partial  derivatives, 
the  expressions  of  rotations  are  obtained  from  (17)  in  the  abridged  form 

I  «— 1  ' 

+  l)C«(rt-i)r  —  (i'  +  l)B„(,+i)], 

i  0 

<»>ii  =  A  S  x“ y' z* •{{,¥  +  l).4of(»+i)  —  (a  +  l)C(«+i),r],  ’  (18) 

£  0 

w,  =  ^  ^  x"j/‘z'-{(a  +  l)B(a+l).i’  ~  («  +  l)-4«(,+i),l, 

in  which  the  indices  a,  e,  v  get  all  integral  positive  values  subject  to  the 
condition  (10). 

The  formulas  (2)  and  (18)  enable  us,  according  to  the  supporting 
conditions  of  the  given  solid,  to  form  two  systems  of  equations  in  terms 
of  the  displacement  coefficients  (3).  The  first  system  must  correspond 
to  the  conditions  of  rectilinear  motion  and  the  second  to  those  of  rota¬ 
tion  at  the  support  points  of  the  solid.  These  two  conditions  charac¬ 
terize  the  degree  of  restraint  of  the  solid. 

Thus,  the  formulas  (2)  and  (18)  are  necessary'  for  the  complete  solu¬ 
tion  of  problems  by  means  of  the  method  of  integral  algebraical  func¬ 
tions  in  each  of  the  three  ways. 

4.  On  Determining  the  Positive  Direction  of  Rotation  at  the  Current 
Point.  In  order  to  state  which  din*ction  of  rotation  is  to  be  regarded 
as  positive  on  each  of  the  three  coordinate  planes 

(X,  Y),  {Y,  Z),  (Z,  X) 

let  us  consider  the  geometrical  derivation  of  the  formula  III  (17)  given 
by  professor  S.  I.  Belzecki  (Theory-  of  Elasticity,  S.  Petersburg,  1913, 
lithographic  edition  in  Russian,  p.p.  22-24)  .supplementing  it  with  ex¬ 
planations  fn)m  the*  theory  of  deformations  (see  P.  Appell.  Traits  de 
m^canique  rationnelle,  'tome  3-me,  Paris,  1921,  (’hapitre  XXXII, 
{|§()«3,  0()9,  ()74,  (580,  681,  683,  685). 

In  the  theor>-  of  elasticity  it  is  proved  that  ever>'  element  of  the 
infinitesimal  volume  of  a  homogeneous  elastic  solid  may  be  regarded 
as  a  homogeneously  straine<I  body  which  is  characterized  by  the  fact 
that  its  displacements  u,  v,  w  arc'  expressed  by  the  linear  fimctions  of  its 
initial  coordinate's.  Every  c*ulje  imaginarily  isolated  from  such  a  solid 
is  straincxl  into  a  rhomboidal  i>aralIelepipcHl,  i.e.,  its  square  faces  be¬ 
come  rhomlw. 
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For  deriving  the  formula  III  (17)  let  us  use  the  principle  of  superposi¬ 
tion  of  small  deformations  and  consider  therefore  the  deformation  of 
the  elementary  square  (fig.  1)  only  on  the  plane  (X,  F). 

Every  vector  drawn  in  that  square  would  turn  through  the  same 
angle,  if  deformation  were  not  accompanied  by  shear.  The  deforma¬ 
tion  of  shear,  as  known,  is  proportional  to  the  elementary’  angle  by 
which  the  right  angle  is  changed. 

I^et  us  suppose'  the  diagonal  BP  of  the  rhomb  is  turned  to  the  right 
through  an  angle  u,  with  respect  to  the  diagonal  fioP  of  the  original 
square.  The  diagonals  of  the  square  mirtually  perpendicular  become, 
after  deforming,  the  diagonals  of  the  rhomb  in  which  they  are,  as 


Fro.  1  Fig. 2 


known,  also  mutually  perpendicular.  C'onsequently,  the  diagonals  of 
the  square  at  the  deformation  under  consideration  are  its  principal  axes, 
.since  they  do  not  suffer  any  deformation  of  shear.  Therefore,  the 
.sought  expression  u,  is  an  angular  displacement  of  the  diagonal  PBn  or, 
what  is  the  same  thing,  a  rotation  at  all  points  of  that  elementary  square. 

Let  us  denote  the  displacements  of  the  current  point  from  O  (fig.  1) 
to  P  (fig.  2)  by  M,  V.  Then  from  the  theory  of  elasticity  (see  S.  Timo- 
.schenko.  Theory  of  Elasticity,  Ixmdon,  New  York,  1934.  Chapter  V, 
546)  we  have  ^ 

ZCoPC  = 

»  dy’ 
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and  consequently  from  the  fig.  2 

ZAPC  -  ?  -  4-  jLAPB  -  ZBPC  -  iZAPC, 

ZAoPBo  -  ^ 

and  therefore 

«.  -  ZBoPB  -  ZAoPA  +  ^^PB  -  Zi4cPBo  - 

ifi \ox  ay/ 

which  corresponds  to  the  formula  III  (17).  Hence  it  is  seen  that  the 
angle  u,  is  |x>sitive  when  the  diagonal  BP  of  rhomb  is  turned  to  the 
right  from  the  diagonal  BoP  of  the  square,  i.e.,  in  the  direction  from  the 
positive  axis  X  towards  the  positive  axis  Y. 

This  result  leads  to  a  general  definition  of  the  positive  direction  of 
rotations  determined  by  the  formulas  (17)  in  planes  parallel  to  the  three 
coordinate  planes 

(F.  Z),  (Z,  X),  (X,  Y). 

Each  of  these  rotations  is  to  be  considered  as  positive  if  it  coincides 
with  the  direction  of  rotation  of  the  positive  sense  of  the  first  axis  when 
it  is  being  turned  in  the  plane  under  consideration  through  the  right 
angle  in  order  to  coincide  with  the  positive  sense  of  the  second  axis. 
This  rule  of  signs  for  the  rotations  (17)  has  been  represented  in  a  table 
in  §2  of  the  above  author’s  article  “Flexure  of  a  Rectangular  Covering 
Slab. . . 

The  formulas  II  (17)  and  III  (17)  may,  evidently,  be  obtained  from 
I  (17)  by  cyclical  interchanges  of 

(x,  y,  t),  (u,  V,  w). 

5.  On  the  Cyclical'  Interchange  in  die  Abridged  Formulas.  Con¬ 
structing  the  abridged  form  of  an  integral  algebraical  function  of  the 
three  independent  variables  x,  y,  z  the  following  statement  is  to  be 
observed  for  the  product  under  the  sign  of  summation:  (1)  the  first 
variable  factor  is  x,  the  second  y,  and  the  third  z,  (2)  the  coefficient 
subscript  contains  three  letters,  the  first  of  them  corresponds  to  the 
exponent  of  x,  the  second  to  that  of  y,  and  the  third  one  of  z. 

Taking  this  statement  into  consideration,  it  will  be  seen  from  the  two 
systems  (6)  and  (8)  that  a  Subsequent  formula  of  each  system  may  be 
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obtained  from  the  preceding  formula  of  the  same  system  by  means  of 
cyclical  interchanges  of 

{H,  K,  L),  (P,  Q,  R),  {A,  B,  C),  (a,  *,  .) 

rearranging  the  order  of  the  letters  in  the  subscripts  of  the  coefficients 
A,  B,C  simultaneously,  according  to  the  following  symbolic  convention 

...I,  II,  III).  (19) 

Thus,  the  following  coefficient  subscripts  are  substituted 
(a  +  l)ei'  by  a(e  +  l)i», 
o(€  +  l)i'  by  ae(i»  -h  1), 
a€(v  +  1)  by  (a  +  I)***- 

On  account  of  this  convention  each  subsequent  formula  of  the  system 
(18)  may  be  obtained  from  the  preceding  one  by  cyclical  interchanges  of 

{x,  y,  z),  (A,  B,  C),  (a,  €,  V,  • . .  I,  II,  III). 


6.  Relations  between  Stress  Coefficients  Obtained  from  the  Equa¬ 
tions  of  Equilibrium.  I^t  us  now  deduce  formulas  necessary  for  the 
solution  of  problems  in  inverse  and  combined  ways  only. 

For  the  solid  under  consideration  the  equations  of  internal  equilib¬ 
rium  in  terms  of  unit  stresses  take  the  following  form 


dX,  ax,  dX, 
dx  by  bz 


bx  by  bz 


bx  by  bz 


-q  Cos  (q,  x), 


-qCos  (q,  y),  > 
-q  Cos  (q,  z). 


(20) 


According  to  the  initial  condition,  the  right  members  of  these  equa¬ 
tions  are  constant;  therefore  the  substitution  of  the  corresponding 
partial  derivatives  of  the  unit  stresses  (5)  and  (7)  into  them  gives  the 
two  following  systems:  with  the  stress  coefficients  of  the  first  order 

Huo  +  Roto  +  Qooi  ”  ~q  Cos  (q,  x),  1 

Rm  +  Kmo  -I"  Pm  “  —Q  Cos  (q,  y),  /  (21) 

Quo  +  Pm  +  Lm  ■■  ~q  Cos  (q,  *),  J 
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and  with  the  stress  coefficients  of  orders  higher  than  the  first 

(a  +  l)Hla+iUr  +(«-)-  l)i2a(H-l)'  +  C**  +  l)Qac(H-l)  =  0, 

(a  +  l)/2(.+i)„  +  («  +  l)/C«(,+i),  +  (r  +  “  0,  ►  (22) 

(a  +  l)Q(a+l),»  "f  («  +  l).Po(t+l)»  +  (*',+  1)L«,(,+I)  =  0,^ 

as  the  equations  obtained  must  be  satisfied  by  all  possible  values  of  the 
coordinates  x,  y,  z.  Evidently  the  stress  coefficients  of  order  zero  are 
not  connected  by  the  equations  (20). 

If  only  external  forces  act  over  the  solid,  the  own  weight  being  dis¬ 
regarded  or,  which  is  the  same  thing,  when  g  =  0  the  system  (21)  will, 
evidently,  be  identical  to  the  system  (22)  for  the  stress  coefficients  of 
the  first  order,  as  in  that  case  o  =  e  =  s  «  0. 

According  to  the  initial  condition  the  partial  derivatives  of  stresses 
in  (20)  are  integral  algebraical  functions  of  degree  w  —  2.  Therefore 
the  equations  (22)  are  to  be  applied  to  all  possible  combinations  of  the 
integral  positive  indices  a,  c,  v  subject  to  the  conditions 

0  <  [a,  e,  !»]  <  w  —  2.  1  <  a  -f-  <  <  w  —  2,  (23) 

since  the  condition  o-|-e  +  i'  =  0in  the  equations  obtained  from  (20) 
is  expressed  by  the  system  (21)  as  was  mentioned  above. 

As  the  stress  coefficients  (14)  will  also  depend  on  the  loading  and 
supporting  conditions  or,  in  other  words,  on  boimdary  conditions  of 
the  solid,  we  conclude  from  the  equations  (21)  and  (22),  that  some 
stress  coefficients  of  orders  higher  than  the  first  may  also  depend  on  the 
,  magnitude  and  direction  of  gravity  force. 

It  will  not  be  difficult  to  verify  according  to  the  convention  established 
in  §5  that  the  formulas  II  (22)  and  III  (22)  may  be  obtained  from  I  (22) 
by  cyclical  interchanges  of 

(//,  K,  L),  (P,  Q,  R),  (a,  ^  .  I,  II,  III). 

7.  Relations  between  the  Stress  Coefficients  Derived  from  Beltrami’s 
Equations.  The  six  functions  of  stresses  (5)  and  (7),  as  known  from  the 
theory  of  elasticity,  must  satisfy,  besides  the  equations  of  internal 
equilibrium,  also  six  conditions  of  isotropy,  which  are  expressed  by  either 
the  conditions  of  compatibility  of  deformations  (published  by  Barr6  de 
Saint  Venant  in  1861),  or  by  those  of  stresses  (given  by  Beltrami  in 
1892).  We  apply  Beltrami’s  equations,  as  we  shall  further  show  that 
they  give  simpler  dep)endences  between  the  stress  coefficients.  In  the 
case  under  consideration,  when  according  to  fl)  the  volume  force  is  con- 
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slant,  Beltrami’s  equations  take  the  following  form  (see  S.  Timoshenko. 
Theory  of  elasticity,  London,  New  York.  1934,  Chapter  VII,  §61, 
formulas  [119])  for  normal  stresses 


(1  +  a)V*X.  +  ^  =  0, 
dar 


(1  +ff)v*Z. +  ^  =  0, 


(l+,r)V*r, +  0  =  0, 


(24) 


and  for  tangential  stresses 

(1  +  =  0,  a+.)v>y'.  +  0^  =  o, 


(25) 


where  the  notations: 


s  =  X,  +  r,  +  z. , 


(26) 


and  (13)  are  introduced. 

We  obtain  according  to  (5) 


<S  =  53  (^«€»  +  -Xatf  +  Latw)x"  y*  z* • 


(27) 


Substituting  the  correH|)onding  partial  derivatives  of  the  second  order 
from  (6)  and  (27)  into  the  equations  (24)  and  taking  into  consideration 
that  these  equations  must  be  true  for  all  points  of  the  .solid,  i.e.,  for  all 
possible  combinations  of  the  coordinates  x,  y,  z  we  obtain  the  first  condi¬ 
tion  of  isotropy  from  I  (24) 

(1  +  <T)((a  +  l)(o  +  2)//(a+S)<>  +  («  +  1)(«  +  2)A/a(,+t), 

+  (•'+!)(»'  +  2)// «,(,+!)  I 

+  (a  +  !)(<*  +  2)(//(«+l)«  +  X(a+1),,  +  L(a+t)<i']  =  0,  (28) 

the  second— from  II  (24) 

(1  +  <T)[(a  +  l)(a  +  2)K(a+Vr  +  (<  +  1)(«  +  2)X«(,+1), 

+  (>'  +  !)(»'  +  2)X«, (,+*)]  . 

+  (e  +  1)(«  +  2)[Ha(»+t),  +  +  L«(h-«»]  =  0,  (29) 
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and  the  third — from  III  (24) 

(1  +  ff)((o  +  l)(o  -H  2)L(.+t)<r  +  («  +  1)(«  +  2)L«(,4.t)r 

+  (*'  +  !)(»’  +  2)L„(h.i)1 

+  (•'  +  !)(''  2)[H«(r4.t)  +  K«,(h-i)  +  Lu*{.r+i)\  *=  0.  (30) 

Substituting,  similarly,  the  corresponding  derivatives  from  (7)  and 
(27)  into  the  system  (25),  we  find  the  fourth  condition  of  isotropy  from 
1(25) 

(1  +  o’)[(a  +  l)(a  +  +  («  +  1)(«  +  2)R  •(•+1)1- 

+  ("  +  !)(>'  +  2)/2„(,4.t)] 

+  («  +  1)(«  +  l)[^{«+»)(»+I)»  +  ^(•+I)(«+l)r  +  L(,+1)(,+I),]  «  0,  (31) 

the  fifth — from  II  (25) 

(1  +  <r)((a  +  l)(a  +  2)P  («+*),,  +  («  +  1)(«  +  2)P  ■{,+»), 

+  (»'  +  !)(»'  +  2)P„(h.i)] 

+  («  +  !)(»'  +  l)[^f«(H-l)(H-l)  +  +  ^.(h-dch-dI  *  0,  (32) 

and  the  sixth — from  III  (25) 

(1  +  ff)[(o  +  l)(a  +  2)Q(  •+!).»  +  (*  +  1)(«  +  2)Q  «(*+*)■' 

+  (»'  +  !)(>'  +  2)Q«,(,+i)] 

+  (»'  +  1)(“  +  l)(^(«+i)«(»+i)  +  /C(,fi),(H-i)  “H  ^(•+i)t(p+i)l  *  0.  (33) 

Having  in  view  the  symbolic  convention  of  §5  we  may  convince  our¬ 
selves  that  every  subsequent  formula  of  the  system  (28)-(30)  is  ob¬ 
tained  by  cyclical  interchanges  of 

(H,K,L),  (a,  *,v,  .../,//,///) 

and  that  of  the  system  (31)-(33)  by  cyclical  interchanges  of 
(P,Q,P),  (a,.,s,  .../,//,///) 

from  the  preceding  formula  of  the  corresponding  system. 

The  six  conditions  of  isotropy  (28)-(33)  have  been  obtained  as  a 
result  of  twofold  differentiation  of  the  functions  (5),  (7)  and  (27)  which 
are  integral  algebraical  functions  of  degree  «  —  1.  Consequently  the 
six  conditions  of  isotropy  are  to  be  applied  to  all  possible  combinations 
of  the  integral  positive  indices  a,  c,  v  according  to  the  condition 
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0  ^  l<*»  «j  >'>  ®  +  «  "I"  H  ^  “  3.  (34) 

Each  of  the  formulas  (28)-(33)  contains  six  stress  coefficients.  If  the 
conditions  of  isotropy  are  obtained  from  Saint  Venant’s  equations  of 
compatibility  of  deformations  (see  S.  Timoshenko,  id.  formulas  [118]) 
then  the  first  three  conditions  will  contain  seven  stress  coefficients  each 
and  the  second  three  conditions — six  stress  coefficients  each.  Thus 
Beltrami’s  equations  represent  a  certain  simplification  in  deriving  the 
conditions  of  isotropy. 

8.  Determination  of  Displacement  Coefficients  on  the  Basis  of  Stress 
Coefficients.  Having  obtained  all  the  stress  coefficients  (14)  according 
to:  (1)  the  equations  (21)  and  (22),  (2)  the  conditions  of  isotropy 
(28)-(33)  and  (3)  given  boimdary  conditions,  the  solution  of  a  given 
problem  of  the  theory  of  elasticity  cannot  be  considered  as  complete. 
Yet  it  is  necessary  to  verify  whether  the  obtained  functions  of  stresses 

(5)  and  (7)  correspond  to  the  supporting  conditions  of  the  solid.  For 
that  purpose  we  must  have  the  expressions  both  of  the  displacements 
(2)  and  rotations  (18)  or  in  other  words  find  the  displacement  coeffi¬ 
cients  (3). 

Let  us  solve  the  system  (6)  for  the  displacement  coefficients 

I  ,  C'at(H-l)  . 

The  fundamental  determinant  of  that  system 

4m*(2m  +  3X)(a  +  1)(*  +  !)(•'  +  1) 

cannot  be  equal  to  zero  and  consequently  the  system  (6)  always  gives 
finite  values  of  the  sought  coefficients.  Passing,  according  to  (9)  from 
the  coefficients  to  E,  <r  the  result  of  the  solution  of  three  equations 

(6)  may  be  expressed  by  the  system: 

I 

(g  +  l)i4 

oLmm  ~  Hmtr  "t"  oKmn  oHmm  ”  Km*i>  "f"  vltmtf 

_  (*'■[“  l)C'««(r+l)  _  _  1  /OC'\ 

aK,„-L,„  +  aH,„  E- 

In  the  formulas  (6)  the  indices  a,  c,  v  take  all  positive  values  according 
to  the  condition  (10). 

Therefore  the  system  (35)  must  be  applied  to  ail  possible  combinations 
according  to  the  same  condition  (10). 

Let  us  now  transfonn  the  system  (8) :  the  index  v  in  the  first  equation 
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is  substituted  by  r  +  1,  the  index  a  in  the  second — ^by  a  +  1,  the  index  t 
in  the  third— b3'  <4-1,  the  value  of  the  coefficient  of  elasticity  n  being 
substituted  in  the  obtained  c'quations  by  II  (9).  Then  we  get  the 
system 


(<  4-  1)^  «(t+l)(H-W  4"  (a  4"  1)^(*+I)i(r+1)  =  2 


1  4-<r 
E 


R 


af(i^l)  , 


(r  4"  l)fi(«+l)€(r+l)  4-  («  4-  l)C(«+l){H-l)r  =  2 


1  +C 

E 


P  («+!)«’ > 


(a  4-  1)C(.+1)(,+I),  4-  C**  4-  l)^.(H-l)(»+J)  =  2  Qa(.+I)r, 


whow'  fundamental  determinant 


2(a  4-  1)(<  4-  l)(i'  4-  1) 

is  also  not  equal  to  zero.  For  the  sake  of  simplicity,  w«*  also  repre.scnt 
the  results  of  .solving  these  equations  by  the  system; 

(*  4-  4^  l)-d«(.4.1)(H.l) 

{v  4-  l)i2a<(r+l)  —  (a  -f-  1)P(.+1),,  -j-  (<  -1-  i)Qa(t+l)> 

_  C*"  4"  l)(a  -H  l)B(«+i).(i«+i) 

(a4-r)P<  (<  "H  l)Q«(«+n»  4"  (>'  4-  l)/2«.^^+l) 

_  _  4-  l)C(a4.l)(,.H),  =  ^  (36) 

(<  4-  l)'Q^(H-i)r  -  iy  4-  1)«  •i(M-I)  +  (a  4-  i)P (a+Dtr  E 

Applying  (35)  and  (30)  in  due  limits  for  all  possible  combinations  of 
the  integral  positive  indices  a,  t,  v  without  exception,  we  shall  evidentl.v 
evaluate  some  of  the  displacement  coefficients  (3)  twice,  but  we  shall 
still  not  get  all  displacement  coefficients  which  might  b<*  determined 
by  the  sets  (6)  and  (8).  Wanting  displacement  coefficients  may  be  ob¬ 
tained  by  solving  the  system  (8)  together  with  the  found  formulas  (35) 
having  in  view  II  (9). '  Substituting  the  index  <  in  I  (8)  by  <4-1,  and 
the  index  a  in  II  (35)  by  a  4-  1,  and  then  eliminating  the  coefficient 
B(«+i)(.+i)»  between  the  two  equations  thus  obtained— we  find 


E.(t  +  1)(<  4-  2)A  a(«+*)r  =  2(1  4-  <r)(<  4-  l)/£a(<-(-l)r 


4"  (a  4-  l)(ffW{«+i)€r  —  4-  fff^(«+nt»l-  (37) 


Similarly  we  obtain  by  eliminating  the  following  coefficients:  C(«+i),(h-i) 
between  III  (8)  and  III  (35) 
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E.{v  +  l)(i-  +  =  2(1  +  a)(r  +  1)Q  ••(•4-1)  ■ 

+  (a  +  l)I<»’i^(«+i)fr  —  L(«+i)„  -1-  (38) 

CaCH-ixu-i)  between  II  (8)  and  III  (35) 

!?•(•'+  l)(i'  +  2)B  «(■>+*)  —  2(1  +  a)iy  +  1)P  a*(»+l) 

+  («  +  l)lo’/^«(f+l)r  —  La{t+l)*  +  ff/iL«(n.I)r],  (39) 
^(«+i)(»-H)»  between  I  (8)  and  I  (35) 

E-{a  +  l)(a  +  2)B(a4.s)«>  *  2(1  +  <r)(a  -j-  l)A(«+i),r 

+  («  +  l)[<rL«(«+i),  —  Ha(,t+l)w  +  ff/iCaCf+Dr],  (40) 
^(o+i)«(H-i)  between  III  (8)  and  I  (35) 

E’{a  +  l)(a  +  2)C(m+t)u  =  2(1  +  0-)(a  +  l)Q(«4-l)«r 

+  (k  +  l)[(rLa4(r+l)  —  Ha*{r+l)  +  «riiCa«(i.+l)],  (41) 

and  finally  ^a(<-t-i)(H-i)  between  II  (8)  and  II  (35) 

E-U  +  1)(*  +  2)C  «(*+*)r  =  2(1  +  a)(*  +  1)P  m(.*+l)r 

■}■(•'+  l)[®’^«f(i>+l)  “  /^a«(H-l)  +  (42) 

The  expressions  (36)-(42)  for  the  last  displacement  coefficients  were 
obta&ied  by  means  of  the  formulas  (8)  and  (35),  in  which  the  order  of 
all  coefficients  had  been  raised  by  one  unit,  which  corresponds  to  a 
onefold  differentiation  of  each  of  these  formulas.  Consequently,  the 
integral  positive  indices  o,  e,  r  in  the  formulas  (36)-(42)  are  subject  to 
the  condition, 

0  <  [a,  e,  K,  a  +  «  +  •'I  <  w  —  2,  (43) 

since  they  were  connected  in  the  original  system  (8)  by  the  condi¬ 
tion  (10). 

Thus  the  two  systems  (35)  and  (36)  con.sisting  of  three  formulas  each 
have  been  obtained  for  some  displacement  coefficients  and  the  six  for¬ 
mulas  (37)-(42)  for  other  displacement  coefficients  may  be  represented 
also  in  the  form  of  the  two  following  systems 


(37),  (39),  (41) 
and  (38),  (40),  (42). 
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Then,  as  follows  according  to  the  convention  (19)  every  subsequent 
formula  of  these  four  systems  may  be  obtained  from  the  preceding 
formula  of  the  same  system  by  cyclical  interchanges  of 

(A,  B,  C),  (H,  K,  L),  (P,  Q,  R),  (a,  ^  II,  III). 

Comparing  the  systems  (6)  and  (8)  we  may  see  that  the  subscripts  of 
corresponding  displacement  coefficients  do  not  coincide  although  their 
order  is  one  and  the  same.  Hence  we  conclude  that  three  displace¬ 
ment  coefficients  of  the  first  order  remain  indefinite  however  the  equa¬ 
tions  of  the  two  systems  be  combined.  Therefore  putting  o  *«  «  »=  v  =  0 
in  the  system  (8)  we  may  obtain  a  set  of  formulas  for  the  six  displace¬ 
ment  coefficients  of  the  first  order 

i4oio  ^001  _  Booi  _  Bm 

i2oM  +  C  Qom  —  B  Pooo  +  A  Ran  —  C 

_  Cm  ^  Coio  _  1  -h  g  .X 
Qboo  +  P  Pooo  —  A  E  ’ 

A,  B,C  being  indefinite  constants  corresponding  to  the  constants  e,  c,  b 
of  professor  S.  P.  Timoshenko  (id,  Chapter  VII,  §62,  formulas  [b]). 

These  constants  together  with  the  displacement  coefficients  of  order 
zero 

^000  ,  Booo  ,  Cooo 

are  to  be  determined  according  to  the  supporting  conditions  of  the  body. 

If  solving  a  problem  in  the  inverse  way  we  determine  all  the  stress 
coefficients  entirely,  these  six  indefinite  constants  may  prove  insufficient 
to  satisfy  all  supporting  conditions  of  the  body.  This  case  has  been 
considered  in  §2. 

The  three  displacement  coefficients  of  the  first  order 
^100  ,  Boio ,  Cooi 

f 

may  be  perfectly  determined  by  (35),  if  the  three  coefficients  of  normal 
stresses  of  order  zero  are  known. 

9.  On  Some  Other  Relations  between  Stress  Coefficients.  To  verify 
the  found  values  of  stress  coefficients  it  is  necessary  to  have  still  other 
relations  between  stress  coefficients,  taking  into  consideration  the  initial 
condition  (1). 

From  the  theory  of  elasticity  it  is  known  that  the  function  S  deter¬ 
mined  by  (27)  is  harmonic  in  this  case  (see  A.  E.  H.  Love,  A  Treatise 
on  the  Mathematical  Theory  of  Elasticity,  Cambridge,  1927,  §92),  that 
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may  also  be  easily  verified  by  summing  up  the  three  Beltrami’s  equa¬ 
tions  (24).  Using  for  the  harmonic  function  S  the  formula  (12)  given 
in  the  author’s  article  ‘‘Abridged  Formulas  . . . it  will  be  easy  to 
establish  a  relation  between  the  coefficients  of  normal  stresses. 

As  shown  by  Lam4  (Lam6.  Lemons  sur  la  th6orie  de  l’41asticit^  des 
corps  solides,  Paris,  1866,  §27)  each  of  the  stresses  (5)  and  (7)  must 
satisfy  a  biharmonic  equation,  that  gives  six  equations.  On  the  basis 
of  these  equations  called  therefore  Lamp’s  conditions  (Pigeaud,  G. 
Resistance  des  materiaux  et  elasticity,  Paris,  1928,  pp.  512-513),  rela¬ 
tions  for  the  coefficients  of  each  of  six  stresses  may  be  obtained  according 
to  the  formula  (15)  of  the  same  article  “Abridged  Formulas. ...” 

On  the  basis  of  the  equations  of  equilibrium  (20)  a  new  relation 
between  coefficients  of  six  different  stresses  can  be  easily  obtained.  For 
that  purpose  let  us  take  the  partial  derivatives:  of  I  (20)  as  to  x,  of  II 
(20)  as  to  y,  of  III  (20)  as  to  z  and  sum  up  the  results.  Then,  according 
to  (5)  and  (7),  using  abridged  formulas  of  differentiation  of  integral 
algebraical  functions,  we  obtain 

2(a  +  l)(e  -f  l)R(t,+m,+i),  +  2(e  -|-  l)(i'  -|-  1)P  a(.+l)(r+I) 

-|-  2{y  -|-  l)(o  -h  l)Q(»4.i)t(r+i)  +  (a  -1-  l)(a  -H  2)H(a+i)n 
-!-(.  +  1)(«  +  2)A:.(.+,),  +  1)(v  -h  2)L«<,+„  =  0.  (45) 

10.  Some  Relations  t^tween  Displacement  Coefficients.  All  below 
mentioned  algebraical  relations  between  displacement  coefficients  (3) 
derived  under  the  condition  (1)  can  serve  for  verifying  the  obtained 
values  of  these  coefficients. 

As  shown  by  I.Ame  (Lame,  id.  §27),  the  cubic  dilatation  A  at  the 
current  point  of  a  body  defined  by  (12)  represents  a  harmonic  function. 
The  relations  (17)  are  also  harmonic  functions  (see  W.  J.  Ibbetson.  An 
Elementary  Treatise  on  the  Mathematical  Theory  of  Perfectly  Elastic 
Solids,  London,  1887,  §301).  Consequently,  using  the  formula  (12)  of 
the  article  “Abridged  Formulas  ...”  and  having  the  expressions  for 
the  displacements  (2)  and  rotations  (18),  four  algebraic  relations  be¬ 
tween  displacement  coefficients  may  be  formed  on  account  of  the  con¬ 
ditions  above. 

As  shown  by  I.Ame  (I^ame,  id.  §27),  each  of  the  displacements  (2) 
is  a  biharmonic  function.  Therefore,  three  algebraical  relations  with 
displacement  coefficients  A,  B,C  respectively  may  be  formed  by  means 
of  the  formula  (15)  of  the  aricle  “Abridged  Formulas.  ...” 
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SAINT  VENANT’S  CONDITIONS  OF  COMPATIBILITY  IN 
THE  METHOD  OF  INTEGRAL  ALGEBRAICAL 
FUNCTIONS 
Bt  S.  a.  Savin 

1.  Transformation  of  Saint  Venant’s  conditions  of  compatibility. 
Introducing  the  following  nutations: 

X« ,  Xy  ,  — linear  unit  deformations,  that  is  unit  elongations  or  unit 

contractions  in  the  direction  of  the  axes  X,  Y,  Z  respectively, 

7« ,  7* ,  7,— shearing  deformations  or  shear  strains  in  the  planes 
perpendicular  to  the  axes  X,  Y,  Z  respectively,  Saint  Venant’s  condi¬ 
tions  of  compatibility  of  deformations  are  expressed  by  the  two  symme¬ 
trical  systems  (see  S.  Timoshenko.  Theory  of  Elasticity,  I.iondon,  New 
York  1934,  Chapter  VII,  Paragraph  61,  formulas  [118]): 

a*7«  _  d\  a*x. 

dxdy  di*  ay*  ’ 

dydz  dy*  dr*  ’ 

_  a*x.  a*x, 

dzdx  “  ar*  a**  ’ 

2  ■=  —  —  4- 

dydz  dx\_dz  dx  dy  J’ 

g9*X,  _ 

dzdx  dy  \_dx  dy  dz  j 

2  »  A  F^  - 

dxdy  dz\_dy  dz  *  ax  J ’ 

$ 

Hence  it  may  be  seen  that  a  subsequent  formula  of  each  system  can 
be  obtained  from  the  preceding  one  of  the  same  system  by  means  of 
cyclical  interchanges  of  x,  y,  z. 

The  theory  of  elasticity  gives  (see  S.  Timoshenko,  id..  Paragraph  6) 
the  expressions  for  linear  unit  deformations 

£*Xx  =*  —{aZt  “  X,  -p  ffY*), 

£:.X,  =  -(aX,  -  Y, -|-<iZ,),[  (3) 

J?-X,  *“  —{oYy  —  Zt 
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and  for  HheariiiR  deformations 


7.  _  Tif  _  _  2(1  +  <r) 

Y,  Z.  Xy^  E 

in  terms  of  the  normal  unit  stresses 

X.,  Yy,Z., 

and  of  the  tangential  or  shearing  unit  stresses 

X,  =  r, ,  r.  =  z, ,  z,  =  X. , 


(4) 


(5) 


(6) 


where  E  denoU's  Young’s  modulus  and  a  Poisson’s  ratio  of  transverse 
deformation. 

According  to  (3)  and  (4),  the  system  (1)  Is  transformed  as  follows 


2(1  +  +  rr  -  x, + <rr J  =  o, 

dxdy  dx‘  oy^ 


and  the  system  (2)  is  obtained  in  the  simpler  form 
.  -  X.  +  ,Y.\  +  (.+,)  A  +  «.]  .  0, 


}  (7) 


y  (8) 


The  two  formulas  not  written  in  each  of  these  .systems  may  be  obtained 
by  the  cyclical  interchanges  of  (x,  y,  z)  and  (X,  Y,  Z). 

2.  Saint  Venant’s  conditions  in  terms  of  stress  coefficients.  The  ex- 
|)resKions  of  displacements  and  stresses  by  means  of  integral  algebraical 
functions  have  b<'en  given  in  the  author’s  article  “Method  of  Integral 
Algebraical  Functions  in  the  Theory  of  Elasticity  of  Three  Dimensions’’ 
(Journal  of  Mathematics  and  Ph>’sics,  vol.  XX,  number  1,  pp.  1-17)  by 
the  formulas  (2),  (5)  and  (7). 

In  this  case  the  displacements  u,  v,  w  along  the  coordinate  axes 
X,  Y,  Z  are  expres.sed  in  the  symbolic  form 


X  yz 


[li,  V,  w]  “  Batrt 


(9) 
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Then  the  expressions  of  stresses  can  also  be  represented  in  the  compact 
forms:  of  the  normal  unit  stresses 

[X,;  Y,;  ZJ  -  Z  [H,„;  L.J  x‘y’z\ 

0 

(10) 

and  of  the  tangential  unit  stresses 

IX,;  r.;  ZJ  »  i:  Q..J  xYz\ 

e 

(11) 

In  the  formulas  (9)-(ll) 

A,  B,  C, 

(12) 

are  displacement  coefficients,  and 

H,  K,  L,  P,  Q,  R 

(13) 

— stress  coefficients. 

Using  the  abridged  formulas  of  differentiation  of  integral  algebraical 
functions  given  in  the  author’s  article  “Abridged  Formulas  for  the  Solu¬ 
tion  of  Differential  Equations  of  the  Theory  of  Elasticity  by  means  of 
Integral  Polynomials”  (Journal  of  Mathematics  and  Physics,  vol.  XVII, 
n.  4,  January  1939),  and  knowing  that  the  equations  (7)  and  (8)  must 
be  satisfied  by  all  possible  values  of  the  coordinates  x,  y,  t  of  any  iso¬ 
tropic  body  under  consideration,  we  obtain  according  to  (10)  and  (11) 
the  conditions:  from  the  system  (7) 

2(1  -|-  a)ia  -1-  1)(«  l)i2(»4.i)(^i)r 

+  (a  +  l)(a  +  2)[(rH(»+.f),,  —  -j- 

+  («+!)(«  +  2)[<rL«(H-»r  — 


and  from  the  system  (8) 

(«  +  !)(>'  + 

-f-  (1  -f  <r)(o  -b  l)[(r  -f  l)A(a.fi),f,4.i)  —  (o  -f  2)P(m+tiw 
+  («  +  1)Q(h-i)(h-»)»1  ”  0 » 
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The  second  and  third  formulas  not  written  in  the  systems  (14)  and  (15) 
may  be  obtained  by  means  of  the  cyclical  interchanges  of 

{H,  K,  L),  iP,  Q,  R),  (a,  €,  K,  . . .  I,  II,  III), 

bearing  in  mind  the  symbolical  convention  for  the  circular  permutation 
of  the  subscripts  a,  e,  v  given  in  the  paragraph  6  of  the  article  “Method 
of  Integral  Algebraical  Functions  •  •  •  ”,  which  we  shall  further  call 
simply  “the  preceding  article”. 

3.  Another  possible  way  for  obtaining  the  systems  (14)  and  (15). 
The  formulas  (14)  and  (15)  represent  the  six  conditions  of  isotropy 
derived  from  Saint  Venant’s  conditions  of  compatibility  of  deformations. 
These  conditions  of  isotropy  may  also  be  directly  obtained  by  means 
of  the  formulas  given  in  the  paragraph  8  of  “the  preceding  article.” 

For  that  purpose  it  is  necessary  to  determine  the  expressions  of  the 
same  displacement  coefficient  of  the  order  o  +  e  +  v  +  Sby  two  dif¬ 
ferent  formulas  of  “the  preceding  article”  and  then  equate  them  as  it  is 
shown  in  the  table  below. 


Displacement  coefficients 

Determined  by  the 
formulas 

Obtained  isotropy 
conditions 

A  («+»)(,+»), 

(35),  (37) 

I  (14) 

(35),  (39) 

II  (14) 

C(a+i)i(p+\) 

(35),  (41) 

III  (14) 

A(«+l)(n-I)f»+l) 

(35),  (36) 

I  (15) 

B(a+l)(,+l)(,+l) 

(35),  (36) 

II  (15) 

Cra+DCH-lUH-l) 

(35),  (36) 

III  (15) 

It  is  ea.sy  to  verify  that  no  new  relations  between  stress  coefficients 
different  from  the  relations  obtained  according  to  (14)  and  (15)  of  the 
present  article  can  be  got  by  means  of  any  other  combinations  of  the 
formulas  (35)-(42)  of  “the  preceding  article.” 

4.  On  the  two  forms  of  the  conditions  of  isotropy.  The  two  systems 
(14)  and  (15)  represent  the  second  form  of  the  conditions  of  isotropy. 
The  first  form  obtained  from  Beltrami’s  equations  has  been  given  by 
the  formulas  (28)-(33)  of  “the  preceding  article.” 

From  deriving  Beltrami’s  equations  (see  S.  Timoshenko,  id..  Chapter 
VII,  Par.  61)  it  is  seen  that  some  stress  coefficients  in  the  first  form  of 
the  conditions  of  isotropy  are  subject  to  the  equations  of  internal 
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equilibrium  of  the  body,  which  is  abneiit  in  the  second  form  of  those 
conditions. 

Since  both  the  first  and  second  forms  of  the  conditions  of  isotropy  are 
obtained  by  a  twofold  dififeix'ntiation  of  the  integral  algebraical  functions 
(10)  and  (11)  of  degree  w  —  1,  cons<*quently  the  six  conditions  of  iso¬ 
tropy  taken  either  in  the  first  or  second  forms  must  lx;  applied  to  all 
possible  combinations  of  the  integral  |K)sitive  indices  a,  c.  v  according 
tt)  the  condition 

0  <  (o,  €,  I',  a  -J-  *  +  r]  <  ctf  —  3.  (16) 

The  conditions  of  Isotropy  are  applied  to  the  solution  of  a  problem 
of  the  theory  of  elasticity  by  means  of  inverst*  or  combintsl  way  only. 
Of  the  two  above  forms  of  the  conditions  of  isotropy  it  is  necessary  to 
use  tliat  which  fumisht's  the  problem  under  consideration  with  equa¬ 
tions  of  the  least  numlx;r  of  unknown  stress  ctx'fficients. 

5.  On  the  absence  of  the  conditions  of  isotropy  in  the  direct  way  of 
the  solution  of  problems  of  the  theory  of  elasticity.  In  the  {laragraph 
2  of  “the  preceding  article”  there  is  mentioned  that  the  six  conditions 
of  isotropy  art*  unnecessaiy’  in  the  direct  way  of  the  .solution  of  a  problem. 

In  fact,  if  the  conditions  of  isotropy  given  either  by  the  two  systems 
(14)  and  (15)  of  the  present  article  or  by  the  formulas  (28)-(33)  of  “the 
preceding  artich*”  are  expressed  in  terms  of  the  displacement  coefficients 
A,  B,  C,  these  six  conditions  b<*come  identical.  For  that  purpose  the 
formulas  (6)  and  (8)  of  “the  prec€*ding  article”  giving  the  stress  coeffi¬ 
cients  in  terms  of  displacement  coefficients  an*  to  lx*  used. 

Habbin. 


ON  SOME  SOLUTIONS  OF  THE  EQUATIONS  OF  INTERNAL 
EQUILIBRIUM  OF  THE  THEORY  OF  ELASTICITY 

.  Bt  S.  a.  Savin 

1.  The  two  ways  of  the  solution  of  Cauchy  and  Lam6’s  equations. 
The  object  of  the  present  article  is  a  consideration  of  such  solutions  of 
the  three  equations  of  internal  equilibrium  which  can  be  applied  in 
technical  problems  of  the  theor>'  of  elasticity  only  when  the  solid  under 
consideration  is  free  from  the  action  of  volume  forces. 

The  equations  of  internal  equilibrium  taken  according  to  Lam4  in 
terms  of  the  rotations  u,  ,  ,  a,  (see  Lam4.  l^eqons  sur  la  th^orie  do 

r^lasticit^  des  corps  solides,  Paris,  1866,  paragraph  26,  p.  67)  are  not 
employed  in  the  applied  mechanics;  therefor  we  will  further  consider 
only  two  other  forms  of  these  equations  which  have  been  given  in  the 
author’s  article  “Method  of  Integral  Algebraical  Functions  in  the  Theor\’ 
of  Elasticity  of  Three  Dimensions”  (Journal  of  Mathematics  and 
Physics,  vol.  XX,  number  1,  pp.  1-17).  The  first  form  necessary  for 
the  solution  of  problems  of  the  theory  of  elasticity  in  inverse  and  com¬ 
bined  ways  represents  a  system  of  equations  in  terms  of  the  unit  stres.ses 

x,,Y\,z.:x,^  F.,y.  =  =  X..  (1) 

The  second  form  is  required  for  the  solution  of  those  problems  in  direct 
way  and  gives  a  system  of  equations  in  terms  of  the  displacements 

«,  V,  w  (2) 

along  the  coordinate  axes  A',  y',  Z  respectively. 

The  first  form  has  been  given  by  the  system  (20),  the  .second  — in  a 
compact  form — by  the  formula  (11)  of  the  above  article  for  the  case 
when  a  homogeneous  isotropic  solid  is  in  equilibrium  under  the  influence 
of  external  forces  on  its  surface  and  own  weight.  In  those  formulas  q 
is  the  own  weight  per  unit  volume;  since  there  are  no  volume  forces  in 
this  case,  consequently  it  is  necessary  to  put  7  =  0. 

We  shall  call  the  first  form  of  the  equations  of  equilibrium  as 
“Cauchy’s  equations”  (see  IWsum^  des  leqons  donn4(>s  a  I’Ecole  des 
Fonts  et  Chauss^es  sur  I’application  de  la  m^canique,  par  Navier  avee 
des  notes  et  des  appendices  par  Barr6  de  Saint-Venant,  Paris,  1864, 
appendice  111-me,  p.  585)  and  the  .second  as  “I.am6’s  equations”  (.see 
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L.  Lecorau.  Th4orie  math^matique  de  l’41asticit4,  Paris,  1929,  p.  3), 
i.e.  after  the  above  French  academicians’  names  who  first  published 
them. 

These  equations  may  be  solved  either  by  means  of  direct  way,  when 
the  sought  for  values  (1)  or  (2)  are  expressed  by  arbitrary  functions  of 
the  coordinates  x,  y,  z,  or  indirect  way,  when  the  same  sought  for 
values  either  depend  only  on  derivatives  of  some  functions  or  are  given 
by  formulas  with  arbitrary  functions  and  their  derivatives. 

It  is  to  be  noticed  that  the  solution  of  this  problem  in  indirect  way 
can  give  several  general  solutions  as  it  will  further  be  observed. 

The  influence  of  the  own  weight  can  be  determined  separately  on  the 
basis  of  the  prinicple  of  superp>osition  of  actions.  The  displacements 
u,  v,  w  in  this  case  are  expressed  by  integral  algebraical  functions.  In 
accordance  with  Lamp’s  equations  of  equilibrium  the  displacement  co¬ 
efficients  must  be  connected  by  relations,  which  are  given  in  the  author’s 
article  “Abridged  Formulas  for  the  Solution  of  Differential  Equations 
of  the  Theory  of  Elasticity  by  means  of  Integral  Polynomials’’  (Journal 
of  Mathematics  and  Physics,  vol.  XVII,  number  4,  January  1939)  by 
the  formulas  (24)  for  the  displacement  coefficients  of  the  second  order 
and  by  the  formulas  (21)-(23)  for  the  displacement  coefficients  of  all 
orders  higher  than  the  second.  The  displacement  coefficients  of  the 
orders  zero  and  first  remain  perfectly  arbitrary. 

2.  The  simpler  solutions  of  Cauchy’s  equations  of  equilibrium.  The 
first  solution  of  Cauchy’s  equations  was  published,  as  known,  by 
English  astronomer  G.  B.  Airy  in  1862  (see  A.  E.  H.  Love.  A  Treatise 
of  the  Mathematical  Theory  of  Elasticity,  Cambridge,  1934,  paragraph 
56,  p.  88  and  paragraph  144,  p.  204)  for  a  plane  problem.  This  solution 
is  obtained  in  indirect  way:  the  stresses  are  determined  in  terms  of  the 
partial  derivatives  of  the  second  order  of  an  arbitrary  biharmonic  func¬ 
tion  of  two  dimensions  which  is  called  “Airy’s  function.’’ 

For  the  solution  of  three-dimensional  problems  in  some  particular 
cases,  when  the  influence  of  the  own  weight  is  not  taken  into  account, 
the  potential  function  of  displacements  may  be  applied  (see  A.  E.  H. 
Love,  id.  paragraph  8,  p.  38).  Then,  denoting  this  function  by  d,  the 
following  formulas  are  to  be  used:  for  normal  unit  stresses 
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and  for  tangential  unit  stresses 


X, - 


F,  =  Z,  = 


dydz’ 


Z,  =  X.  = 


dzdx’ 


(4) 


where  C  is  one  and  the  same  arbitrary  constant  and  the  function 
y,  z)  must  satisfy  Poisson’s  equation 


V*iJ(x,  y,  z)  =  Const. 


(5) 


It  is  easy  to  verify  that  the  substitution  of  the  expressions  (3)  and 
(4)  into  Cauchy’s  equations  of  equilibrium  makes  them  identical  at 
the  conditions:  (5)  and  9  =>  0. 

Having  according  to  (3)  and  (5)  the  expression 

5  =  X.  +  F,  +  Z,  =  vV  +  3C  =  Const., 


and  knowing  that 


ax*  dx*  ' 
dxdy  dxdy 


it  will  not  be  difficult  to  verify  that  the  stresses  (3)  and  (4)  also  satisfy 
Beltrami’s  equations,  which  have  been  given  by  the  formulas  (24)  and 
(25)  of  the  article  “Method  of  Integral  Algebraical  Functions. . . .’’ 

The  more  general  solution  of  Cauchy’s  equations  of  equilibrium  was 
given  by  B.  G.  Galerkin  (see  Comptes  rendus  de  I’Acad^mie  des  sciences 
de  rURSS,  1931,  No.  10  p.  281-286)  by  means  of  three  arbitrary  bi¬ 
harmonic  functions. 

Introducing  the  notation 


dx  dy  dz 


(6) 


B.  G.  Galerkin’s  formulas  may  be  written  in  the  following  synunetric 
form 


(7) 
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where  biharmoiiie  functions  are  denoted  by  whiclj  gives  the  condition 
V-vV(a;,  y,  z)  =  0.  (9) 

When  tile  own  wciglit  of  an  isotropic  body  is  not  taken  into  considera¬ 
tion  the  stresses  determined  by  these  formulas  satisfy  (’auchy  and 
Bi'ltrami’s  equations. 

It  is  to  be  noted  tliat  B.  G.  Cialerkin  first  published  his  solution  in 
more  complicated  form  in  1930  (see  Comptes  rendus  des  .stances  de 
I’Acad^mie  dc  sciences,  tome  ItX),  No.  18,  Paris,  1930). 

Thus  B.  G.  Galerkin’s  solution  has  also  been  obtained  by  means  of 
indirect  way.  The  solution  of  Cauchy’s  equations  of  equilibrium  in 
direct  way  has  not  Ix^en  found. 

3.  Some  solutions  of  Lamp’s  equations  of  equilibrium  when  volume 
forces  are  absent.  An  i‘ssay  to  solve  Lamp’s  equations  of  equilibrium  ^ 

in  direct  way  was  made  by  the  author  in  1926  (see  Ouvrages  sur  la  # 

thtorie  de  l’41asticit4,  fasc.  1,  1934,  the  fifth  article  in  Russian  with  an 
English  summary)  by  means  of  six  arbitrary  functions  of  complex 
arguments. 

Since  the  system  of  l.,am4’s  equations  of  equilibrium  consists  of  the 
three  partial  differential  equations  of  the  second  order  with  the  three 
unknowTi  functions  u,  v,  w,  each  displacement  is  expressed  by  means  of 
two  arbitrary  functions,  one  of  which  is  of  the  argument  m  +  jn  and 
the  other — of  the  argument  m  —  jn  conjugattKl  with  the  first  one;  in 
these  arguments 

m  =  aix  +  biy  •+-  CiZ,  n  =  a*r  -|-  +  c»z,  j  =  V—  1 

the  indeterminate  coefficients  a,  b,  c  being  real. 

The  formulas  of  displacements  obtained  at  this  .solution  have  been 
complicated  by  the  relations  Ix'tween  the  coefficients  of  the  complex 
arguments.  Thus  the  direct  way  of  the  solution  of  I.Am4’s  equations 
of  equilibrium  has  proved  to  be  inconvenient  for  technical  application. 

The  solution  of  I^m^’s  equations  of  equilibrium  in  indirect  way  in 
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i 


0 


conformance  with  the  formulas  of  unit  stresses  (3)  and  (4)  gives  the 
following  expressions  of  displacements 


U_V_W_\_\-\-(T 

F/ 

dx  dy  dz 

at  the  condition  (5)  and  when  q  —  0. 

Hence  the  rotations  at  everj’  jwint  of  a  solid  are 


(10) 


i.e.  this  deformation  is  irrotatioiial.  In  this  particular  case  I^m^’s 
equations  of  equilibrium  become  (see  E.  Sarrau.  Notions  sur  la 
th^rie  de  I’^lasticit^,  Paris,  1889,  paragraph  40,  p.  38) 


they  give  the  cubical  dilatation 


du  dv  ,  dw 

ix  ^  az 


Const. 


(11) 


The  volume  deformation  of  a  body  is  characterized  by  the  cubical 
dilatation  A,  which  therefor  is  called  by  .some  Ru.ssian  authors  as  a 
coefficient  of  volume  deformation. 

Having  the  expressions:  of  the  normal  unit  str(w.ses 


A',  =  X.A  +  -  X.A  +  Z.  =  X.A  -f  2m^,  (12) 

oz  dy  dz 

and  the  tangential  unit  stresses 
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and  the  relations  between  the  coefficients  of  elasticity 


o  1  —  2<t  1  —  ff  l  +  <r 


_ r _  (14) 


it  will  not  be  difficult  to  verify  that  the  substitution  of  the  values  (10) 
into  (12)  and  (13)  will  give  the  formulas  (3)  and  (4). 

The  more  general  solution  of  Lamp’s  equations  of  equilibrium  in 
indirect  way  are  B.  G.  Galerkin’s  formulas  published  in  the  above  Rus¬ 
sian  edition  in  1931.  Bearing  in  mind  the  adopted  denotation  (6)  and 
the  condition  (9)  we  may  write  this  solution  corresponding  to  the 
stresses  (7)  and  (8)  as  follows 


«r)V*^ij  -H  Cy  -  Bz  -f  A, 
<r)V*f,j  +  Az  -  Cx  Dt,  ^ 
«r)V*^,l  A-  Bx  -  Ay  Dt, 


(16) 


where  A,  B,  C,  Di ,  {i  =  1 ;  2;  3)  are  arbitrary  constants. 

Three  solutions  of  I..am^’s  equations  of  equilibrium  obtained  in  in¬ 
direct  way  were  published  by  the  author  in  the  above  collection  of  his 
works.  The  first  solution  was  given  in  1923  in  the  third  article  (in 
French  ^vith  a  Ru.ssian  summary)  in  a  symmetrical  form  by  means  of 
three  arbitral^'  functions,  each  of  which  must  satisfy  the  ultra-harmonic 
equation 

VV*vV(x,  y,  z)  =  0,  (16) 


where 


dx  dy  dz'  dy*  dz* 


(17) 


In  1930  in  the  eighth  article  there  were  given  two  other  solutions  also 
in  a  symmetrical  form  as  a  result  of  generalisation  of  Hertz  and  Bous- 
sinesq’s  unsymmetrical  solutions. 

As  the  first  solution  of  the  author  proved  to  be  too  complicated,  while 
the  two  last  ones  could  be  obtained  from  the  reproduced  below  P.  F. 
Papkovitch’s  solution,  they  have  not  been  inserted  here. 

Analysing  some  solutions  of  Lamp’s  equations  of  equilibrium  in  a  vec¬ 
torial  form  in  “Bulletin  de  I’Acad^mie  des  sciences  de  I’URSS”,  1932, 
No.  10,  P.  F.  Papkovitch  gave  a  similar  general  solution  but  in  a  simpler 
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form  also  in  indirect  way  by  means  of  the  four  harmonic  functions 
^ ^  and  ifift .  Introducing  for  brevity  the  notation 

F  *»  xipi  -h  yipi  z<pi  <po ,  (18) 

this  solution  can  be  represented  as  follows 


1  dF  ' 

“  “  ^  4(1  -  <r)  ax  ’ 

1  dF 

4(l-<r)dy’' 

1  dF 

“’"'^"40^) 

where 

vWx,  y,z)  =  0,  (i  «  1;2;3;0). 

Hence 

A  s  ^  ~  ^  4. 

2(1  -  <r)\dx  dy  ^  dz) 
is  an  expression  for  determining  the  cubical  dilatation. 


(19) 


(20) 

(21) 


Habbik. 
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I.  Introduction 


T.  Y.  Thomas  has  demonstrated  the  interesting  theorem  which  says 
that  for  the  case  of  a  Riemannian  manifold  of  n  —  1  dimensions,  ‘ 

imbedded  in  a  Euclidean  space  of  n  dimensions,  En ,  the  Codazzi  equa¬ 
tion  follows  from  the  Ctauss  equation  when  the  rank  of  the  second  funda¬ 
mental  form  is  >4.* 

In  this  papt'r,  we  shall  be  concerned  with  the  more  general  case  of  a 
Vm  imbedded  in  a  F,  ,  and  we  shall  study  the  relationships  between 
the  Gauss,  Codazzi,  and  Ricci  equations  in  that  case.  The  theorem  of 
Thomas  will  be  shown  to  be  a  special  (jase  of  one  of  our  theorems, 
although  the  method  we  shall  use  is  quite  different  from  that  of  Thomas, 
Ix'ing  more  geometrical  in  nature. 

We  shall  work  in  the  notation  used  by  J.  A.  Schouten  and  D.  J. 
Stniik  in  their  book  “Einfuhrung  in  die  Neueren  Methoden  der  Differ- 
*  entialgeometrie,”*  and  for  the  most  part,  we  shall  not  presuppose  any¬ 
thing  not  discu.ssed  in  that  book. 

.\.  The  Nomud  Spaces  for  the  F«  C  F„ .  The  normal  spaces  are 
defined  by  Schouten  and  Struik*  in  essentially  the  same  way  that 
Walther  Mayer*  dehnes  them.  Briefly,  the  surface,  the  F«  ,  is  defined 
by  the  equations 

(1.1)  {  ”{(•?  )»  *»^»  *’>"'■  ~  I»  Pojflo.ro,  •••  ™  1,  m. 

I^et  C  be  an  arbitrarj',  non-isotropic  pur\T  of  the  surface  pas.sing  through 
a  given  point  P,  and  let  its  tangent  vector  be  t*,  its  arc  length  z.  The 

'  For  the  definition  of  a  Riemannian  manifold  see  I,  pg.  84,  85. 

*  T.  Y.  Thomas,  Acta  Mathematica,  vol.  67  (1936),  pga.  189  ff. 

*  J.  A.  Schouten  und  D.  J.  Struik,  “Einfuhrung  in  die  Neueren  Methoden  der 
Differentialgeometrie,”  Noordhoff,  Groningen,  1936,  vol.  1;  1938,  vol.  2.  Here¬ 
after  we  shall  refer  to  vol.  1  by  I  and  to  vol,  2  by  II. 

MI,  pgs.  79-86,  116,  117. 

*  Walther  Mayer,  Trans.  .\m.  Math.  Soc.,  vol.  38  (1935),  pgs.  267-309. 
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first  curvature  vectors,  h,i',  of  all  such  curves  C  together  with  their 
tangent  vectors,  t',  define  the  first  tangent  space.  The  vectors  t*, 
jft',  for  all  these  curves  C  define  the  second  tangent  space, 

and  similarly,  the  vectors  t‘,  5,t*,  •  •  •  ,  for  the  curves  C  define  the 
X***  tangent  space.  Because  the  surrounding  space,  the  T„  ,  is  of  finitely 
many  dimensions,  there  can  only  be  finitely  many  distinct  tangent 
spaces,  say  k.  In  other  words,  the  vectors  Sfi",  M  >  k,  for  the  curves  C 
are  all  dependent  on  the  vectors  t*,  i.i*,  •  •  •  ,  for  some  k. 

The  Vm  itself  is  called  the  0***  normal  space,  and  that  part  of  the  first 
tangent  space  normal  to  the  0***  normal  space  is  called  the  first  normal 
space.  The  second  normal  space  is  defined  as  that  part  of  the  second 
tangent  space  which  is  normal  to  the  0***  and  normal  spaces,  and 
similarly,  the  x***  normal  space  is  defined  as  that  part  of  the  x^  tangent 
space  which  is  normal  to  the  0“',  •  •  •  ,  (x  —  !)•*  normal  spaces.  Each 
normal  space  is  thus  normal  to  every  other  normal  space,  and  there 
are  k  normal  spaces,  all  imbedded  within  the  surrounding  V. . 

The  x***  normal  space,  x  *  0,  1,  •  •  •  ,  X;,  is  of  m  dimensions,  m  < 

(m)*(m  +  1)  * 

— - ,  TO  m,  2  m  <  »,  and  therefore  in  it  we  can  define  a 

2  •  ^0  s 

system  of  to  mutually  orthogonal  unit  vectors.  We  agree  to  use  Greek 

• 

letters  for  indices  referring  to  the  F„  and  the  l^atin  letters  p,  q,  r,  «,  t,  u 
with  subscripts  x  for  indices  referring  to  the  x***  normal  space,  and 
thus,  since  the  unit  vectors  which  span  the  x***  normal  space  lie  in  the 
surrounding  space,  the  Vn  ,  as  well  as  in  the  x^  normal  space,  we  may 
describe  them  in  any  of  the  following  ways: 


(1.2) 


Pm 


Pm  Pm 

*x,  »*%  V,. 


Pm 


As  almost  always  in  this  notation,  the  indices  placed  beside  the 
kernel  letter  i  (k,  X,  9s ,  r.  in  this  case)  are  the  contra  variant  or  covariant 
indices  of  the  vectors;  while  the  letters  placed  directly  above  or  below 
the  kernel  letter  (p,  in  this  case)  are  merely  labels.  For  instance, 
t‘  would  be  a  contravariant  expression  in  terms  of  F,  coordinates  for 

4 

the  unit  vector  which  was  designated  as  the  fourth  of  the  set  of  to. 

The  afi^or  is  defined  by  the  relationship 


At*  • 

~ 


*  I,  Section  9;  II,  pgs.  117,  118. 
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t 


It  has  the  property 


(1.4) 


5*,,  IF. 


0  if  IF*  is  a  vector  normal  to  the 
IFr,  if  IF*  is  a  vector  lying  in  the 


and  it  may  be  expressed  in  terms  of  the  unit  vectors  t*  which  span  the 
0***  normal  space,  the  Vm  . 

(1.6)  -  t-fr.. 

M 

Affinors  which  play  analagous  roles  in  the  various  other  normal 
spaces  are  also  defined.*  They  can  be  expressed  in  terms  of  the  unit 
vectors  t*  which  span  the  normal  space, 

p* 


(1.6) 


Bl. 


Pm 

Pm 


and  they  therefore  have  the  property 


(1.7)  B*..IF. 


(0  if  IF*  is  a  vector  normal  to  the  x***  normal  space 
Wr,  if  IT*  is  a  vector  lying  in  the  x***  normal  space. 


There  exists  also  a  fimdamental  tensor  for  the  x^  normal  space  which 
can  be  used  for  the  raising  and  lowering  of  indices  referring  to  this  x*** 
normal  space.  It  is  related  to  the  fundamental  tensor  of  the  F.  ,  a^. , 
in  the  following  way: 


(1.8) 


,a\m. 


B.  The  Frenet  Equations.  The  Frenet  equations  for  a  F,.  C  Vn  are 
arrived  at  in  a  way  suggested  by  the  Frenet  equations  of  the  curve 
theory  of  ordinary  differential  geometry.^  They  can  be  written  in 
either  of  the  following  convenient  forms: 


m 

M 

»+i 

(1.9) 

D„Br,. 

- 

+  Hr':,., 

X  »  0,  •  ■ 

.. 

0 

*ft 

0.  b;;;. 

-  0. 

m 

• 

•^1 

(1.10) 

-  -Hr,V 

+  b;;?., 

X  -  0,  . . 

0 

H-l 

- 

0,  b;:*. 

-  0. 

’  II,  pga.  117-120. 
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In  these  equations  we  have  used  what  Schouten  and  Struik  call  the 
“Z)-notation”  to  indicate  our  derivatives.*  To  describe  it  briefly  for 
our  purposes,  we  note  that  if  X^*  is  a  vector  of  the  Vm  ,  is  the 

covariant  derivative  of  X'*  with  respect  to  the  Vm- 

(1.11) 

If  F*  is  a  vector  of  the  F,  ,  DxF*  is  the  covariant  derivative  of  F‘  with 
respect  to  the  F«  . 

(1.12)  DxF*  =  d,Y‘  +  r  =  n  =  VxF* 

Z)r,F‘  is  the  “F»-projection’'  of  DxY^, 

(1.13)  DrX  =  k.ihr  = 


In  this  last  equation  we  have  indicated  a  comparison  between  the 
Z)-notation  and  the  “generalized  covariant  differentiation."*  For  pur¬ 
poses  of  further  comparison,  if  i4‘xr,  is  an  affinor  lying  with  its  first  two 
indices  in  the  F,  and  with  the  third  on  the  F«  ,  then  in  the  generalized 
CO  variant  differentiation. 


(1.14)  = 


d^.  . 

dij*' 


and  in  the  D-notation, 


(1.15) 


0  0 

D„A‘xr,  =  B:,DrA\r,  =  B], 


dA\rt 


a‘„,b:. 


We  note  here  that  Bl^  =  (1.3). 

OTI  • 

M 

The  affinors  are  defined  by  means  of  these  Frenet  equations. 

g 

lies  in  the  x***  normal  space  with  respect  to  its  third  index,  in  the 
(x  —  1)**  normal  space  with  respect  to  its  second  index,  and  on  the  Vm 

*  This  powerful  symbolism  is  explained  in  detail  in  I,  Sec.  9  and  in  II,  pg.  117. 
•See  C.  E.  Weatherbum,  "Introduction  to  Riemannian  Geometry  and  the 
Tensor  Calculus,"  University  Press,  Cambridge,  England,  1938. 
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with  respect  to  its  first  index.*®  Further,  it  is  of  rank  m  with  respect 

M 

to  its  third  index.^  We  shall  be  very  much  concerned  with  these 
affinors  in  the  work  that  follows. 

Essentially,  the  Frenet  equations  tell  us  that  the  covariant  derivative 
of  a  vector  lying  in  the  x***  normal  space  lies  in  the  (x  —  !)•*,  x***, 
(x  +  !)•*  normal  spaces  and  in  no  others.'* 

C.  The  Gauss-Codazzi-Ricci  Equations.  The  Ciauss-Codazzi-Ricci 
equations  follow  now  formally  from  the  Frenet  equations  by  differ¬ 
entiation,  alternation  on  some  of  the  indices,  and  projection  in  the 
various  normal  spaces.  We  state  these  equations  in  a  form  equivalent 
to  that  appearing  in  the  book  of  Schouten  and  Struik.** 


X  0  M  *  X  M  X 


N 

DM  D^  n*  V  —,1^  Off  ‘s»-i 

7fr»lp,-U, 

H-l 

=  0, 1,  .. 

.,fc. 

X 

N 
»— 1 

- 2D,. , 

X  =  1,  •• 

.,k, 

N 

•  »— 1  a 

H 

II 

.,k, 

N 

=  0,  g>Z, 

X  =  (7,  • . 

.,k. 

The  affinors  K,^  are  the  Riemann-Christoffel  affinors  for  the  V,  ; 

X 

while  the  affinors  are  defined  in  a  similar  way,  namely  by  the 

equation 

(1.17)  D(,,Z)r,]tr„  =  - 

where  tc,,  is  an  arbitrary  vector  of  the  x***  normal  space. 

'*  See  equations  (3.6)  and  (3.7)  below. 

o  W.  Mayer  arrives  at  a  form  of  the  Frenet  equations  which  also  illustrates 
clearly  this  point.  See  pages  282-203  of  the  paper  mentioned  in  footnote  5. 

»  II,  pgs.  121-125. 
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The  square  brackets,  [  ],  indicate  alternation  on  the  indices  included 
between  them.**  For  instance, 


(1.18)  X[r|«(]  *  |2  *•»•■*) 

(1.19)  1? 


(1.20) 


s  s 

_  fl  •  p*-l  fj 

—  «»»  •  Pa“roP,-|t« 


1/  *  fl  • 


The  symbols  iV  are  only  labels  for  the  various  equations.  The  upper 

f 

label  indicates  the  normal  space  with  which  the  transvection  on  the 
third  index  of  the  affinor  K  is  concerned;  the  lower  label  indicates  the 
normal  space  with  which  the  transvection  on  the  fourth  index  of  the 

9 

affinor  K  is  concerned.  The  equations  N  (upper  label  «=  lower  label) 


are  usually  called  the  Gauss  equations;  the  equations  N  (upper  label  = 
lower  label  +  1)  arc  usually  called  the  Codassi  equations;  and  the 


equations  N  (upper  label  =  lower  label  +  2)  are  usually  called  the 

s-t 

Ricci  equations. 

To  consider  these  Gauss-Codazzi-Ricci  equations  in  a  case  more 
familiar  perhaps,  let  us  consider  the  case  of  a  Vn-i  C  Rn  •  Then  there 
can  only  be  one  normal  space,  the  first,  and  it  is  of  one  dimension  at 

most,  m  <  1.  Further,  the  Riemann-Christoffel  affinor  for  the  Rn  is 
1 

zero,  and  the  Gauss-Codazzi-Ricci  equations  reduce  to 


0  0  11 

(1.21)  N 
0 


11  11 

~  RrqpqHtpqqPit 


11  1  1 

(1.22)  N  2Z^(«,ffr«)S>ott  ~  ^•q^rqpqqi  ^rqH»qpqqi  —  0 
0 


If  m  =  1,  we  can  write 
1 


(1.23) 


ffpi 

«r»«o 


where  i'*  is  the  vector  of  the  F«  normal  to  the  and  where  A,,,,  is 
1 


This  symbolism  is  explained  in  detail  in  I,  pgs.  14,  15. 
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what  we  usually  call  the  second  fundamental  form.**  (1-21)  reduces 
directly  to 

0  0 

(1*24)  N  'f^*o<'o4ePo  ^^oPo^*o*oi 

0 

and  the  t*  component  of  (1.22)  becomes 
1 

(1.25)  N  =  0." 

0 

s 

II.  The  Conditions  In^Msed  on  the  Curvature  Affinors  H t 

» 

A.  The  Definition  of  Condition  0  for  H.  In  our  work  we  shall  very 

a 

often  impose  certain  conditions  on  the  affinors  H.  In  order  not  to 
break  the  continuity  of  the  proofs  of  our  theorems,  we  shall  consider 
these  conditions  now. 

We  shall  require  first  that  there  exist  a  independent  vectors  of  the 

a 

a 

Vm  ,  u’’®,  A  =  1,  •  •  •  ,  a,  such  that 

A  X 

(2.1)  u'*  -  0. 

A 

Again  we  have  followed  the  notation  conventions  of  Schouten  and 

a 

Struik.  Since  the  vectors  we  are  describing,  u*,  are  vectors  of  the 

A 

Vm  ,  the  0***  normal  space,  we  can  use  letters  pn  ,  n  ,  8o  etc.  for  the  run¬ 
ning  indices.  The  upper  label  x  indicates  that  property  (2.1)  holds  if 

a 

the  I***  curvature  affinor,  H,  be  considered,  and  the  lower  label  A  indi- 

a 

cates  that  u*  is  the  A***  such  vector.  The  choice  of  the  letter  u  as 

A 

kernel  index  is  purely  arbitrary.  Similar  explanations  hold  for  the 

a  a  a 

notation  used  in  describing  the  vectors  y’’*"*  below. 

B  B  C 

Then  we  shall  ask  that  there  exist  0  =  m  —  a  independent  vectors  of 

a  0  a 

“  See  (6.6)  and  (6.7)  below. 

**  These  equations  are  those  of  L.  P.  Eisenhart  for  this  case.  See  "Riemannian 
Geometry,”  Princeton  University  Press,  1926,  pg.  149.  For  the  case  of  a  V.  C  F« 
Eisenhart  arrives  at  Gauss-Codazsi-Ricci  equations  which  do  not  deal  with  the 
various  normal  spaces  separately.  See  pg.  162  of  the  above  mentioned  book  and 
also  II,  pg.  130. 
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the  Vm  ,  v^*,  B  —  1,  •  •  •  ,  /3,  and  /S  independent  vectors  of  the  (x  —  !)•* 


normal  space,  z'*"',  such  that 


t 


11' ‘9* 

V  Z  nr,p,-t 


=  0,  Bi 

^  0,  Bi  =  Bf. 


Finally,  we  shall  ask  that  there  exist  y  =  m  —  0  independent  vectors 

M  a-1  s 

9 

of  the  (x  —  !)•*  normal  space,  y'*"',  C  =■  1,  •  •  •  ,  y,  such  that 


(2.3)  = 

c 

If  these  three  conditions  are  satisfied,  we  shall  say  that  condition  0 

9 

for  H  is  satisfied.  The  reason  for  this  name  will  appear  presently. 

9 

1.  A  Necessary  Conseqmnce  of  Condition  0  for  H.  The  affinor 

9 

respect  to  the  index  q,  This  means  that 

9 

if  we  take  all  possible  transvections  on  the  indices  ro  and  p>-i  we  shall 
arrive  at  exactly  m  independent  vectors.” 

9 

Now  let  X'*  be  an  arbitrary  vector  of  the  Vm  .  Because  the  vectors 

9  9 

u*,  V*  constitute  a  set  of  m  independent  vectors  of  the  Vm ,  'fie  can 

A  B  0 

say  that 

(2.4)  X'*  =  Xu'*  +  Xv'* 


where  X  and  X  are  scalars.  Similarly,  if  Y”"''  is  an  arbitrary  vector 

9  9 

of  the  (x  —  !)■*  normal  space,  w’e  can  use  the  fact  that  z'*"',  y'*"' 

i  B  C 

constitute  a  set  of  m  independent  vectors  in  the  (x  —  !)•*  normal 

s-l 

space,  and  we  can  say  that 


y'**'  =  yz”'"'  -b  fy""‘ 


where  Y  and  Y  are  scalars. 

«•  II,  pg.  120. 

»» I,  pg.  19. 
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An  arbitrary  transvection  on  the  indices  ro ,  p,-i  of  the  affinor 

S 

can  then  be  considered  as  follows  when  one  assumes  that 

» 

condition  0  for  //  is  satisfied: 


(2.6) 


=  Ixu^*  +  fz'*-  + 

\  .«  »t  /\  Bt  C  / 


Bi Btx  M 


Bl  Bt 


Here  we  have  used  (2.1)  and  (2.3).  If,  in  addition,  we  remember  that 

9 

there  must  be  m  independent  vectors  of  the  form  rtpl-i’ 


because  the  rank  of  with  respect  to  q,  is  just  m,  then  (2.2)  and 

(2.6)  tell  us  that  there  are  exactly  rn  independent  vectors  in  the  set  of 

9 

9  9  9 

/9  vectors  We  can  state  this  result  as 

9  B  B 

9 

Lemma  II.  If  condition  0  for  //  is  satisfied,  then  there  are  exactly 

9  9  9 

m  independent  vectors  among 

S  B  B 

9 

B.  The  Definition  of'Condition  A  for  Hr,,’-*".  In  order  to  be  able 
to  deal  with  certain  sets  of  linear  equations  that  we  shall  consider  later, 

9 

we  shall  have  to  require  of  the  that  in  every  set  of  /3  —  A 

9 

9  9  9 

vectors  selected  from  the  set  of  /9  vectors  there  shall  be 

9  B  B 

9 

m  independent  vectors.  If  both  condition  0  for  H  and  this  additional 

9 

9 

condition  are  satisfied,  we  shall  say  that  condition  A  for  H  is  satisfied. 

9 

We  might  note  here  that  condition  A  for  H  can  only  be  satisfied  if 

9 

>  m  +  A,  and  that  if  condition  At  for  H  is  satisfied  then  condition  At 

9  9 

9 

for  H  is  also  satisfied  when  At  <  Ai . 

If  m  =  1,  the  condition  that  /3>m  +  A  =  l+  Ais  not  only  a 

9  9  9 

9 

necessary  condition  that  condition  A  for  H  shall  be  satisfied  but  also 
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a  sufficient  condition.  This  follows  from  the  facts  that  there  are  no 

MM  M 

null  vectors  in  the  set  and  that  there  is  always  one 

B  B 

independent  vector  in  a  set  of  one  or  more  non-null  vectors.  We  can 
state  this  result  as 

M 

Lemma  II.2  If  m  =  1,  then  when  condition  A  for  /f  is  satisfied, 

M 

^  +  1,  and  when  ^  >  A  1,  condition  A  for  H  is  satisfied. 


III.  Theorems  Arrived  at  by  Working  with  the  Codazzi  Equation  N 

m  •— 1  a  a+1  a 

A.  N,  N,  N,  N  -^N. 

»-l  a-l  a-*  a-1  a 

M 

In  this  section  we  shall  show  that  the  Gauss  equation  N  depends  on 

M 

some  of  the  other  Gauss-Codazzi-Ricci  equations  imder  certain 
conditions. 

M 

We  can  write  the  equation  N  in  the  following  form: 

a-l 

(3.1)  -  (1.16)  X-  1, 

Now  we  differentiate  both  sides  of  this  equation,  and  we  have 

0  •  a  a-l  0  •  a  a-l 


+  (A.B:.)B;.Bi. 

(3.2)  + 

We  can  make  use  of  the  Frenet  equations  to  change  the  form  of  the  left 
hand  member  of  (3.2),  and  we  use  (1.9)  and  (1.10)  for  that  purpose. 


••See  (2.2). 
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If  we  alternate  on  the  indices  tio  >  a)  i  we  have 

X  s+1  0  s-1 

"f"  (  ^(ucla;,|  ”H  )B,^rt]Bp,^iK,^ 


(3.4) 


4“  ^P,-ll  “  2Z)(uo^t»^rolp,-i«,  • 

Here  we  know  that 


a  0  a 

*^<0Pa-W» 

(3.5) 

I  a-l  a 

and  that 

_  V  ■  ■  ’■»”*  ff  _ 

a  a-l  a 

(3.6) 

ff  ‘  ^  _  D*  ff  '  ''a-l 

“»0'«a  “  "ra-l""*  •  «a 

(3.7) 

a  XU 

ff  ’  ’  *  _  fi*  ff  ‘  ■  'a  *1 

"«0Pa-l  “  "'•a“«0Pa-l  * 

Furthermore,  the  first  two  terms  of  the  left  hand  side  of  (3.4)  vanish 

•  1  > 

because  /f.,.,'  is  symmetric  with  respect  to  its  first  two  indices,”  and 
the  last  term  vanishes  because  of  the  Bianchi  Identity  for  the  Riemann- 
Christofifel  aflfinor.”  This  can  be  seen  if  we  rewrite  that  term  as  follows: 


(3.8) 


**  The  formal  symbolism  of  alternation  is  explained  in  some  detail  in  I,  pgs. 
14,  15.  See  also  (1.18),  (1.19),  (1.20).  Here,  for  instance, 

•  1  *  • 

9  M  a 

+  —  Duf  —  Dr»D,^HuxPx-ltm 

m 

—  D(pI>««Hr«Pa-|«s}. 

••See  (1.17). 

«  II,  pg.  120. 

*•  II,  pg.  84. 

•*  I,  pg.  124. 
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$ 


The  Second  Identity  for  the  Riemann-Christoffel  affinor  of  the'  Vm  also 
helps  us  to  simplify  (3.4).*^  It  says  that 

0 

(3.9)  Kluf§^rf]p^  —  0. 

Now,  using  (3.5)-(3.9),  we  transpose  all  the  right  hand  terms  to  the  left 
hand  side  and  rewrite  (3.4).  We  have 

O  ’O) 

a-l 

Here  the  first  term  suggests  the  Gauss  equation  N ,  the  second  the 

«-i 

s  »+l 

Gauss  equation  N,  the  third  the  Ricci  equation  N ,  and  the  fourth  the 

a  >-l 

m 

Ricci  equation  N .  We  might  expect  to  arrive  at  these  equations  by 

a-t 

adding  to  the  terms  of  (3.10)  the  following  group  of  terms  composed  of 
products  of  H’»‘. 

2/ff,,  *.  *1*,|  *p,_, 

9  9m 

+  2H[r,  *.  '|«a|HM,|r,_|r,|  * 


'  s  jH-1  a+1 

a+l  a  »+l 

—  2^[r(|«a|  , 

+  2H[,,  *.  *|p,_,|f/»,|ra_,r,_||H,,) 

It  is  not  hard  to  see  that  this  group  of  terms  vanishes  identically.  In 
fact,  a  slight  rearrangement  of  the  order  of  the  factors  in  some  of  the 
terms  shows  quite  quickly  that  the  first  and  last,  second  and  third, 
fourth  and  fifth  terms  cancel  each  other  out.  ? 

*«  I,  pg.  113.  .  ■ 
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Now  if  the  terms  of  (3.11)  be  added  to  the  left  hand  side  of  (3.10), 
we  can  write 

»  0  »-i  '  »-i  .  f'  '••-l  1 

*— 1  X— 1  '  X  '  X 

+  *p,_,  +  2H»,|r,_,r,l  *) 


121  *  * 

x+l  0  x^-1  x-1  X  '  x+l‘ 

=  0.” 

-  *  *  *  s— 1  * 

From  (3.12)  we  conclude  that  if  the  Gauss  equation  N  and  the  Ricci 

ag-l 

X+l  X 

equations  N ,  N  hold,  then 

x-l  x-1 

X  0  X  X  X 

.»'»/D»X  .  n« 


XX  x+l  x+t 


(3.13) 

+  2^fg,,|r,_,r,|  fft»l  *•  ‘ft  "F  2Af«,|r,|  '  ^f»»)*grg+ ,)  =  0. 

If  we  can  show  from  (3.13)  that  vanishes,  where 


(3.14) 


9u 


+  2H(«,|f,_,rg| //«»]  *•  'fg  +  2ff(«,|,g|  ^•.Itgrg+I  , 

X  X  x-l  X  x+l 

then  we  will  have  shown  that  N  follows  from  N ,  N ,  N ,  N . 

»  •  X— I  »— t  »—t  »— 1 

Using  the  definition  of  Ou^,u'm  given  by  (3.14),  we  can  rewrite  (3.13)  as 
< 

(3.15)  ^C'’»iPx-ii  “  ®* 

But  by  its  very  definition,  6  is  alternating  in  its  first  two  indices.  For, 
by  (3.14),  (1.17),  and  the  First  Identity  for  the  Riemann-Christoffel 
afiinor, 

(3.16)  'I<^(>p1x<  =* 

**  In  arriving  at  the  first  term  of  (3.12)  we  used  the  Third  Identity  for  the 
Kiemann-ChristofTel  affinor,  K,^  »  —K,^  .  See  I,  pg.  113. 

*•  I,  PR  113. 
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we  have 


s  v  s  •+!  .  *+l 

-  B-:^X.k.K,^  -  k^„.,. + 2ff,..i,..„.i  h;., 

*+l  •+! 

+  2Hlut\ra\  “ 

Therefore,  we  can  write  (3.15)  as 

(3.18)  HrtP,-i  "i"  ^•tPM-l  “  ®- 

Now  our  goal  is  to  show  from  (3.18)  that  vanishes. 

m 

To  do  this  we  assume  that  condition  0  for  H  is  satisfied,  and  then 

g  m  M 

we  make  use  of  the  vectors  u*,  v^*,  s'*"*  that  we  defined  in  Section  II. 

ABB 

m  M 

Let  us  transvect  in  (3.18)  by  u**u'*.  We  then  have 

(3.19)  =  o 

where  Ai  and  At  can  be  chosen  arbitrarily.  We  can  consider  Ai,  At* 
q,  fixed  once  arbitrarily  chosen,  and  then  under  the  assumption  that 

9  9  9 

condition  0  for  ff  is  satisfied,  (3.19)  tells  us  that  the  vector 


of  the  x***  normal  space  is  normal  to  the  set  of  vectors 

B  B 

all  of  which  also  lie  in  the  normal  space.  Since  there  are  m  inde- 

9 

pendent  vectors  in  that  set,  we  can  conclude  that 

(3.20)  li  *U  =  0, 

where  Ai  and  ^4*  can  be  chosen  arbitrarily. 

9  9  9 

If  we  transvect  in  (3.18)  by  u*W*“',  we  arrive  at 

ill  B|  s, 

(3.21)  =  o, 

*1  •^1  *1 
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where  Ai  and  Bi  can  be  chosen  arbitrarily,  but  where  Bt  ^  Bi .  If  we 

m 

assume  that  condition  1  for  ff  is  satisfied,  then  we  can  conclude  from 

(3.21)  and  from  (3.17)  that 

(3.22)  =  0, 

Ai  Bi  Bi  Ai 

where  Ai  and  Bi  can  be  chosen  arbitrarily.  For,  imder  that  assump¬ 
tion,  considering  q,,  Ai,  and  Bi  fixed  once  arbitrarily  chosen,  (3.21) 

*  S  S 

tells  us  that  the  vector  of  the  normal  space  is  normal  to 

the  m  independent  vectors  which  lie  in  the  x***  normal  space  and  are 

m 

»  m  m 

included  in  the  set  of  ^  —  1  vectors  B  ^  Bi. 

as  B  B 

as  as  m  m 

Finally,  if  we  transvect  in  (3.18)  by  ,  we  have 

*i  *1  *1  *1 

(3.23)  =  0 

.1.  *l  *1 

where  Bt  and  Bt  can  be  chosen  arbitrarily,  but  where  Bi  ^  Bt,Bi- 

as 

If  we  assume  that  condition  2  for  ff  is  satisfied,  and  il  Bt,  Bi,  q,  he 
considered  fixed  once  arbitrarily  chosen,  (3.23)  tells  us  that  the  vector 

•  m 

v'*v^*0,^r,q,r,  of  thc  x***  nonual  space  is  normal  to  the  m  independent 

*1  *»  » 

s  as  # 

vectors  which  are  included  in  the  set  B  ^  Bt,  Bi, 

B  B 

and  which  also  lie  in  the  x^  normal  space.  Therefore,  under  that 
condition, 

(3.24)  v**  ro*.r.  =  0, 

*1  *1 

where  Bt  and  Bi  can  be  chosen  arbitrarily. 

»  9 

Now,  when  we  recall  that  v*  and  constitute  a  set  of  m  independent 

BA  0 

vectors  of  the  Vm  ,  and  when  we  consider  (3.20),  (3.22),  and  (3.24)  we 
can  conclude  that 

9 

Theorem  IIIA.  If  condition  2  for  ff  is  satisfied,  x  =  1,  * ",  A;, 

9 

then  the  Gauss  equation  N  is  a  consequence  of  the  Codazzi  equation 


8 
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i“i- 


•  »“*  • 

AT,  the  Gauss 'equation' JV and 'the  Ricci  equations  ‘  AT  ,  AT  ;or, 

»— 1  »— 1  ^  »— I  »— 1 

'  . .  '  s  »— 1  s  »+t  »  •  .  •  •  I  •  . 

symbolically  stated,  N ,  N ,  N ,  N  —*  N.  -  ■  '  .  ■ 

»— 1  »— 1  »— t  »— 1  a 

a  a— I  a  , ,  a  a+1 

B.  N,N,N,N,-^N. 

a— 1  a— 1  a  a— J  a— 1 

.The  formal  work  leading  to  (3.12)  suggests  to  us  another,  theorem  on 
the  dependence  of  the  Gauss-Codazzi-Ricci  equations  on  each  other. 
If  instead  of  making  the  assumptions  that  led  to  (3.18)  we  were  to 

a-l  a  a 

assume  that  the  Gauss  equations  N ,  N  and  the  Ricci  equation  N 

a-l  a  a-( 

held,  then  from  (3.12)  we  would  conclude  that 

a+l  0  a+1  a-l  a  a+1 

(3.25)  -  o. 

If  we  can  show  from  (3.25)  that  vanishes,  where 

0  a+1  a-l  a  a+l 

(3.26)  ®ao*0''a+lP»-I  ~  ■®''a+l  ff»,]  .  r,>| 

a+1  a  »— I,  a  * 

then  we  will  have  shown  that  N  follows  from  N  ,  N  ,  N,  N  .  From 

.  a— 1  a— 1  a— 1  a  a— t 

(3.26)  and  the  First  Identity  for  the  Riemann-Christoffel  aflfinor, 

(3.16),  it  is  clear  that 

(3.27)  “  ^aaaa'^a+lP*-!  » 
and  therefore  we  can  write  (3.25)  as 


a+1 
1/  •  • 
W  ra®. 


^'tVa+iaa-l 


Our  goal  is  to  show  that  vanishes. 

a+1 

As  in  the  proof  of  Theorem  III  A,. we  assume  that  condition  0  for  H 

a+1  a+1  a+1 

is  satisfied,  and  we  use  the  vectors  u*,  v*,  .z”*.  thus  defined.  If  we 

A  B  H 

a+1  a+1  t 

transvect  in  (3.28)  by  u'*,  u*,  we  have 

it|  At 

t  .  ‘ 

a+1  a+1  a+1 

(3.29)  *  ^«#fa  *^*^  ***  *®»»'‘ra+iaa-l  “P 

Ai  At 


k'. 
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where  Ai  and  At  can  be  chosen  arbitrarily.  ’  Because  condition  0  for  H 

■+i»+i 

is  satisfied,  (3.29)  tells  us  that  the  vector  u**  ,  which 

lies  in  the  (x  +  !)■*  normal  space  (Ai ,  At ,  p,_i  being  considered  fixed 
once  arbitrarily  chosen),  is  normal  to  the  m  independent  vectors  which 

»+i 

»+i»+i  »+i 

are  included  in  the  set  of  P  vectors  t;“*  2**^J,,/**'  and  which  also 

S+l  B  B 

lie  in  the  (x  -f  !)•*  normal  space.  Hence,  we  conclude  that  if  condi- 

»+j 

tion  0  for  Hutq/'*'  is  satisfied. 


(3.30) 


U  —  0, 


where  Ai  and  At  can  be  chosen  arbitrarily. 

•+1  a+IH-l 

We  continue  as  before,  and  we  transvect  in  (3.28)  by  u**  v^*  «*'. 

•+1  »+i  «+i>+i  "**  **  ** 

Bt  Ai  Bi 


(3.31) 


where  Ai  and  Bi  can  be  chosen  arbitrarily,  but  where  Bt  ^  Bi.  We 

»fi 

see  that  if  condition  1  for  H  is  satisfied,  then  (3.31)  tells  us  that  the 

»+i  *+i 

vector  M**  ,  which  lies  in  the  (x  +  !)■*  normal  space 

(Ai ,  Bi ,  pt-i  considered  fixed  once  arbitrarily  chosen),  is  normal  to 
the  m  indep)endent  vectors  which  are  included  in  the  set  of  /9  —  1 

rt-l  »+l 

*+I  »+•»  »+l 

vectors  t>"*  B  ^  Bi ,  and  which  also  lie  in  the  (x  +  1)** 

B  B 

•+1 

normal  space.  Therefore  we  can  say  that  if  condition  1  for  ff  is  satis¬ 
fied,  (3.31)  and  (3.27)  tell  us  that 

»+i»+i  »+i»+i 

(3.32)  ^  ^  +  , 

Ai  Bi  Bi  A, 

where  Ai  and  Bi  can  be  chosen  arbitrarily. 

Just  as  in  the  work  done  for  Theorem  III  A,  we  now  transvect  in 

(3.28)  by  r“*  »**  »”*  2**,  and  we  have 
*1  ■«  *1  *1 

«+l  *+1*4-1  *4-1  *4-1  ’  ■  ‘ 

(3.33) ,  .  *=0, 

*i  *1  *1  *1 
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where  Bt  and  Bt  can  be  chosen  arbitrarily,  but  where  Bi  ^  Bt ,  Bt . 

»+i 

(3.33)  tells  us  that  if  condition  2  for  /f  is  satisfied,  the  vector 

»**  (Bt ,  Bj ,  px-1  considered  fixed  once  arbitrarily 

Bt  Bt 

chosen),  which  lies  in  the  (x  +  1)*‘  normal  space,  is  normal  to  the  m 
independent  vectors  which  are  included  in  the  set  of  /3  —  2  vectors 

»+i 

H-l  »+l  *+l 

»“•  B  9^  Bt,  Bt,  and  which  also  lie  in  the  (x  +  !)•* 

B  B 

normal  space.  Therefore,  if  condition  2  for  ff  is  satisfied,  then 

(3.34) 


»+i»+i 

V*  V  *®».ror,+iJ»,_|  =  0, 

Bt  Bt 


where  Bt  and  Bt  can  be  chosen  arbitrarily. 

i 

But  now,  considering  (3.30),  (3.32),  (3.34)  aiid  the  fact  that  u 


*■» 


and  constitute  a  set  of  m  independent  vectors  of  the  Vm  ,  we 

B  0 

conclude  that 

»+i 

Theorem  III  B.  If  condition  2  for  B  is  satisfied,  x  «  I,  •  •  •  ,  k, 

rt-i  .  ,  » 

then  the  Ricci  equation  N  follows  from  the  Codazzi  equation  N ,  the 


-1  « 


Gauss  equations  N ,  N,  and  the  Ricci  equation  N ;  or,  symbolically 

•-1  s  m-t 

M  *-1  s  s  *4-1 

stAted,  N,  N,N,  N  ^  N. 

•-1  •-!  a  a->  a-I 

IV.  Relationships  Arrived  at  by  Working  with  the  Equations 
# 

V,p*=2,  ...,x 

t  »-# 

We  could  repeat  the  woric  of  Section  III  step  by  step  now,  starting 

M 

with  any  equation  B  ,  p  =  2,  •  •  •  ,  x;  x  *  p,  •  •  •  ,  A,  instead  of  with  the 

M 

Codazzi  equation  N  .  We  could  differentiate,  simplify  by  using  the 
Frenet  equations,  and  alternate  on  three  indices  just  as  we  did  before. 

a— 1  a  a+l 

Then  by  assuming  that  the  equations  N  ,  N  ,  N  also  held,  which 

-1  *-a 


I 
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assumptions  are  exactly  analagous  to  those  we  made  in  the  discussion 
preceding  (3.13),  we  would  arrive  at  an  equation  exactly  analagous  to 
(3.13),  and  hence  at  another  equation  exactly  analagous  to  (3.18). 
From  this  latter  equation  we  could  conclude  just  as  we  did  in  Section  III 

s  »-*+l 

that  the  equation  N  holds  if  condition  2  for  H  is  satisfied.  The 

X— a+i 

statement  of  our  theorem  would  then  be  . 

»  «+i  . 

Theorem  A.  If  condition  2  for  H  is  satisfied,  g  =  I,  x, 

M 

X  =  g,  -  •  ’  fk,  then  the  equation  N  is  a  consequence  of  the  equations 

«  S— 1  S  S+1  S  >— 1  X  x-fl 

N  ,  N  ,  N  ,  N  .  Or,  symbolically  stated,  N  ,  N  ,  N  ,  N  —* 

f  I  at— ^  at— f  9—g  I  *— a 


V 

A  theorem  exactly  analagous  to  Theorem  III  B  is  arrived  at  if  in 

Z 

the  process  outlined  above  one  assumes  that  the  equation  N  holds 

x-H-l 

rather  than  the  equation  N  .  For  then  we  obtain  an  equation  anala¬ 


gous  to  (3.25),  and  from  that  equation  one  exactly  analagous  to  (3.28). 
By  reasoning  word  for  word  the  same  as  that  following  (3.28)  we  can 

x+i  x+l, 

then  conclude  that  the  equation  N  holds  if  condition  2  for  H  is  satis- 
fied.  The  statement  of  this  theorem  would  be 

x+l 

Theorem  B.  If  condition  2  for  ff  is  satisfied,  g  —  1,  •  •  •  ,  x,  i  = 

*+»  ;  •  .  . 
g,  •  ■ '  ,  k,  then  the  equation  iV  is  a  consequence  of  the  equations 

Z  »— 1  Z  Z  Z  »— 1  Z  J 

N  ,  N  ,  N  ,  N  .  Or,  symbolically  stated,  N  ,  N  ,  N  ,  N 


x+l 


-t  X— #+l  X— *— I 


X—#  M—t  X— r+1  X— #— 1 


N 

#— f 

Theorems  A  and  B  may  perhaps  be  expressed  to  advantage  in  still 


**  We  have  written  g  ~  I,  •  •  •  ,  x  rather  than  g  •  •  •  ,  i  because  when  g  — 
Theorem  A  is  exactly  Theorem  III  A.  The  theorem  therefore  holds  in  that 
case  also.  ‘  i 

*•  We  have  written  g  —  1,  •  •  •  ,  z  rather  than  g  —  2,  •  •  •  ,  x  because  when 
d  —  1  Theorem  B  is  exactly  Theorem  III  B.  The  theorem  therefore  holds  in  that 
case  also.  ^  '  < 

**  For  a  direct  demonstration  of  Theorems  A  and  B  see  A.  Schwartz,  Mathe¬ 
matics  Thesis,  Massachusetts  Institute  of  Technology,  1939. 
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R 


\ 


another  schematic  way.  If  Q  — »  P  be  taken  to  mean  that  P  is  a  con- 

sequence  of  Q,  R,  and  S,  the  following  diagrams  give  the  statements  of 
Theorems  A  and  B: 


N 


»+i 

■N 


N 


»+i 

>N 


It  is  interesting  to  note  the  “symmetry”  of  these  diagrams. 


V.  The  Relationship  Arrived  at  by  Working  with  the  Gauss  Equation  N 

M 

We  cannot  expect  to  derive  theorems  analagous  to  Theorems  A  and  B 

9  9 

by  working  here  with  W  as  we  did  above  with  N  ,  g  =  1,  •  •  •  ,  x,  be- 
«  »-« 

cause  the  result  we  would  hope  to  arrive  at  would  be  meaningless. 

•  X  »— I 

Notice  that  equations  N  and  N  are  the  same  equation.  This  is 

a-l  X 

9—X 

true  because  N  can  be  written  as 


(6.1) 

and  because  the  Third  Identity  for  the  Riemann-Christoffel  affinor, 

(6.2) 

•—I 

enables  us  to  put  N  into  the  form 

(6.3)  ~  . 

*•11,  pg.  l'23,  (13.36).  .  .  ,  ■  ,  .  .  .  ‘  .  . 

•‘  I,  pg.  113. 
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This  form  of  the  equation  N  is  clearly  theCodazzi  '(^iiation  N  .  But 

»+l  *  _  »,  *—l  X  x+1  * 

when  N  ^  N  ,  the  statement  iV,  N‘)  N  ,  N'—*  'N  which  is  what  we 

X  »+l  X  X  »— I  X  »+l 

would  expect  if  we  could  parallel  Theorem  A,  becomes  meaningless. 

However,  even  though  we  do  not  expect  theorems  here  which  will 
fit  into  our  general  scheme,  we  do  have  a  theorem  which  demonstrates 

a  relationship  between  the  Gauss  equation  N  and  the  Codazzi  equa- 

S 

»  x+l 

tions  N  ,  N .  The  conditions  under  which  this  result  holds  are  quite 

X— 1  X 

naturally  stronger  conditions  than  those  we  have  in  Theorems  A  and  B. 

X  X  s+l 

A.  N,  N 

X  X—\  X 

X 

The  Gauss  equation  N,  when  written  out,  is 

X 

0* 


(6.4) 


x+l 

—  2  ^l»olp,r,  +  ,| 


x+l 

tl  •  •  ^x*  I 

I 


X  =  0,  1,  . . .  ,  Ik. 

As  before,  we  differentiate,  and  then  change  the  form  of  our  left  hand 
member  by  using  the  Frenet  equations  (1.9)  and  (1.10). 

+  iI)xMk,kxkxKrxKx 

-\-  {D.,B)x)B::r,kxKrxKx  +  {.D.,B%.) 

(5.5)  -b  BY.,X.k.Du.K,^x  =  Dp. 

X  XX  X 

—  2ff((.|r,-|p,|  D|m.|  Dr.)  ■*.  *9,  —  2D(r«  *•  ' l«rl  D|p.| 

x+l  x+l  x+l  x+l 

2D(,.|p,r,+  ,|  D|p.|  Dr.),,  '  2D(r.|«.|  '  D|h.|  D(.]p.r,.ri  * 

H;.:;k.kxkxKx^.  + 

X  x+l  0  X 

+  (-Dj.\,  +  Dp-.;/)B;;r.B;.A:rpx,  •  ' 

+  (-^xVpx  +  ^:.;;jD::r.^„Drpx;  +  k:r,kxkxDx,Kx^  ■ 

XX  X 

=  Dp.Di.r.x^p^  —  2D(«.|r,-,pil  D|«.|  Dr.)  *•  'f» 

—  2D(r,  ■*.  ‘lt,|  D|P.|  D,.Jr'._,p,  2D(,.|p.,.+,|D)p.)Dr.J*,  ***' 

—  2D(r.i«,i  D|«.|  D..]p.,,+, • 


(5.6) 


1 
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After  alternation  on  the  indices  Uo,  so,  To,  (5.6)  becomes 


(5.7) 


•  Jt+l  0  s 

a  #4*1  Os 

"h  Bltorg^gM\B\p^\Dug]K,„Xt  * 

~  ^H\t»\r,~ip,\DugBrg\  *•  '|<.l  f^«*^*6lr.-jrs 


a+l  a+-l  s+l  s+1 


But  (5.7)  can  be  simplified  because  many  of  its  terms  vanish.  For 

1 

instance,  the  first  two  terms  vanish  because  H[ug,g\  ~  0;"  while  the 
last  term  of  the  left  hand  member  vanishes  because  of  the  Bianchi 
Identity  for  the  Riemann-Christoffel  afl&nor."  The  first  term  of  the 

9 

right  hand  member  vanishes  because  of  the  identity  for  K,^rgq,p,  which 
is  analagous  to  the  Bianchi  Identity.**  If  now  the  relationships  (3.6) 
and  (3.7)  be  borne  in  mind,  we  can  write  (5.7)  as 

a+l  0  a+l  a*  a+l 

a+l  0  a  a+l  a+l 

+.  -  2D.,HrgU.r.,,)  =  0. 

*  a— 1  a+l  a  a 

At  this  point  we  note  that  the  Codazzi  equations  N ,  N ,  N ,  N 

a  a  a— 1  a+l 

are  suggested  by  the  first,  second,  third,  and  fourth  terms  of  (5.8)  . 
respectively.  If  we  assume  that  the  Codazzi  equation  N  holds,  then 


(5.8) 


”  II,  pg.  84. 

**  See  (3.8)  and  I,  pg.  124. 

**  The  existence  of  such  an  identity  and  its  application  to  this  case  will  be 
demonstrated  in  Lemma  V.l. 
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it  will  also  be  true  that  N  holds,**  and  if  we  change  the  form  <rf  the 

fourth  term  of  (6.8)  by  using  the  Third  Identity  for  the  Riemann- 
Christofifel  afl^or,**  then  we  shall  be  able  to  write  (5.8)  as 

'  »+l  0  *+i  »  *  »  • 

Now  our  course  is  clear.  We  define  by  means  of 

0  »^-l  s  H-1 

(5.10)  2Dl»,^r*Jpjr,+  |  , 

and  use  the  First  Identity  for  the  Riemann-Christoffel  affinor*^  to  show 
that 

Then  we  rewrite  (5.9)  as 

(5.12)  ^iHtlv.l  ~  ^[a«IPal  ®*»r»lf,+n*  —  0,  ^ 


or  as 

«+i  »+i  »+i 

fj  •  *  '*+1 A  w  ■  ■  *'»+»  A  n '  '  •  A 

“«•«»  T  '>«•«.  ''r^it»r,^lPm  '  “r»*, 

»+l  H-1 

(5.13)  _  ft  '  ’  '•+*A  _  ft'  '  ’'•+*A 

"*»P»  * . 


»+» 

_  1/ ■  ■  ’’** ‘A  n 

^  «r»Pa  —  «• 

If  we  can  show  that  0«,r,r..fip.  vanishes  as  a  consequence  of  (5.13),  then 

*+i  '  • 

we  will  have  shown  that  the  Codazzi  equation  jV  is  a  consequence  of 

9 

9  9 

the  Gauss  equation  N  and  the  Codazzi  equation  N  .  We  shall  see 

9  *— 1  * 

under  what  conditions  vanishes. 

«+i 

Let  us  assume  first  that  condition  0  for'  H-  is  satisfied  so  that  we  can 

»+i  »+i  »+i  «+i 

use  the  vectors  u*,  »'*,  z”',  y'*  thus  defined.**  Transvect  in 

A  t  M  C  .  V  .  V 

»» See  (6.1),  (6.3). 

*•  See  (6.2).  -  - 

*^See  (3.16)  and  I,  pg.  113. 

••See  (2.1),  (2.2),  and  (2.3).  < 
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(6.13)  by.'-  M**'u'*  y'*.'  We  have 

ill  ill  r 

'1  «  •'  •  ir^-1  «+l  *+l  jH-1 

(tL  ,  U'  ’  ''*-H  ..•'O  .,P*i 


where  Ai ,  At ,  and  C  can  be  chosen  arbitrarily.  We  can  consider  Ai , 
At,  C  fixed  once  arbitrarily  chosen,  and  then  (5.14)  tells  us  that  the 

x+l  *+l  *+l 

vector  M**  u^*  ,  which  lies  in  the  (x  +  1)*‘  normal  space, 

is  normal  to  the  m  independent  vectors  included  in  the  set  of  vectors 

*+i 

*+l  x+l  «+■ 

v“*  z**  all  of  which  also  lie  in  the  (x  +  1)'*  normal  space.” 


Hence  we  conclude  that 


*+l  x+l  *-»-l 

(5.15)  u**  u'*  =  0 

ill  ill  c 

where  i4i ,  ^4* ,  and  C  can  be  chosen  arbitrarily. 

«+i  »+i  «+i  »+i 

Now  we  transvect  in  (5.13)  by  u**  u'*  z"*  v"*.  We  have 

A,  At  *1  Bt 
x+l  X+l  «+l  c+1  x+l 

(5.16)  P-  //:„/'"•  u**  =  0, 

Bt  *1  *t  *1 

where  Ai,  At,  and  fii'can  \ie  chosen  arbitrarily,  but  where  Bt  ^  B\ . 

x+l 

If  we  assume  that  condition  1  is  satisfied  for  H,  and  if  At ,  At ,  and  Bi 
be  considered  fixed  once  arbitrarily  chosen,  then  we  see  from  (6.16)  that 

x+l  x+l  x+l 

the  vector  u**  u’’*  2^*  ®»,r,r,+ip,  is  normal  to  m  other  independent 

4|  Af  B|  aP+1 

vectors  in  the  (x  -f-  !)•*  normal  space,  namely  the  m  independent  vec- 

»+i 

x+l  x+l  x+l 

tors  included  in  the  set  z**  B  ^  B\ .  Hence, 


x+l  x+l  x+l 

(6.17)  U**  U'*  Z^’e.,rtrx+iPx  =  0, 

At  At  Bi 

where  ^4] ,  i4i ,  and  Bi  can  be  chosen  arbitrarily. 

x+l  x+l  x+l  x+l 

We  transvect  now  in  (5.13)  by  t>**  u*  y*'  z**,  and  we  can  then 

Bi  Ai  C  Bf 


**  See  Lemma  II. 1. 
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write 

s+l  x+l  x+l  *+i 

(5.18)  t'**  W  =  0, 

«]  Si  Ai  C 

where  Ai ,  C,  and  Bi  can  be  chosen  arbitrarily,  but  where  Bt  ^  Bi . 
Just  as  in  the  consideration  of  (5.16),  we  can  conclude  from  (5.18)  that 

X+I  »+l  x+1 

(5.19)  ti'*  =  0, 

Bi  Ay  C 

»+l 

where  Ai,  By,  and  C  can  be  chosen  arbitrarily,  if  condition  1  for  H 
is  satisfied.  (5.19)  and  (5.11)  together  tell  us  that  under  the  same 
assumption, 

(5.20)  =  0. 

ill  By  C 

s+1  s+1  a+1  a-t-1  s+1 

We  transvect  this  time  in  (5.13)  by  v‘*  u^*  r'*  »“•  z*'. 

By  Ay  By  By  By 
>-t-l  c+1  s-t-1  *+l  »fl  *4-1 

(5.21)  »“•  z*'  t;**  u'*  =  0, 

By  By  By  Ay  By 

where  Ay  and  By  can  be  chosen  arbitrarily,  but  where  By  ^  By ,  By  ^ 

*+i 

By,  By,  Here  we  can  conclude  that  if  condition  2  for  H  is  satisfied, 
and  By ,  Ay ,  and  By  be  considered  fixed  once  chosen,  then  the  vector 

»+l  »+l  x+l 

»*•  tt'*  z'’*d,,r,r,+,>,  is  normal  to  the  m  independent  vectors  of  the 
*1  **  *+l 

(x  +  !)•*  normal  space  which  are  included  in  the  set  of  vectors 

*+■1  «+i  «+i 

»“•  z*'  B  ^  By,By.  Hence  it  is  true  that 

B  B 

a+1  *+t  >+l 

(5.22)  u'*  =  0, 

By  A|  By 

where  Ay  and  By  can  be  chosen  arbitrarily,  but  where  By  9^  By .  (5.11) 

enables  us  to  add  the  following  statement,  true  under  the  same 
conditions: 

»+i  »+i  »+i 

(5.23)  -  =  0.  .  .  ' 

•«  ** 

*+l  *+l  *+l  x+l 

Transvection  in  (5.13)  by  t;**  v^*  z’*  yields  •  • 

0|  C  B% 
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»+l  *+l  x+l  *+l  *+l 

(5.24)  2-  =  0, 

B|  Bi  B%  C: 

where  Bi ,  Bt ,  and  C  can  be  chosen  arbitrarily,  but  where  Bt  ^  Bi ,  Bt . 

x+l 

Again  we  make  use  of  the  fact  that  when  condition  2  for  H  is  satisfied, 

»+l  x+l  x+l 

m '  independent  vectors  are  included  in  the  set  i;“*  z**  J,*/*'*’*. 

x+l  i--  ■  •  B  a 

r  x+l  x+l  x+l 

B  9^  Bi,  Bi.  But  (5.24)  means  that  the  vector  t;**  t/’’* 

Bl  Bf  C 

of  the  (x  +  1)**  normal  space,  {Bi ,  B* ,  C  consider^  fixed  once  arbi¬ 
trarily  chosen),  is  normal  to  these  m  independent  vectors,  and  it  there- 

.  x+l 

fore  vanishes. 

x+l  x+l  x+l  . 

(5-25)  =  0, 

»l  »t  C 

where  Bi,  Bt,  and  C  can  be  chosen  arbitrarily. 

x+l  x+l  x+l  x+l  x+l  . 

If  we  transvect  in  (5.13)  by  v**  v^*  z"*  z**  t;“*,  we  have 

Bi  Bf  Bj  B4  B4 


#+l  *+l  « + 1  «+l  jr+I  *+l  _  ; 

V  X  “  otVx  V  V  X  +  =  V, 


where  Bi  and  Bt  can  be  chosen  arbitrarily,  but  where  Bi  9^  Bi,  Bt  and 

•  f  ’  x+l 

Bt  ^  Bi,  Bt,  Bt.  Suppose  that  condition  3  for  H  were  satisfied. 

x+l  x+l  x+l 

Then  there  would  be  m  independent  vectors  in  the  set  t;“*  z** 

x+l  B  B 

B  ^  B\  t  Bt,  Bt,  all  lying  in  the  (*  +  1)*‘  normal  space.  The  vector 

x+l  x+l  x+l 

»*•  (Bi ,  Bt,  Bt  considered  fixed  once  chosen),  which 

*i  *t  *» 

also  lies  in  the  (x  +  !)•*  normal  space,  would  vanish  because  it  would 
be  normal  to  the  m  independent  vectors  of  the  above  mentioned  set 

,x+l 

'  x+l 

by  (5.26).  Thus,  if  condition  3  for  H  is  satisfied, 

x+l  x+l  x+l  -  • 

(5.27)  t;**  =  0, 

B|  Bt  Bt 


where  Bi  and  B*  can  be  chosen  arbitrarily,  but  where  Bt  9^  Bi ,  Bt . 

In  addition  to  (5.15),  (5.17),  (5.19),  (5.20),  (5.22),  (5.23),  (5.25),  and 

x+l  x+l  x+l 

(5.27)  we  need  statements  which  would  tell  us  that  v**  u^* 
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»+l  •+!  «+J 

and  »*•  vanish.  Then  (5.11)  would  tell  us  -  that 

*+i  »+i  *+i 


»I  *1  *1 

,,r,r,+,j,,  vanishes,  which  is 


■«  *1  *i 

s+l  s+1  s+1  s+1  s+1  s+t 

u**  t;** 

^1  ^1  ^1  ^1 
also  vanish,  and  we  could  conclude  that  d, 

»+l  H-l  »+l  *+l  »+l  »+l 

our  goal.  To  show  that  t;**  u’’*  z*‘6,tr,r,+ip,  and  »**  v'* 

i4|  0|  0|  Bi 

vanish,  we  shall  have  to  use  an  argument  different  from  those  we  have 
used  before,  and  we  shall  have  to  make  additional  assumptions. 

»+l  «+l  »+l  »+l  »4-l 

Transvect  in  (5.13)  by  i>**  u'*  z”'  z’*  »“*. 

*1  ^1  *1  ■»  *» 


(5.28) 


s+t  s+l  s+l  «+l  «+l  x+1 

»“•  z*'  p‘*  u^*  z”' 

•f  *1  *1  *i 


»+i  »+i  »+i  *+i  »+i  »+i 

w**  z**  H  ’  '  u'*  «“•  2**fl 

■l  *1  *« 


=  0, 


where  i4i  and  Bi  can  be  chosen  arbitrarily,  but  where  Bt  ^  Bi  ;  or,  using 
(5.11)  and  relettering  dummy  indices. 


»4-l  »+l  »+l 


s-t-1  H-1 


(5.29) 


2**  ff'  »*•  «’’•  2’’*S 

Bt  Bf  Bi  Ai  Bi 


s+1  x+t  x-fl  x+1  x+1  x+1 

•+  !»“•  Z*'  t;**  u'*  z"*®., 

B|  il|  B| 


To  make  our  discussion  of  (5.29)  formally  simpler,  let  us  write 


x+1  x+1  x+1 

(5.30) 


x+1  x+1  x+1 


V’  u’  zr 

B  Ax  B 


Then  we  can  rewrite  (5.29)  as 


(5.31) 


''’x+1 

*1 


••x+l 

*1  ■* 


0, 


where  Bi  can  be  chosen  arbitrarily,  but  where  Bt  ^  Bi. 

(5.31)  can  be  considered  as  a  set  of  linear  equations.  There  are 
f 

0  m  unknowns,  ,  and  equations.  Hence  a  necessary  condi- 

x+1  x+1  B 

tion  for  the  vanishing  of  the  vectors  is  /S  m  <  C*^‘  *  - ; 

2  x+1  x+1  2 

^  -  1 

m  <  —  .  We  cannot  be  sure,  .however,  that  this  condition  is 

x+i  2 
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sufficient,  for  even  if  it  should  be  satisfied,  we  would  not  know  yet 
whether  there  arc  0  m  independent  equations  in  the  set  (5.31). 

«+i  *+i 

For  the  case  m  =  1,  /3  >3,  there  are  0  independent  equations  in 

«+i  *+i  »+i 

the  set  (5.31).  Suppose  that  0=3,  and  write  the  equations  (5.31)  as 

x+l 

1.  =  0 

I  *  *  1 

(5.32)  2.  »  0 

II  IS 

3.  =  0. 

1  .  S  IS 

There  is  only  one  independent  vector  among  because  m  =  l.“ 

B  a-t-1 

Because  none  of  the  vectors  are  null  vectors,^’  we  can  say  that 

(5.33)  AB  7^  0, 

till 

and  rewrite  (5.32)  as 

1.  +  AOr,^,)  =  0 

1  1  1 

(5.34)  2.  +  J,..,,)  =0 

3.  W^KA6r,^,  +  Be,,^,)  =  0. 

1  S  2 

Because  any  vector  in  a  one  dimensional  space  which  is  normal  to  a 
non-null  vector  must  be  itself  a  null  vector,  we  have  from  (5.34) 

1.  ABr.^,  +  =  0 

1  2 

(5.35)  2.  BBr,^,  -1-  Br,^,  =  0 

1  1 

3.  BBr.^,  +  ABr.^,  =  0. 

2  1 

But  here,  because  the  determinant  of  the  coefficients  =  —2AB  and 

cannot  vanish  because  of  (5.33),  we  must  conclude  that  , 

1  2 

®r,+,  vanish.  We  can  write  this  result  as 

1 

**  See  Lemma  II. 1. 

“See  (2.2).  •  .  • 
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»+i  »+i  »+i 

t;**  u'*  z^‘e. 

B  Ai  B 


x+l  »+l  *+l 
=  -U**  V"* 

.4 1  B  B 


UPm 


where  Ai  and  B  can  be  chosen  arbitrarily,  if  condition  0  for  //  is  satis¬ 
fied,  m  =  1,  and  /3  =  3. 

»+i  «+i 

It  is  not  hard  to  see  that  this  result  is  true  more  generally  for  /3  >  3. 

»+i 

In  that  case  we  can  consider  the  indices  B  three  at  a  time,  using  those 
equations  of  (5.31)  which  concern  these  three  indices  and  only 
these  three.  Then  the  work  we  have  just  done  applies,  and 

»+l  .+1  B+l 

v’*  u*  vanishes  for  the  three  particular  values  of  B 

B  Ai  B 

chosen.** 

If  one  considers  (5.31)  for  the  special  case  m  =  2,  one  finds  that  there 

*+i 

are  not  enough  independent  equations  in  (5.31)  to  enable  one  to  con- 

»+i  »+t  »+i 


B  Ai  B 

Therefore  we  shall  add  to  the  assumptions  we  have  already  made  the 
assumption  that  m  =  1. 

x+l 

x+l  x+l  x+l 

Now  we  shall  consider  v'*  v'*  •  Tran.svect  in  (5.13)  by 

•i  *1  "i 

x+l  x+l  x+l  x+l  x+l 

i;**  z”'  r"* 

*1  ^9  *1  *1  '**1 


4P+1  X+l  X+l 

z*'  //: 

B,  B, 


x+l  x+l  x+l 

v'*  z’^^e,, 

*1  •»  *1 


x+l  x+l  x+l 

-  z"  ff,] 

B,  B, 


I  .  x+l  x+l  x+l 

■  ■  '■x+l  ,,’■•  «"•  •«xi|  _  n 

»OPx  V  V  Z  ~ 

*1  *I 


where  Bi  can  be  chosen  arbitrarily,  but  where  ^  B\  \  Bt  ^  B\ ,  B^ . 
We  use  (5.11)  and  reletter  some  dummy  indices  to  write  (5.37)  as 


x+l  x+l  x+l 

»“•  Z**  //« 
a,  a, 


x+l  x+l  x+l 
a,  Bi  Bi 


'  '  x+l  x+l  x+l  x+l  x+l  x+l 

-H  ti-  z**  r**  t;'*  =  0. 

0|  0|  B%  0)  0| 

The  demonstration  used  for  this  special  case  is  unnecessarily  long.  How¬ 
ever,  it  is  useful  for  comparison  with  some  work  below.  Sec  V  A  1. 

«8ce  V  A  1. 
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We  consider  (5.38)  in  almost  exactly  the  same  way  we  considered 


(5.29).  We  have  m  =  1,  and  we  define 

»+i 

rt-i  »+i  «+i 

(5.39)  Or, 


«+l  «+l  jH-I 
=  »*• 

*I  *«  *1 


These  definitions  enable  us  to  rewrite  (5.38)  in  the  form 

(5.40)  Or.,,  =  0, 

*1  *!■»  *1  *»*1 

where  Bj  can  be  chosen  arbitrarily,  but  where  Bi  ^  Bj ;  Bi  ^  Bi ,  Bi . 
If  Bf.be  chosen  arbitrarily  and  then  considered  fixed,  the  set  of 

(^  -l)(/3  -2) 

equations  (5.40)  is  a  set  of  -  linear  equations 


in  the  ^  —  1  unknowns  0r,^^  .  Hence,  a  necessary  condition  that 

»+i  j»i»f 

^  -  2 

fir,+,  vanish  as  a  consequence  of  (5.40)  is  that  1  <  — ;  /3  >  4. 

*1**  .,  ,  *  ■+! 

This  condition  is  also  suflScient,  for  we  can  show  exactly  as  for  (5.31) 
that  the  equations  (5.40)  contain  /9  —  1  independent  equations 

*+i 

among  them.  Suppose  that  /3  =  4.  We  can  without  loss  of  generality, 

*+i 

take  Bf  as  4,  and  then  write  our  equations  (5.40)  as 

1.  »0 

I  S4  S  14 

(5.41)  2.  .  0 

1  14  1  14 

3.  0. 


But  (5:41)  and  (5.32)  are  the  same  system  of  equations,  and  one  can 
therefore  conclude  that  vanishes.  However,  Bi  could  have  been 

*4 

chosen  as  any  index,  and  so  we  see  that  vanishes  if  Bi  ^  Bf .  We 

»i*i 

can  write  this  result  in  the  desired  form: 

x+l  *+l  x+l 

(5.42)  ■  t;'*  =  0, 

*1  *»  *l 

where  Bi  can  be  chosen  arbitrarily,  but  where  Bi  Bi ,  if  m  =  1, 
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W  /3  >4,  (5.42)  also  holds  because  then  we  can  consider  our  in- 

»+i 

dices  four  at  a  time  and  draw  our  conclusions  from  those  equations  of 
the  set  (5.40)  that  contain  these  four  selected  indices  and  only  these 
four. 

We  are  now  in  a  position  to  summarize  the  work  of  this  section. 
Equations  (5.15),  (5.17),  (5.19),  (5.20),  (5.22),  (5.23),  (5.25),  (5.27), 
(5.36),  and  (5.42)  enable  us  to  conclude  that  vanishes.  But 

»+i 

this  means  that  the  Codazzi  equation  N  holds,  and  therefore  we  can 

a 

state 

*+i 

Theorem  V.  If  m  =  1,  and  if  condition  3  for  /f  is  satisfied,  x  = 

*+i 

*+i 

0,  ■  •  •  ,  k,  then  the  Codazzi  equation  N  ia  &  consequence  of  the  Gauss 

a 

a  a 

equation  N  and  the  Codazzi  equation  N'-;  or,  symbolically  stated, 

a  a— I 

a  a  s+1 

N,  N  -*  N. 

M  S-1  S 

In' stating  Theorem  V  we  have  used  the  fact  that  when  m  =  1,  the 

»+i 

a 

statements  “/3  >  A  +  1”  and  “Condition  for  ^  is  satisfied”  are 

a  • 

equivalent  statements.*^ 

In  arriving  at  (5.8)  we  assumed  that  the  following  identity  for 

a  ■’ 

I  analagous  to  the  Bianchi  Identity  for  the  Riemann-Christoffel 
affinor,  exists: 

(5.43)  =*  0. 

Therefore,  to  complete  our  theorem,  we  must  prove  the 

a  .  « 

Lemma  V.l. 

QmPm  * 

We  shall  prove  this  lemma  just  as  Schouten  and  Struik  demonstrate 
Bianchi’s  Identity  for  the  Riemann-Christ(^el  affinor."  The  affinor 

a 

K,,r,uPM  >8  defined  by 

(5.44)  «  (1.17) 

**  See  Lemma  II. 2. 

**  See  discuuioo  following  (5.7).  • 

**  I,  pgs.  123,  124. 
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Applying  (6.44)  to  the  affinor  ,  we  have 

0  X 

(5.45)  Di„Dr,\iDu,Wg,)  = 

If  we  alternate  on  the  indices  as ,  ro ,  uo  ,  we  can  write 

0  X 

(6.46)  Di$^Dr^D,t^]‘Wq^  =  *'®*»^«* 

which  becomes 

(5.47)  D(«,  Dr(  u>«i  =  t®j», 

0 

when  we  use  the  Second  Identity  for  the  Riemann-Christoffel  affinor  K, 

(6.48)  =  0." 

But  we  can  arrive  at  another  expression  for  •  We 

can  differentiate  (5.44)  and  then  alternate  on  the  indices  uo  ,  So ,  ro . 

X  X 

(5.49)  Dh,  Z)r«]  ; 

X  X 

(5.50)  D(m,  Z)«,  Z)r«]  ~  i-^{»«r«|*,l^*^iiol^Px- 

Comparing  (5.46)  and  (5.50),  we  see  that 

(6.51)  =  0. 

Since  is  an  arbitrary  vector  of  the  x***  normal  space,  (5.51)  tells  us 
that  (5.43)  is  true,  and  our  lemma  is  proved. 

1.  The  Reason  for  the  Imposition  of  the  Condition  m  =  1  tn  Theorem  V. 

*+i 

When  we  considered  (5.29)  we  said  that  we  added  the  assumption 
m  =  1  to  the  statement  of  Theorem  V  because  we  could  not  conclude 

•+I 

from  (5.29)  that  (^.36)  held  if  m  *  2.“  To  justify  this  statement,  we 

*+i 

,  »+i  *+i  »+i 

shall  show  now  that  there  exists  a  set  of  vectors  v'*  u* 

*1  -*1  *1* 

which  satisfies  (5.29)  when  m  «  2,  and  which  is  not  composed  of  null 

»+i 

vectors. 

For  the  case  m  =2,  /3  *2»n  -|-1=5,  we  can  write  equations 

»+i  »+i  »+i 


«»  I,  pg.  113. 

“  See  footnote  43. 
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(5.31)  as 

1.  =0 

IS  St 

2.  -I-  .  =  0 

IS  It 

(5.52)  3.  =0 

s  s  s  s 

4.  =0 


6.  =0 

IS  SI 

7.  =0 

s  s  s  s 

8.  -0 

S  4  4  S 

9.  ,  +^'^‘0,..,,  =0 


5-  =  0  10.  =  0. 

S4  4S  4S  S4 

Because  none  of  the  vectors  are  null  vectors,  and  because  there  are 

B 

two  independent  vectors  among  them,  we  can  assume  that 
(5.53)  TT'^'  =  C  =  1,  C  =  0,  D  =  0,  Z)  -  1. 


B  1 


B  S 


Now  let  us  consider  the  following  system  of  equations,  where  our 

unknowns  are  ,  ^s ,  ,  ^s : 

1  1  s  s 


(5.54) 


1. 

'^*+1  “ 

SI  IS 

2.  =  0, 

1  1 


3.  =  0. 

s  s 


There  surely  exists  a  non-null  solution  of  (5.54)  because  there  are  fewer 
(■quations  than  unknowns. 

We  specify  our  non-null  solution  of  (5.52)  as  follows:  Let  ^r,+, , 


^'■.+1  ^  ®  non-null  solution  of  (5.54). 

s 

C^^r.+  i  +  Z)^r.+,  ,  and  ^r.+, 

4  4  1  4  S  t 

the  statement  that  this  set  of  vectors  ^ 


Let-  lAr,+,  =  C^r,+,  +  ZVr,+,  , 

S  St  s  s 

=  +  ZVr,+, .  To  check 

it  t  s 

is  a  solution  of  (5.52),  we  note 


B 


that  (5.52)- 1  is  satisfied  because  it  is  the  same  equation  as  (5.54)-l; 
(5.52)-2,  •  •  •  ,  (5.52)-10  are  satisfied  because  they  can  be  made  to 
depend  on  (5.54).  For  instance,  we  have  for  (5.52)-2 


(5.55) 


It  t  1 

=  2Ci/"^Vr..„  +  -H 

tit  tit  t  1 


0, 


ft 
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and  (5.52)-8  becomes 


(6.66) 


+  (CD  +  CD)(ir'^Vr.^.  +  +  2DD/r***^, 


0. 


An  additional  assumption  of  the  type  “Condition  A  for  H  shall  be 
satisfied”  would  put  a  set  of  additional  conditions  on  the  constants 
C ,  D  of  (6.63),  but  this  same  illustration  of  a  non-null  solution  of 

B  B 

(6.62)  would  still  hold. 

Of  course  one  might  be  able  to  conclude  that  the  vectors  = 

B 

m+l  »+l  m+l 

p**  u'*  z'*  6,,r,r,+ip,  are  null  vectors  if  one  had  relationships  for  them 

B  Ai  B 

in  addition  to  those  of  (6.29).  However,  it  seems  to  be  impossible  to 
get  such  additional  relationships  by  our  methods  of  transvection,  and 
so  we  have  no  choice  but  to  impose  the  condition  m  *  1  in  Theorem  V. 


VI.  The  Significance  of  the  Conditions  Imposed  upon  the  AflSnors 

s 

H’  ’  * 

A.  The  Algebraic  Expression  of  the  Conditions.  We  shall  find  it 

9 

convenient  to  express  the  affinors  in  terms  of  vectors  and 

affinors  of  valence  two. 

g 

If  we  use  the  Frenet  equations  (1.9)  and  also  the  fact  that  Ha"  lies 
with  the  index  X  in  the  (x  —  1)**  normal  space,"  we  can  say  that 

(6.1)  -  »"-‘‘t!(D„B;._.  +^r;%.-.)  -  . 

«»-i  f«-i  «*-i 

Here  the  vectors  and  i,  are  the  mutually  perpendicular  imit  vectors 

t»-i 

of  the  (x  —  1)**  and  x***  normal  spaces  discussed  in  Section  I  A.  Now 
we  transvect  in  (6.1)  by  t,,_, ,  t  and  we  use  (1.6),  (3.6),  (3.7). 


(6.2) 


t 

•■-i 


f»-l  tm 

.fm-l  -•  -•  > 


*•  See  (3.6). 
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If  we  modify  the  right  hand  member  of  (6.2)  by  using  (1.6)  again,  we 
have 


(6.3) 
or 

(6.4) 

If  we  define 

(6.5) 

(6.4)  becomes 

(6.6) 


«J-|  •»-! 

iPM-\  *•  > 


*r,-i  ZZr,(  I  ) 

<  tm-l 


1 

*>  («-l 


(<-l  <>  u 

I*  0  >-l  I, 


We  note  that  this  equation  is  familiar  to  us  for  the  case  x  =  1.^ 

If,  in  addition,  we  are  considering  a  Vn-i  C  Fn  ,  so  that  m  »  1,  then 

1 

<1 

we  have  only  one  tensor  hr,,, ,  and  we  usually  call  it  the  second  funda¬ 
mental  tensor  for  the  Vn-i 

M 

We  shall  be  concerned  with  the  rank  of  the  affinor  Hr,,,-**,  and  in 

Z 

that  connection,  if  we  consider  the  definition  of  condition  0  for  Zf,“  we 

Z 

see  that  this  definition  makes  at  least  two  requirements  on  H.  First, 
the  equations  (2.1)  tell  us  that  all  the  vectors  that  can  be  formed  from 

Z 

Zf by  transvection  on  the  indices  p,_i ,  q,  lie  in  the  /3-dimensional 

Z 

space  which  is  part  of  the  0***  normal  space  but  which  is  normal  to  the 

Z 

a  independent  vectors  u'*.  Furthermore,  all  these  vectors  which  are 

a  A 

arrived  at  by  transvection  on  p,_i ,  q,  cannot  be  included  in  a  (/S  —  1)- 

Z 

dimensional  space,  because  if  they  could,  there  would  be  a  -h  1  vectors 

Z 

Z 

of  the  type  u*  rather  than  a.  But  by  the  definition  of  the  rank  of  an 

A  Z 

afi5nor  with  respect  to  a  specified  index,”  this  means  that 
»•  II,  pg.  82. 

f  «ii:p:.6i. 

**  See  Section  11. 

•*  I,  pg.  19. 
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Lemma  VI.  1.  If  condition  0  for  is  satisfied,  then 

is  of  rank  0  with  respect  to  the  index  ro . 

S 

In  exactly  the  same  way,  (2.3)  tells  us  that 

M  S 

Lemma  VI.2.  If  condition  0  for  is  satisfied,  then 

is  of  rank  /S  with  respect  to  the  index  p,_i . 

U 

1.  The  Case  where  m  =  1.  When  m  =  1,  there  is  only  one  unit 

9  9 

vector  in  the  x**"  normal  space.  If  we  call  it  we  can  write  (6.6)  as 

9 

(6.7)  =  hr,„.,t*. 

9 

9 

If  condition  A  for  ^  is  satisfied.  Lemma  II.2  tells  us  that  ^  >  A 


and  since  in  that  case  condition  0  for  is  also  satisfied.  Lemmas  VI.  1 


and  VI.2  tell  us  that  the  rank  of  with  respect  to  either  index 

To  or  index  is  >  A  +  1.  Using  (6.7),  we  can  state  this  result  as 

9 

Lemma  VL3.  If  condition  A  for  is  satisfied,  then  the  rank  of 
Ar,p,_,  with  respect  to  either  index  is  >  A  +  1. 

Conversely,  suppose  that  the  rank  of  is  R  with  respect  to  both 

indices,  ft  >  A  +  1.  When  considered  as  a  matrix,  is  equivalent 
under  non-singular  linear  transformations  to  any  other  m  X  m  matrix 

0  P-l 

of  the  same  rank  ft.“  W’e  can  consider  as  equivalent,  for  in¬ 

stance,  to  an  m  X  m  diagonal  matrix: 

0  c— 1 


(6.8) 


hl'V 

0 

0 

.  0 

0  . 

.  0 

0 

0 

.  0 

0  . 

.  0 

0 

0 

Arr 

.  0 

0  . 

.  0 

6 

0 

0 

•  A«>.> 

0  . 

.  0 

0 

0 

0 

.  0 

0  . 

.  0 

0 

0 

0 

.  0 

0  . 

.  0 

m 

0 


hw  ht'v  •  •  •  />«'<•  0. 

9  ^ 

We  can  select  quite  easily  a  **  m  —  R  vectors  u*,  A  =  !,•••,«, 

s  0  A  X 


**  L.  E.  Dickaon,  “Modern  Algebraic  Theories,’'  Sanborn,  1930,  pg.  57. 


such  that 
(6.9) 
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=  0. 


For  instance,  we  might  choose 


Jt 

A 

0,  0, . ,  0,  1,  0,  . .  ,  0 


In 


the  same  way  we  can  choose  y  =  m  —  R  vectors  C  =  1,  •  •  •  ,  7, 

z  a— 1  C  a 

such  that 


(6.10) 


-  0. 


0,  . . . ,  0,  1,  0,  . . . ,  0 


.  If  we  choose  our 


v^*,  B  =  I,  •••,  R  =  /9,  as 


0,  . . . ,  0,  1,  0,  . .  • ,  0 


,  and  our 


2**“',  =  1,  •  • . ,  ft,  as 


0,  . . . ,  0,  1,  0,  . . . ,  0 


(6.11) 


*1  *» 


•  -1 

=  0,  Bi 

0,  fti  =  fti. 


,  then 


Now  if  we  transform  from  the  coordinate  system  (ri)  to  (ro)  and  from 

S  S  X  X 

(«i_i)  to  («a-i)»  then  we  shall  have  vectors  u*,  y*'“*  8atisf3ing 


ABB 


(2.1),  (2.2),  and  (2.3),  and  we  can  say  that  condition  0  for  ft  is  satisfied. 
Because  ^  R  >  A  +  I,  I^emma  II.2  permits  us  to  say  in  addition 

X 

X 

that  condition  A  for  ft  is  satisfied.  We  summarize  our  work  in 

Lemua  Vf.4.  If  is  of  rank  /3  >  .4  +  1  with  respect  to  both 

X 

X 

indices,  then  condition  A  for  ft  is  satisfied. 

Lemmas  VI.3  and  VI.4  together  enable  us  to  say  that 

Theorem  VI  A  1.  If  w  =  1,  then  the  statements  “Condition  A  for 


ft  is  satisfied”  and  is  of  rank  /3  >  A  +  1  with  respect  to  both 

S 

indices”  are  equivalent  statements. 

o.  A  Theorem  of  T.  Y.  Thomas.  A  theorem  of  T.  Y.  Thomas  states 
that  if  the  second  fundamental  form  of  a  Vn-i  imbedded  in  an  ftm  is  of 
rank  >  4,  then  the  C'odazzi  equation  is  a  consequence  of  the  Gauss 
equation. “ 

“  T.  Y.  Thomas,  Acta  Mathematira,  67,  1936,  pg.  189. 
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Our  Theorem  V  tells  us  that  if  condition  3  for  Af  is  satisfied  for  a 

1 

Vn-t  C  Vn  ,  then  the  Codazzi  equation  iV  is  a  consequence  of  the  Gauss 

0 

0  ^ 

equation  N.  Theorem  VI  A  1  tells  us  however  that  Thomas’  condition 
0 

is  exactly  the  same  as  ours,  and  thus  Thomas’  theorem  is  a  special  case 
of  our  Theorem  V. 

2.  The  Case  where  m  =  2.  When  m  =  2,  one  can  select  two  inde- 

X  Z 

pendent  unit  vectors  in  the  x***  normal  space.  We  do  this,  and  if  we 
call  these  vectors  t"',  t"*  we  can  write  (6.6)  as 

(6.12)  t"'. 

I  >« 

I 'xe  '•  , 

We  shall 'assume  that  condition  A  for  H  is  satisfied  but  that  condi¬ 
tion  A  -H  1  is  not,  and  we  shall  see  what  this  assumption  tells  us  about 

the  affinors  h  and  h  . 

Z 

There  exist  a  independent  vectors  u*,  A  *  1,  •  •  •  ,  a]  y  independent 

z  A  z  m 

z  z 

vectors  C  =  I,  •  •  •  ,  y;  ^  =*  m  —  o  independent  vectors  v*, 


B  *=  1,  •  •  •  ,  d;  and  0  m  —  y  independent  vectors  such  that 

s  X  »— 1  X  B 

(6.13)  =0,  t, -1„2.; 

A 

(6.14)  =  0,  =  1.,2.; 

C 

(6.15)  =0,  B,,  tx  -  1.,  2x ; 

*i  ** 

(6.16)  hrxp^.f,  zero,  5  =  1,  •  •  • , /3. 

a  B  B  B  Z 

We  shall  designate  by  (ri)  a  coordinate  system  of  the  whose 

measuring  vectors  are  the  unit  vectors  in  the  directions  of  the  m  inde- 

0 

Z  Z 

pendent  vectors  v'*,  u'*.  In  particular,  we  designate  the  measuring 

B  A 

i  »  *  t 

vectors  by  T*,  po ,  ri,  so  *  2^,  •••,»»',  and  we  choose  f*  ||  v'*,  B' 

,i  •  B'  B 

r,  . . .  ,  /T;  B  -  1,  . . .  ,  and  T*  |1  {0  +  AY  -  {0  -f-'l)', 

X  X  iS+A)'  Ax  a  ,, 
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(/9  ^  2)',  •  •  •  ,  m',  A  —  1,  •  •  •  ,  a.  This  coordinate  system  is  not 

9  *  '  0  s 

necessarily  iiolonomic. 

In  a  similar  way  we  select  a  coordinate  system  in  the  (x  —  !)•*  normal 
space  whose  measuring  vectors  are  unit  vectors  in  the  directions  of  the 

X  X 

m  independent  vectors  y'*"*,  and  designate  this  coordinate  system 

»— 1  B  c 

by  (p^i).  In  particular,  we  designate  the  measuring  vectors  this  time 
*  %  *  % 
by/'”*,  p',-i ,  q,-i ,  rl-i  -  r,  2',  . . .  ,  m,  and  we  choose/*"*  ||  z”*"*, 

*-»  ■'  « 

B'  =  -  1,  /'-‘ll/*-‘,  +  C)'  =  03+  1)‘, 

»  X  W+r)*  c  X  X 

X 

(/3  +  2)',  •  •  •  ,  m,  C  =*  1,  •  •  •  ,  7  .  This  coordinate  system  also  need 

X  X-l  X 

not  be  holonomic. 

When  expressed  in  the  coordinate  systems  (ro)  and  pl-i),  the  matrices 

u  »x 

representing  the  affinors  h  and  h  take  on  a  simple  form.  If  we  agree 

^  M 

that  for  the  affinors  the  first  index  shall  represent  columns  while 

the  second  shall  represent  rows,  the  equations  (6.13)  tell  us  that  the  last 
a  columns  of  the  matrices  are  composed  of  zeros,  and  the  equations 

X 

(6.14)  tell  us  that  the  last  y  rows  are  likewise  composed  of  zeros.  Of  the 

X 

terms  in  the  remaining  $  columns  and  /3  ro>»*s,  we  learn  from  (6.15)  that 


only  the  diagonal  terms  do  not  vanish.  All  this  information  enables 
us,  to  write  the  matrices  for  these  affinors  as 


(6.17) 


fhvv  0 

0  t’v 


•x 

hr’.'  II  * 


0  0 
0  0 


0  0 


0  0  .  Oj! 

I 

0  0  .  01 

**■  '  '  ''m 

hfi’r  0  .  0 

'  I 

0  0  .  o| 

0  0  .  o! 


m - — - » 

0 


lx  *x 

Because  of  (6.16)  we  know  too  that  and  Hbib'  do  not  both  vanish. 
Thus  far  we  have  only  used  that  part  of  our  assumption  that  tells  us 


V 

-- 


^1 

i^- 

li 


I  • 

* 
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that  condition  0  for  ^  is  satisfied.  Because  condition  A  for  H  ia 
satisfied  we  know  that  there  are  at  most  —  A  —  I  vectors  in  the  set 

g 

*  >  *  %  * 

B  =  1,  •  •  •  ,  /3»  which  are  parallel  to  each  other.  If 

B  B  t 

there  were  more  than  ^  —  A  —  \  vectors  of  that  set  parallel  to  each 
other,  it  would  be  possible  to  find  a  subset  ci  ^  —  A  vectors  in  the  set 

t 

r,  which  would  include  but  one  independent  vector,  and 

B  B 

M 

our  assumption  that  condition  il  for  B  is  satisfied  would  be  violated. 

M 

We  have  assumed  also  that  condition  A  +  1  for  B  is  not  satisfied,  and 
this  assumption  tells  us  that  there  are  at  least  0  —  A  —  1  vectors  in 

9 

*  t  *  %  * 

the  set  which  are  parallel  to  each  other.  If  this  were 

B  B 

not  true,  there  would  always  be  two  independent  vectors  in  every  sub- 
set  of  j8  —  —  1  vectors  of  the  set  that  we  considered, 

9  B  B 

9 

and  we  would  contradict  the  assumption  that  condition  A  +  1  for  B 
is  not  satisfied.  Therefore,  our  two  assumptions  together  tell  us  that 
there  exists  a  subset  of  jS  —  ^4  —  1  vectors  which  are  parallel  to  each 

9 

*  i  *  \  * 

other  in  the  set  of  /3  vectors  and  that  there  does  not 

9  B  B 

exist  any  other  subset  of  more  vectors  whose  members  are  also  parallel 
to  each  other. 

To  make  use  of  the  result  that  there  exists  this  subset  of  j8  —  —  1 

9 

parallel  vectors,  we  write  a  necessary  and  sufficient  condition  that  two 

*  %  '  «  *  *  0  *  %  * 

vectors,  Hr',p'’.i'*  and  shall  be  parallel  or  linearly 

*1  *1  *1 

dependent.  We  use  (6.12),  and  remember  that  the  vectors  t'*,  t’’* 

written  there  are  independent  vectors.  We  can  .say  then  that  the 
*  0  *  %  *  *  0  *  \  * 

vectors  v* z*‘~' and  are  parallel  if  and  only  if 


*  k 


B,  B, 


•l  *1 
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Where  in  VI  A  1  we  were  led  to  a  consideration  of  single  matrices, 
we  can  apply  here  some  of  the  results  of  the  theory  of  classical  algebra 
which  deal  with  pencils  of  matrices.^  Equations  (6.17)  show  us  that 

the  affinors  and  can  be  considered  as  representing  a  pair 

of  bilinear  forms  in  /3  +  d  variables.  Other  matrices  which  can  repre- 

M  X 

sent  this  pair  of  bilinear  forms  in  /3  +  d  variables  are  arrived  at  by 

X  X 

striking  out  the  last  a  columns  and  y  rows  of  the  matrices  (6.17).  If  we 

»  X 

designate  these  new  matrices  by  ,  Kipl-i  ,  r©  =  1',  •  •  •  ,  /S', 

p2-i  =  /S';  we  can  write  them  as 


(6.19)  II  Km.,  II  •  0 


(.  -  l.,2.. 


When  we  consider  the  matrix  ||  fJiripl-t  +  ||»  we  can  say  that 

it  is  a  non-singular  matrix,  that  is  that  its  determinant  does  not  vanish 

identically  in  X  and  n,  because  (6.16)  tells  us  that  ha'p'  and  ha>B'  do  not 
both  vanish. 

The  elementary  divisors  of  this  non-singular  matrix, 

11  "I”  ^rip\-i  II 


fihvi'  +  \ki>v 


nhrt'  + 


I  0  0  •  || 

‘I  « •  •  »  ii 

are  all  linear  because  we  have  only  diagonal  terms,  and  the  fact  that 


**  This  theory  is  discussed  in  many  standard  algebra  texts.  In  particular,  one 
might  mention  H.  W.  Turnbull  and  A.  Aitken,  “An  Introduction  to  the  Theory 
of  Canonical  Matrices,”  Blackie  and  Son,  London,  1933,  Chapter  IX;  M.  Bocher, 
“Introduction  to  Higher  Algebra,”  MacMillan,  New  York,  1936;  and  L.  E.  Dick¬ 
son,  “Modern  Algebraic  Theories,”  Sanborn,  Chicago,  1930. 
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exactly  ^  —  ^4  —  1  of  the  vectors  are  parallel  to  each 

M  B  B 

other  tells  us  through  (6.18)  that  one  of  the  elementary  divisors  is  re¬ 
peated  —  A  —  I  times.  Further,  because  there  is  no  subset  of  more 


than  0  —  A  —  \  parallel  vectors  in  the  set  v  ,  no  elemen- 

X  B  B 

tary  divisor  is  repeated  more  than  j8  —  ^4  —  1  times. 

M 

We  shall  state  the  conclusions  we  have  drawn  from  our  original 
assumptions  in  the  following  lemma: 

M 

Lemiha  VI.5.  U  m  ^  2,  and  if  condition  A  for  H  \»  satisfied  but  con¬ 


dition  i4  +  1  is  not,  then  the  pair  of  afiKnors  h ,  h  defined  by  (6.5)  and 
(6.12)  can  be  considered  as  representing  a  non-singular  pair  of  bilinear 
forms  in  ^  -1-  ^  variables.  The  elementary  divisors  for  this  pair  of 

X  X 

bilinear  forms  are  all  linear,  and  the  most  frequently  repeated  ele¬ 
mentary'  divisor  is  repeated  exactly  0  —  A  —  I  times. 

M 

If  we  choose  to,  we  can  also  .state  Ix'mma  VI.5  in  the  following  words: 
I.KiiitA  VI.  5— Alternate  Form— If  m  «  2,  and  if  condition  A  for  H 

X 

is  satisfied  but  condition  A  1  is  not,  then  the  pencil  of  matrices 

J,  1,  ix 

fih  \Ji,  h  and  h  being  defined  by  (6.5)  and  (6.12),  has  a  set  of  a 

X 

minimal  numbers  all  zero,  a  second  set  of  y  minimal  numbers  all  zero, 

X 

and  a  non-singtilar  square  core  of  0  rows  and  columns  whose  elementary 

X 

divisors  arc  all  linear,  the  most  frequently  repeated  elementary  divisor 
being  repeated  0  —  A  —  I  times. 


('onversely,  if  m  2,  and  if  we  know  that  the  affinors  h  and  h  have 

X 

the  properties  stated  in  the  conclusion  of  Ix?mma  VT.5,  does  it  follow 

X 

that  condition  A  for  H  is  satisfied  but  that  condition  A  -1-  1  is  not? 

I*  s# 

The  fact  that  the  affinors  h  and  h  can  be  considered  as  representing 
a  pair  of  bilinear  forms  in  ^  -f  /3  variables  means  that  there  exist  pairs 


of  coordinate  systems  such  that  the  matrices  h  and  h  have  their  last  a 

* 

columns  and  y  rows  all  zeros  when  expressed  in  these  coordinate  systems. 


GAUSS<CX)DAZZI-RICCI  EQUATIONS 


73 


Let  (r»)  and  (pi-i)  be  such  a  pair  of  coordinate  8}r8tem8.  Then 


(6.21)-  II  II  * 


(« 

hl'V  • 

<« 

w 

0  . 

.  ‘0 

<> 

• 

• 

m 

•  •  Vfl' 

•  9 

0  i 

.  0 

0  . 

•  •  0 

0  . 

0 

•  0 

..  0 

0  . 

0 

1  Now  we  can  select  a  independent  vectors  u  '»,  A  *  1,  •  •  •  ,  a  such 

*  Ax 

that 


(6.22) 


Indeed,  the  vectors  u  y  may  be  chosen  by  the  following  scheme: 

.  Similarly,  we  choose  y  independent 


X 

A 

* 

0,  .  •  ,  0,  1,  0,  . . .  ,  0 


vectors  of  the  (x  —  L)**  normal  space  by  the  following  scheme: 

and  notice  that 


yPs-l 

c  _  • 


0,  . . .  ,  0,  1,  0,  . . .  ,  0 


(6.23)  , 


/'"ArW-.  “  0. 


We  know  in  addition  that  the  elementary  divisors  for  the  non- 
singular  pair  of  bilinear  forms  in  d  +  variables  represented  by  k  and 

XX 

h  are  all  linear  and  that  the  most  frequently  repeated  elementar>' 
divisor  is  repeated  exactly  0  —  A  —  i  times..  But  because  non-singular 

X 

pairs  of  bilinear  forms  are  equivalent  if  they  have  the  same  elemental^ 
divisors,  this  means  that  we  can  find  tlon-singular  transformations 
which  leave  imchangcd  the  last  a  *  nt  —  /3  coordinates  of  the  coordinate 

s  •  > 

system  (ri)  lind  the  last  7  »  »n  —  d  coordinates  of  the  coordinate 
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system  (p.-i),  and  which  lead  to  coordinate  systems  (r^)  and  (pi-i)  in 

i«  >. 

which  h  and  h  are  such  that 

t 

t.  s*  II 


(6.24) 


1.  S. 

fihii  +  XAh 

0 

0 

'"0  . 

0 

0 

1«  t. 

nhtx  +  \hn 

0 

0  . 

0 

* 

* 

1«  S« 

0 

0 

.•  lihffg  +  \hfifi 

0  . 

0 

0 

0 

m»  mm 

0 

0  . 

0 

• 

• 

• 

•  • 

• 

. 

. 

. 

. 

. 

0 

0 

0 

0  . 

0 

Here  none  of  the  first  P  diagonal  terms  are  identically  vanishing,  and  a 

S 

set  of  0  —  A  —  1  of  them  are  multiples  of  each  other.  No  more  numer- 

M 

ous  set  of  these  terms  has  the  property  that  each  term  is  a  multiple  of 
every  other  term. 

M 

We  can  select  0  vectors  »'*,  B  ■»  1,  •  •  •  ,  /3,  which  are  independent  of 

B  B  s 

s  »,  # 

each  other  and  independent  of  the  vectors  u'*,  and  also  0  vectora  z'””* 

A  a  B 

of  the  (x  —  1)'^  normal  space  which  are  independent  of  each  other  and 

S 

independent  of  the  vectors  y'*"*.  Further,  these  vectors  can  be  chosen 
c 

so  that  they  have  the  properties 

(6.25)  -  0,  9^  Bt,  t,~  la,  2.; 

»i  ** 

(6.26)  v'*i^'‘~'Kt9a-i  >  not  both  zero,  B  «  1,  •  •  •  ,  /5. 


A  suitable  scheme  for  choosing  the  vectors  v*  and  z''“'  is  the  following: 
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S  9  9 

'  We  consider  the  set  of  /8  vectors  and  we  note  that 

z  B  a 

the  vanishing  of  the  determinant 

1  t 

ha,Bi 
1  1 

is  the  necessarj'  and  sufficient  condition  that  the  vectors 

*1  *1 

9  9  9 

and  shall  be  parallel.*^  Then  because  /3  —  i4  —  1  of 

*1  *1  » 
the  diagonal  terms  of  (6.24)  are  multiples  of  each  other,  we  see  that 

9  9  9 

/3  —  i4  —  1  of  the  vectors  of  the  set  are  parallel  to  each 

X  B  B 

other,  and  that  there  is  no  group  of  more  than  0  —  A  —  1  parallel 

9 

vectors  in  the  set. 

Finally,  because  (6.22)  and  (6.23)  are  tensor  relationships  and  carry 
over  for  the  unprimed  coordinates  we  can  conclude  from  (6.22),  (6.23), 
(6.26),  (6.26),  (6.12),  and  from  our  consideration  of  the  set  of  vectors 

9  9  9  9 

that  condition  A  ior  H  \a  satisfied  but  that  condition 

B  B 

.4  +  1  is  not.  We  state  our  conclusion  as 

Jjr 

Lemma  VI.6.  If  m  =  2,  and  if  the  affinors  h  and  h  defined  by  (6.6) 

9 

and  (6.12)  represent  a  non-singular  pair  of  bilinear  forms  in  0  +  0 

9  9 

variables  whose  elementary  divisors  are  all  linear,  the  most  frequently 
repeated  elemental^’  divisor  being  repeated  0  —  A  —  1  times,  then 

9 

9 

condition  ^4  for  ff  is  satisfied,  but  condition  A  -|-  1  is  not. 

If  we  choose  to,  we  can  state  I.iemma  VI.6  in  an  alternate  form. 
Lemma  VL6— Alternate  Form— If  m  =  2,  and  if  the  pencil  of  matrices 

Is  3s  1#  ** 

f  ^  ^  being  defined  by  (6.6)  and  (6.12),  has  a 

set  of  a  minimal  numbers  all  zero,  a  second  set  of  y  minimal  numbers 

9  9 

all  zero,  and  a  non-singular  square  core  of  0  rows  and  columns  whose 

9 

elementarj'  divisors  are  all  linear,  the  most  frequently  repeated  of  which 
See  (6.18),  where  primed  rather  than  unprimed  coordinates  have  been  used. 
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is  repeated  ^  —  A  —^  \  times,  then  condition  ,4  for  ^  is  satisfied  but 

J 

condition  4  +  1  is  not.  ' 

We  can  write  Lemmas  VI.6  and  VL6  together  as 

Theorem  VI  A  2.  If  m  =  2,  then  the  statements  “Condition  4  for 

•  1.  u 

H  is  satisfied  but  condition  4  +  1  is  not”  and  “The  affinors  h  and  h 
defined  by  (6.5)  and  (6.12)  are  equivalent  to  a  non-singular  pair  of 
bilinear  forms  in  0  +  $  variables  whose  elementary  divisors  are  ail 

»  M 

linear,  the  most  frequently  repeated  elementary  divisor  being  repeated 
0  —  A  —  1  times”  are  equivalent  statements. 

J 

3.  The  Case  where  m  >  3.  We  were  able  to  give  algebraic  equivalents 

M 

» 

for  condition  4  for  H  when  m  was  1  or  2,  and  of  course  we  would  like 

9 

to  do  the  same  for  m  >  3.  To  do  this,  however,  we  need  some  knowl- 

9 

edge  of  the  invariants  describing  sets  of  three  or  more  matrices.  This 
subject  in  matrix  algebra  seems  to  be  more  difficult  than  the  theory  of 
the  invariants  of  pairs  of  matrices,  and  the  theory  is  far  from  complete." 
For  this  reason,  we  are  unable  to  complete  the  algebraic  expression  of 
our  conditions  at  present. 

,  B.  The  Geometric  Expression  of  the  Conditions.  We  can  express 

9 

the  conditions  on  our  curvature  affinors  in  more  geometric 

language  if  we  choose  to,  and  we  shall  do  that  in  this  section. 

1 

Let  us  consider  first  the  curvature  affinor  We  have  defined 

111 

for  it  the  vectors  u*,  A  =  1,  •  •  •  ,  o;  y'*,  C  =  1,  •••,>;  i;'*,  B 

il  '  1  C  IS 

1 

1,  •  •  •  ,  d;  r***;  a  wy,  with  the  following  properties: 

1  «  1  1 

(6.28)  w -  0, 

*  j 

(6.29)  « 0, 

c 

The  only  literature  known  to  the  author  on  the  subject  of  the  invariants 
describing  sets  of  three  or  more  matrices  is  the  following:  S.  Kantor,  Sitsb. 
Akad.  Munch.,  27, 1897.  S.  Kantor,  Monatsh.  f  Math  u  Phys,  11,  1900.  Q.  E.  F. 
Sherwood,  Thesis,  Chicago,  1922. 
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(6.30) 


Bi  Bt 


r=o, 

,3^  0, 


Bi  ^  Bt 
Bi  =  Bt. 


We  note  that  in  this  case  all  ^be  vectors  defined  are  vectors  of  the  Vm . 

We  know  that  two  vectors  of  the  Vm ,  say  X'*  and  F'*,  are  conjugate 
vectors  if  and  only  if 

(6.31)  =  o.“ 

1  1 

Therefore  (6.28)  and  (6.29)  tell  us  that  the  vectors  u*,  jf*  are  vectors 

A  C 

conjugate  to  all  vectors  of  the  Vm .  We  could  call  them  ‘omnicon¬ 
jugate’  vectors  if  we  wanted  to.  (6.30)  tells  us  that  the  sets  of  vectors 
1  1 

v'*,  s'*  can  be  put  into  a  1-1  correspondence  such  that  each  vector  of 

B  B 

one  set  is  conjugate  to  each  vector  of  the  other  set  except  for  the  one 
vector  corresponding  to  it. 

From  another  point  of  view,  two  vectors  of  the  F* ,  say  X^*  and 
F'*,  are  conjugate  vectors  if  and  only  if  the  parallel  displacement”  in 
the  direction  X'*  of  each  vector  of  the  first  normal  space  is  perpendicular 
to  F'*.  This  follows  from  the  first  definition  of  conjugate  vectors  when 
one  considers  (6.4)  for  x  =  l.“ 

But  this  definition  of  conjugate  vectors  can  be  generalized  in  a  natural 
way  to  include  vectors  not  on  the  Vm .  We  shall  say  that  a  vector 
of  the  Vm  ,  say  T^*,  is  qusisi-con jugate  to  a^ vector  of  the  (f  —  !)■♦  normal 
space,  say  if  and  only  if  the  parallel  displacements”  in  the  direc¬ 

tion  T'*  of  each  of  the  vectors  of  the  x***  normal  spiace  is  perpendicular 
to  W"-'. 

By  this  definition  and  by  (6.4),  we  can  say  that  if  T’'*  is  quasi¬ 
conjugate  to  W”'"',  then 


(6.32) 


<> 

=  =  0. 

*s 


Working  back,  we  can  also  say  that  if  vanishes,  then 

by  (6.4)  vanishes,  and  since  the  vectors  V*  are  inde- 


»•  II,  pg.  89. 

**  Parallel  displacementa  in  the  aenae  of  Levi-Civita. 

•*  Compare  II,  pg.  89,  where  the  case  of  F,_i  C  F„'ia  treated.- 
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pendent  vectors,  this  means  that 

(6.33)  wiroX)  =  0. 

But  (6.33)  tells  us  that  the  dilutions  7^*  and  IF”*"*  are  quasi>conjugate. 
Therefore,  a  necessary  and  sufficient  condition  that  the  directions  7"* 

a 

and  IF”*"'  be  quasi-conjugate  is  that  vanish. 

a 

Now  we  can  see  what  condition  0  for  H  means  from  this  other  point 
of  view.  The  condition  (2.1)  means  that  there  shall  exist  a  vectors  of 

a 

a 

the  Vm  ,  u*,  which  are  quasi-conjugate  to  all  the  vectors  of  the  (i  —  1)** 

A 

normal  space.  The  condition  (2.3)  means  that  there  shall  exist  y 

a 

a 

vectors  of  the  (x  —  !)•*  normal  space,  y”*~‘,  which  are  quasi-conjugate 

c 

to  all  vectors  of  the  F.  .  And  finally,  (2.2)  requires  that  a  set  of  /3 

a 

a 

vectors  of  the  F*  ,  v*,  and  a  set  of  vectors  of  the  (x  —  1)**  normal 

B  a 

a 

space,  x”*"',  shall  be  in  a  1-1  correspondence  such  that  any  given 

B 

vector  of  one  set  shall  be  quasi-conjugate  to  each  vector  of  the  other 
set,  except  for  the  one  vector  corresix)nding  to  it. 

a 

Since  we  have  already  defined  condition  A  for  H  by  adding  condi¬ 
tions  stated  in  geometric  language  to  the  definition  of  condition  0  for 

a  a 

H,  we  have  stated  our  conditions  on  the  curvature  affinors  H  in  geo¬ 
metric  language. 


VII.  Conclusion 

In  this  paper  we  have  exhibited  certain  dependences  among  the 
Gauss-Codazzi-Ricci  equations  and  have  given  sufficient  conditions  for 
these  dependences.  We  have  also  stated  these  conditions  in  algebraic 
language  for  certain  cases  and  in  geometric  language. 

Of  course,  the  general  problem  of  the  bending  of  surfaces  in  Rieman- 
nian  manifolds  is  intimately  connected  with  the  statement  of  the  Gauss- 
Codazzi-Ricci  equations,  and  any  work  which  simplifies  the  statement 
of  these  equations  by  showing  that  some  are  dependent  on  others  under 
certain  conditions  is  of  indirect  value  at  least.  But  more  than  that, 
the  author  is  confident  that  the  methods  used  in  this  paper  are  immedi- 
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stely  applicable  to  the  question  of  the  rigidity  of  surfaces,  if  not  to  the 
central  problem  of  bending  itself.  For  instance,  it  seems  that  one  can 
show  that  the  x***  fundamental  form  of  the  Vm  is  determined  by  the 
first,  second,  third,  •  •  •  ,  (x  —  1)**  fundamental  forms”  under  almost 
exactly  the  same  conditions  as  those  used  in  the  theorems  on  the  Gauss- 
Codazri-Ricci  equations.  The  author  expects  to  discuss  this  subject 
in  another  paper. 

The  Massachusetts  Institute  or  Technoloot. 

*'  The  affinors  L,  the  fundamental  forms  in  the  discussion  of  Schouten  and 
Struik,  are  defined  in  II,  pgs.  123,  124,  125. 
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A  GENERAL  TYPE  OF  LIE’S  DIFFERENTIAL  EQUATIONS 

''^1 

By  Mabio  O.  GoniXlbz 

The  Lie  equations  of  the  n***  order,  that  is,  the  equations  which  are 
invariant  under  a  given  group  Uf,  have  the  form* 


,  du'  <r-‘u'\  . 


where  u(z,  y)  is  any  invariant  and  u'(z,  y,  y*)  is  any  first  dififerential 
invariant  of  Uf]  or  the  form* 


/  dv  c^v  d"»\  » 

\  ’  du  ’  du‘  ’  ’  du*) 


where  v  =  v{x,  y)  and  u  =  u(x,  y)  arc  a  pair  of  canonical  variables  for 
the  group. 

We  begin  by  considering  equations  of  the  first  order 
^(u,  uO  *  0  or  ^  (v,  -  0 

and  we  next  extend  our  consideration  to  higher  order  equations. 


1.  A  first  generalization. 

Suppose  we  know  that  the  differential  equation 

^  »  ^(x,  y)  (1) 

is  invariant  under  the  group 

Uf  -  {(x,  y)  ^  y)  ^ 

By  hypothesis  this  group  is  not  trivial  with  respect  to  the  equation 
(1),  i.e. 

y)  -  V  ^  0  (2) 

*  Cohen,  The*Lie  theory  of  one-parameter  groups,  1931,  p.  100. 

*  Franklin,  The  canonical  form  of  a  one-parameter  group.  Annals  of  Math., 
vol.  29,  p.  115. 
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Now  we  try  to  find  a  differential  equation  invariant  under 


(//.„(*)  [I +  »(,,V)|] 


(3) 


Paaeing  to  the  correaponding  system  of  ordinary  differential  equations 

■■  i  '  ^  ^  y  "  .  Di.* 

•  '  '•  «(x)  “«(a:V(x,y)  * 

we  obtain  from  the  first  equation 

y)  dx  -  dy  O'  '■ 


*  iTL:  J 

'  ) 


We  know  that  this  equation  has  the  integrating  factor^ 

1  ^ ' 

hence  the  differential  equation 

’ .  ij  f.  , 

y(x,  y)  dx  _  -  dy  ^  ^ 

M*,  y)  -V  Mx,  y)-  v  . 

is  an  exact  differential  d^,  and  we  may  adopt  as  first  invariant 


Taking  as  differential  iqvariant  .  ..  ^  ...x  ^ 

y)  dx _ •  dy 

,/  »  ^  y)  -  II 

dY  T  dt  •  ' 

■'  «(x) 


we  have  the  differential  equ^ion  invariant  under  (3) 
■'V-F(tt)* 
or 


*  We  denote  any  pair  of  canonical  variables  by  X,  Y.  '  >  ■  >>■ 

*  Lie-Scheffera,  Vnrlcnungen  Ober  Differcntialgleichungen.  1891,  p.  97. 
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If  we  compare  equation  (4)  with  equation  (1),  we  see  that  (4)  has  the 
additional  term 


€y(x>  y)  -II 

«(x) 


F(0) 


which  is  not  zero  because  y)  —  n  ^  0,  by  (2),  and  ^  is  an  arbitrary 
function  of  But  if  we  suppose  F  »  0  then  (4)  reduces  to  (1).  In 
others  words,  equation  (4)  is  a  generalization  of  equation  (1). 

This  establishes  our 

Theorem  I.  Starting  unih  a  differential  equoMon 


dx 


y) 


invariant  under  a  known  group  of  transformations 

we  can  always  write  a  new  different  type 

dx  w(x) 

more  general  than  the  type  already  known)  <a  and  F  are  arbitrary  (analytic) 
functions  and  ^  is  an  invariant  of  the  group 


2.  A  correlative  type. 

Finding  the  equation  invariant  under 

we  get,  similarly, 

^  y)“(y) 

dx  *  «(y)  +  y)  -  vWiih) 

but  obviously  this  type  is  not  essentially  different  from  (4). 
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3.  Relation  betroeen  integrating  factors. 

By  Lie’s  theorem  an  integrating  factor  of  equation  (1)  is 

=  1 
^  y)  -  ij 

and  the  general  form  for  integrating  factors  of  (1)  will  be 

p  =  mG(^) 


An  integrating  factor  of  equation  (4)  is 

m'  =  F  J  ’ 

w(i)  y)  -}-  F(0)  J  -  w(x)^(x,  y) 

If  p'  makes  equation  (4)  an  exact  differential  then  the  general 
form  for  integrating  factors  of  (4)  will  be 

p'  =  p'f/(0O  =  pG{<t^)HW) 

This  establishes 

Theorem  II.  The  general  integreUing  factor  of  the  equation 


dx 


<pix,  y) 


is  a  particular  integrating -factor  of  the  equation 

the  general  integrating  factor  of  the  latter  being 

pG{il>)HW)  , 

4.  Further  generalizations. 

Since  equation  (4)  has  the  form 

and  we  know  the  group  which  leaves  the  differential  equation  invariant, 
we  can  generalize  it  in  the  same  way.  Performing  the  necessary  opera- 


*  Evidently  we  can  employ  the  same  symbol  0  as  before  because  it  denotes  an 
arbitrary  function  in  both  cases. 
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tions  we  find,  introducing  sub-indices, 

^  -  »(*,  y)  +  f’-WI'  +  ® 

where  is  an  invariant  of  the  group 

Uf  »  +  \(a{x)ip{x,  y)  -f  y)  -  ^ 

any  transformation  of  this  group  leaving  (5)  unaltered.  . 

It  is  easy  to  prove,  by  mathematical  induction,  that  after  n  successive 

generalixations  we  must  find  the  equation 

c  % 

^  *  <p(x,  y)  -b  — ?  Fi(^i)[l  -b  Fj(^)  -b  +  •  •  • 

dx  . .  u{x) 

+  Ft(,^)Fti^)  •  •  •  Fn(^m)l 

Often  the  invariants  ^  ^  ,  •  •  • ,  have  complicated  expressions. 
This  is  our  general  type  of  differential  equations  of  the  first  order. 
This  enables  us  to  enunciate  the 

Theorem  III.  From  each  type  of  differential  equation  of  the  first  order 
arise  infinitely  many  different  types  of  differerUial  equations  of  the  same 
order. 

5.  Some  applications. 

I.  Prof.  Franklin  has  given  in  his  paper  the  following  remarkable 
general  type  of  differential  equation 


This  type  is  by  no  means  artificial;  it  appears  naturally  as  a  generaliza¬ 
tion  of  the  equation 

-  ^  -  Ax)*ly) 

which  is  invariant  under 


Evidently 


y)  -  II  •  (y) 
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then,  by  (4),  we  have 


I  -  _  / ^|.]}  (7) 


Equations  (6)  and  (7)  are  identical  taking 
Bix) 


A{xy 


w(x)  »  i4(x),  ^(y)  =  C{y) 


As  Prof.  Franklin  shows,  many  types  of  first  order  differential  equa¬ 
tions  considered  in  books  on  the  subject  are  merely  particular  cases 
of  (6).  Also  we  can  derive  from  (6)  or  (7)  interesting  new  special  types. 
For  instance,  put 

«'(x)  • 


^(x) 


«(x)  ’ 


^(f)  =  -y 


then 


dy  ^  _ y_ 

dx 


. . . . I 

This  equation  is  invariant  under 

f//-co(x)^-F«'(x)|^ 
dx  dy 

Example.  Ix*t  «(x)  *  c*  4>(Fe*)  =  log  (ye*)  =  x  log  y  then 
dy 


dx 


yixy  +  y  log  y  -  1) 


It  has  the  integral 


II.  Starting  with  the  homogeneous  equation 
dy 


dx 


^(») 


.  i<piv)  9^  V) 


L 

L 
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we  have  as  a  first  generalization  •'  v 

III.  Taking  the  linear  differential  equation  in  the  form 

we  have  the  generalization 

IV.  As  another  example,  take 

^  =  <piax  +  by  +  c)  =  ip{v) 

The  generalized  tyjie  is 

6.  Higher  order  equations. 

By  a  remarkable  Lie’s  theorem,  as  a  second  differential  invariant  u' 
for  an  extended  group  of  transformations  we  can  take 


and,  in  general, 


In  the  following  we  shall  assume  u{x)  =  1  for  simplicity. 
As  we  have  taken  (§1) 


dX  =  du,  dY  =  dx 

*  M.  O.  Gonziles,  Una  generalizacidn  de  la  ecuacidn  diferencial  homog^nea, 
Bol.  Mat.,  Oct.  1938. 
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we  get 


hence 


du'  _  du'  dx  _  1 

du  dx  du  dx^  u' 


and  the  equation  of  second  order  can  be  wriUen 


^  1 
dx*  u' 


=  /(m,  uO 


or 


dx* 


nu, wo ■ 


In  a  similar  way  we  have  for  the  equation  of  n**"  order 


d"  u 
dx* 


F{u,  ur 


u<->) 


7.  Applications. 

I.  In  Franklin’s  equation  the  invariant  is 


u  ^  j  tpix)  dx  —  j 


Hv) 


hence 


dx  ^(y) 


and  the  corresponding  equation  of  second  order  is 

II.  In  the  linear  equation  we  have 

u  ^  _y _ f  ^ 

V»(x)  J  ^(x) 


dx 
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Then  we  obtain 
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AN  INTEGRAL  INEQUALITY  OF  THE  PHRAGMEN 
LINDELOF  TYPE 

Bt  Norman  Lbtinson 

Theorem  I.  Let  Hit)  be  analytic  in  a  aector  |  9  |  ^  ir/2p,  and  let 
1 //(re*"'*')  I”  dr  ^  A/ 

/or  aome  p,  0  <  p  <  « .  Lei 

Jim  1  i  g  a.  (I « I  g  T/2fi). 

r-*m  r* 

Then 

I  //(re")e-'' "  1'  dr  ^  M,  d  |  g  x/2p). 

By  mapping  the  sector  onto  a  half-plane,  this  theorem  can  be  reduced 
to  the  case  where  p  =  1.  That  is  Theorem  I  is  tnie  if  the  following 
particular  case  is  proved. 

Theorem  II.  Let  Hiz)’be  analytic  in  the  upper  hcdf-plane  y  ^  0, 
(z  -  X  +  iy). 

(1.01)  Max  I  Hix)  I'dx,  |  //(x)  I'dxj  =  M 

for  aome  p,  0  <  p  <  « .  Let 

(1.02)  lim  ^  ^  a.  (0  ^  am  z  ^  x). 

1*1— 

Then  for  0  ^  9  ^  x, 

(l.a3)  |^(re*)c-"‘"*|'dr  ^  A/. 

2.  In  proving  Theorem  II  we  require  several  lemmas. 

Lemma  2.1.  If  the  zeros  of  H(x)  be  denoted  by  {z,}  where  z«  »  r^*", 
then 

(2.01)  f;!HL?-«<oo. 

1  r. 
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Proof  of  Lemma  2.1.  Applying  a  theorem  of  Carleman*  to  H{z)  we 
have 


(2.02) 


for  some  constant  A.  Using  (1.02) 
^  sin  6n( ^  r\\ 

rtsR  r,  V  W 


(2.03) 


for  some  Ai . 
gives 


for  some  At . 


But  log  I  H(x)  I'  ^  I  H(x)  r.  Thus  using  (1.01),  (2.03) 


rir«  rV  V  «V 


A, 


Since  r**/f?*  ^  i  if  r,  ^  iff, 


L 


sin  On 


^  2A, 


Letting  R  —*  oo  this  gives  (2.01). 

Lemma  2.2.  There  exists  a  function  Hi{z)  analytic  for  y  ^  0  such  that 
Hi{z)  has  no  zeros  for  y  >  0  and 


(2.04) 

(2.05) 

Also  for  some  A 
(2.06) 

and  , 

(2.07) 

Proof  of  Lemma  2.2. 
(2.08) 


1  Hr(x)  1  =  1  Mix)  1, 
I  H.W  I  £  I  H(z)  \, 

H,(z)  -  0(e"'"), 


li^loglff.WI  g„ 

y 

Let 


iy  >  0). 
iy  ^  0), 


•  Titchmarah,  Theory  of  Functions,  p.  130. 
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By  (2.01)  the  product  exists.  Clearly 

I  I  -  1 

and 

I  Fiz)  1^1,  (y  ^  0). 

Thus  if 

(2.09)  Hi{z)  =  F{z)Hiz) 


then  (2.04)  and  (2.06)  are  tnie  and  H\{z)  has  no  zeros  for  y  >  0.  By 
an  equality  for  the  half-plane*  analogous  to  the  Poisson  theorem  for  the 
circle,  it  follows  that 


rsinfl 


cos  -H  r* 


(2.10) 


Rr 


R*  -  2riR}  cos  6  -|- 
4-^  j['logl/f.(«c'^ 


dx 


sin  0(ft*  —  r*) 


I  /Pc«*  -  2r/2  cos  Be**  +  r*  |* 

Since  the  bracketed  term  in  the  first  integral  on  the  right  side  of  (2.10) 
is  positive,  the  log  terms  on  the  right  of  (2.10)  can  be  changed  to  log*^. 
Doing  this  and  then  discarding  the  negative  part  of  the  bracketed  term 
gives 

log  r^c")  I  ^  1  /“  log''  I  Hy{x) 
r  sin  “  2t  JL«,  X*  — 

(2.11) 


.dx 


Since  |  Hi{x) 


2xr  cos  -f-  r* 

+  llm  ^  f  log"*”  I  HiiRe^  \  sin  <t>d^- 
irn 

H{x)  I  and  Hi{z)  *■  H(z)F{z),  (2.11)  becomes 


logl//i(»t!‘*)| 


rsin^ 


-I  — 

2w  jL«  X*  — 


log'"I/f(x) 


2xr  cos  d  -h  r* 


dx 


(2.12) 


+  lim  f  log"*”  I  H{Re'*)  |  sin 
“wK 

X/v  »—l 


Zn  —  Re^ 


sin  ^d4- 


*  See  for  example,  Levinson,  On  the  Cloture  of  «**"*  and  Integral  Functiont. 
Proc.  Camb.  Phil.  Soc.,  Vol.  XXXI,  p.  338,  Ijemma  1. 
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Using  p  log^  I  Hix)  I  ^  1  //(x)  1'  gives  for  0  S  0  ^ 

Also  since  [  H{x)  j  ^ 

r  - -  dx  ^  r  -  («  +  1)^  -f  c  . 
Jjr  X*  —  23t  cos  ®  +  r*  J\r  X*  —  2xr  cos d  +  r-  ^ 


^  [2(a  +  l)r  c]  J 


dx 


ir  (x  —  r)*  +  r*  sin*  id 


2(a  -H  l)r  +  c 
r  sin 


Using  these  results  in  (2.12) 

log  I  H^jre^  I 

r  sin  0  sm 


■  —iz.  +  lim  f  log'*'  I  HiRe'*)  |  sin 
in  jv  H—to  Jt 


+  lim  L  [  log^ 

«-»•  Tti  1  Jb 


Re**  - 
Rtf*  -  Zn 


sin  4>  dd>, 


for  some  A  and  for  0  ^  ^  Jt.  Using  (1.02)  and  noticing  that 

sin  d/sin  \9  ^  2  the  above  inequality  becomes 

(2.13)  log  I  Hiire'*)  \  ^  Air  +  r  lim  ^  2  f  *<>8^  sis - — 

M—m  TK  1  Jt  KV*  —  Zn 

for  some  Ai .  (2.llj)  holds  for  ^ir  <  ®  ^  t  in  much  the  same  way  as 

for  0  ^  0  ^  ir. 

By  taking  , 


sin  ^d<(» 


around  a  semi-circle  of  radius  R  in  the  upper  half-plane  and  then  taking 
the  real  part  it  follpws  easily  that 

Re**  -  In 


Re'*  -  Zn 


sin 


0, 


(r«  i  ft). 


Since  z.  is  in  the  upper  half-plane  it  also  follows  that  log  in  (2.14)  can 
be  replaced  by  log^.  Thus  (2A3)  becomes 

,  logJfti<re‘*)  1  ^  Air -H  r  lim 


i 
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By  (2.01)  it  foIlow.s  that 


This  gives  (2.06). 
Clearly  ^ 


log  I  1  s  A,r. 


|H.(tV)l-|H(.V)in 

1  Zn  —  ty 


Thus  if  z,  «  I,  +  ipn , 


log  1  Hiiiy)  I  _  log  I  /f(ti/)  I  1  ^  +  (»  +  yn)' 

..  y  ~  y,  ^2y^ 


Using  (1.02) 


(2.15)  Um  I  s  a  +  lim  ±  t  log  (l  +  \ 

i=^  y  p^2y  I  \  x\  +  (i/  -  y«)  V 


Clearlv 


^  '««(*  + -.^rT^^)s  ^ 

\  Xn  +  iy  —  yn)  /  •  \  +  Vn/ 

Jg  ^  ^yy»  ^  ^  -ly  sin  8n 
xl  +  y*  r. 

Using  this  and  (2.01)  in  (2.15)  it  follows  that 

(2.16)  Um  leiJffLWJ  S  a  +  lim  1  L  log  (l  +  .  jj"'  -^.). 
i=^  y  i=^  2y  ,.<i,  \  x;  +  (y  -  yn)  / 


!!5^  E  log(l  +  S  Umi  z  logfl  + 

y-m  2y  mUy  \  +  (y  —  y-)  /  »-*•  2y  r,^»»  \  y*  / 

o 

sS  1*5?  -j  S 

s  8  Um  2: 

r.  V/ 

Again  by  (2.01)  it  follows  easily  that  the  above  limit  must  be  sero. 
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Thus  (2.16)  becomes 

lim  I 


(2.17) 


i=^  y 


*  “  +  ^  (‘  +  A+T-v^)- 

Unless  \w  <  Bn  <  iv, 

Using  this  and  (2.01)  in  (2.17)  and  denoting 

z 

»*<•«<!* 

by  follows  that 

la?  'ilLMvLI  s  a  +  lim  i  S'  log  (l  +  .y-  J 
y  r^^y  \  +  (y  -  y«)V 


(2.19) 


^  a  +  lim  -  21^  log  ^ 


i=^y 


\y  -  yn 


Since  for  }»•  <  <  }*■,  sin  Bn  >  l/\/2, 


L  -S2  E 


sin  Bn  ^  of' 
r,  1  r,  ■ 


Thus  iy«)  for  Jt  <  <  fir  are  not  spaced  very  densely  and  ob¬ 

viously  there  are  points  in  any  interval  (2*,  2*'*'')  for  large  k  where 
min  1  y  —  Vn  1  ^  1,  (fir  <  Bn  <  fr).  Also  for  some  intervals  (2*,  2*'*’*) 
the  number  of  z, ,  (2^/10  <  |  z,  |  <  (10)2*''’‘,  Jt  <  <  fv),  are 


for  otherwise 
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Thus  for  some  y  in  these  intervals 


Z'log 


y  -  Vn 


^  S'  log  I  y  +  y»  I  ^  log  (3y) 


Using  this  in  (2.18) 


■(£) 


log  3y  »  o(y). 


log  I  ^i(*y) 


^  a. 


This  completed  the  proof  of  this  lemma. 

3.  Proof  of  Theorem  II.  Applying  Carleman’s  theorem,  (2.02),  to 
using  (2.04)  and  (2.06),  it  follows  easily  that 


(3.01) 

and 

(3.02) 


j^^log~\Hi{x)\^  >  -00, 

lim  5  f  log”  1 H lifted  |  sin  d®  >  —  oo . 
it  Jo 


Using  (2.10)  it  follows  easily  that 

log  I  ^i(rO  1  ^  r  log|//i(x)| 

2t  !•  X*  - 


r  sin  9 


2xr  cos  ®  +  r* 


dx 


(3.03) 


+  O^lim  ^  1  log  1  Hi{x)  1  Idx^ 

Ii5?  f  1^8  I  I  sin  OdB 

+  0 Qh  ^  I  log  I  Hx{Re^  1 1  sin 
By  (2.06)  and  (3.02)  the  last  term  in  the  right  is  zero.  Also 
^  1  log  I  ^i(x)  1 1  dx  ^  ^  I  log  1  ffi(x)  1 1  dx 

Letting  R  -*  », 

^  I  log  I  Hiix)  1 1  dx  ^  +  jJI  ^  1  log  I  Hiix)  \\—. 
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Since  A  is  arbitral^’’,  the  left  side  above  must  be  zero.  Thus  (3.03) 
becomes 


log|^.(re*) 
r  sin  6 


1  r  _  j 

2t  J-m  X-  — 


logl^i(x) 


.dx 


2aT  cos  ®  4*  r* 

liS?  f  ^**8  1  HiiRe**)  I  sin  Odd. 
x-»«  tK  J% 

But  this  implies  that  lim  exists  and  is  equal  to  some  constant  B.  Thus 

loglf/t(r«")|  __1_  r 

2x  !•  T*  - 


(3  04) 

'  rsinfl  2x  JL,  T*  -  2aT cos «  +  r* 

In  particular  let  9  =  Jx.  Then 

log  I  Hijiy)  I  ^  ^  r  log  |f/i(x) 
y  2x  JLm 

Letting  y  — +  «  it  follows  that 


dx  4-  B. 


X*  4-  y* 


dx  +  B. 


Ito,  .  B. 

»-»«  y 


This  and  (2.07)  imply  that 


(3.06) 

B  ^  a. 

(3.04) 

can  be  written  as 

(3.06) 

log  1  ffi(z)  1  =  ^  f  4-  By. 

l^et 

(3.07) 

♦x(x)  “ 

J 

[lf/,(x)|,  (lf/,(x)l  ^N), 

[JV,  (lf/,(x)l  >  AO. 

Then  there  exists  the  harmonic  function 


iM..'.) 


X  [’  ^  +  By 

in  the  upper  half-plane.  Thus  there  exists  an  analytic  function  in  the 
upper  half-plane,  frAr(z)  such  that 

«■“)  '•>* I ««('> I  - s 


/i 
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Clearly 

and 

and 


.  I  OAt)  I  £  N, 
log  I  C»W  I  -  0(1  z  I) 

Ito  LokIMi'II  s  b. 

y 


Thus  by  the  well  known  theorem  of  Phragmen-Lindelof 

I  I  ^  N 

in  the  upper  half-plane.  Since  this  is  true  for  any  €  >  0, 

(3.09)  ,  1  Gyiz)e'“  I  ^  N 

in  the  upper  half-plane.  I^et 

(3.10)  Jy(2)  =  Gu{z)e'‘-*^^-'‘\ 

and  for  some  $,0  <  $  <  v,  let 


m 


Izet 


KAz)  »  zj["[/(0A(z01’’d/. 

Clearly  if  0  ^  am  z  ^  ir, 


That  is  Kif(z)  is  bounded  in  the  upper  half-plane.  Again  by  Phragmen 
Lindelof 


\KAz)\^  Max  |/iC^(x)l. 
But 


Max 

-«•<»<• 


1  K^ix)  I  S  Max 


JAt)  \^dt, 


! 


( 
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Thus 

\KM  I  ^  Max  iJivW  Vdt,  \Js{-t) 
Let  z  =  e**.  Then 


Thus 


j["  I  I'dl  ^  Max(^"  |y^(l)  I'dl,  [  \Js{-i)  I'dl). 

By  (3.10)  this  gives 

r*  ^  Max(j["  |G^(x)  I'dx,  j^\Gs{-x)  rdx). 
Let  3  — » 0  above.  Then  by  (3.10) 

\GAz)e'‘’ I’’ \dz\  ^  \G^ix)\^dx,  |  G^(-x)  I'dx). 

Or  since  |  Gv(x)  |  ^  |  ^i(x)  ], 

j["lG^(re")e-*''‘"*|'dr  ^  A/. 

But  by  (3.06),  (3.07),  and  (3.08) 

lim  lGj.(z)|  -  l//,(z)|. 

Ar-»« 

Thus 


j[*|W,(rc‘*)e-'*“*|'dr  ^  M. 

i 

But  I  Hi{z)  I  ^  I  H(z)  I  and  B  ^  a.  Thus 

j^*|H(re'*)e-'““*l'dr  ^  Af. 
This  completes  the  proof  of  Theorem  II. 
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A  THEOREM  ON  MAXIMA  AND  MINIMA  WITH  AN 
APPLICATION  TO  DIFFERENTIAL  EQUATIONS 

Bt  Louis  M.  Court 

Theorem:  Let  ^(qi ,  *  *  ■  ,  9*)  have  continuous  first*  and  finite  second 
derivatives  in  some  subregion  A  of  its  region  of  definition.  Suppose 
further  that  ^  can  be  maximized  (minimized)  subject  to  any  one  of  an 
00  "  aggregate  of  linear  conditions;  and  that  each  point  Q  =  (gi**’,  •  •  •  , 

n 

of  A  has,  and  can  have,  only  one  condition  ^  pi®’g<  =  m  associ- 

<-i 

ated  with  it  which  renders  0  a  proper*  maximum  (minimum)  at  Q. 
Then,  if  p,  =  p,(gi ,  •  •  •  ,  g«)  (t  =  1,  •  •  •  ,  n)  are  the  maximizing(min- 
imizing)  relations  and  qt  =  gi(pi ,  *  ■  *  ,  Pn)  (t  =  1,  •  •  •  ,  n)  their  solu¬ 
tions  or  inverses  defined  in  some  region  B  of  the  (pi ,  •  •  •  ,  p.)  space, 
the  function  ^(p, ,  •  •  •  ,  p,)  *  ^[gi(pi ,  •  •  •  ,  P»),  •  •  •  ,  g«(pi ,  •  •  •  ,  p»)i 
will  be  properly  minimized  (maximized)  at  each  point  P  =  (pi®\  •  •  •  , 
pi*’)  of  B  (whose  points  because  of  a  prior  assumption  are  in  one-to-one 
correspondence  with  the  points  of  A)  subject  to  the  constraint 

S  g<*’’p.  =  w»,  with  the  g’s  held  constant  now  instead  of  the  p’s,  by 

the  identical  ndations  g,-  >  g,-(pi ,  ■  *  •  ,  p*)  or,  what  amounts  to  the 
same  thing,  their  inverses  pi  =  Pi(gi ,  •  •  •  ,  ga).  It  is  plain  that  if  Q 

and  P  are  two  corresponding  points,  ^  pl^’g!**’  =  m. 

t-i 

Proof:  We  will  first  give  the  demonstration  for  n  =  2  because  it 
is  easily  pictured,  as  on  page  100. 

The  curves  drawn  inside  the  region  A  in  the  figure  are  the  contour 
lines  or  curves  of  constant  value  of  ^(gi ,  g*).  Those  inside  B  are  the 
contour  lines  of 

^[gi(pi ,  Pi),  gi(pi ,  p»)]  *  ^(pi ,  p»)- 
In  effect  the  relation  \f'(pi ,  p*)  ■  0[gi(pi ,  pi),  gi(pi ,  Pt)]  assigns  to 
each  point  P  =  (pi^’,  Pi*’)  within  B  the  maximum  (minimum)  value  that 

Theorem  established  during  the  author’s  tenure  of  the  Granville  W.  Garth 
Fellowship  at  Columbia  University. 

*  The  continuity  of  ^  in  A  follows  from  the  existence  and  continuity  of  its 
partial  derivatives  throughout  the  subregion. 

*  I.e.  not  a  minimax  or  other  point  satisfying  only  the  first  order  conditions, 
for  an  extreme. 
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^(91 »  9»)  assumes  on  the  line  pi^^qi  +  Pt^^qt  =  m  or  the  value  of  ^  at 
the  point  Q  =  iqi’\  qt"^)  at  which  this  line  is  tangent  to  a  contour  curve. 

Consider  the  line  tangent  to  the  contour  curve  of  tf/ipi ,  p*)  through  P. 
Because  of  the  setup*  and  the  limitations  imposed  on  A,  and  therefore 
on  B,  there  is  a  one-to-one  correspondence  between  the  points  of  the 
segment  of  the  line  contained  within  B  and  a  fraction  of  the  pencil  of 
lines  through  Q.  The  left  limit  of  the  fraction  or  portion  is  the  ray  Xj 
which  is  the  steepest  line  on  the  left  tangent  to  a  contour  curve;  and  the 
right  limit  in  the  figure  is  Xr . 

In  proving  the  theorem,  three  geometric  lemmas  are  needed  to  imple¬ 
ment  this  correspondence.  First,  the  tangent  to  a  contour  line  at  the 
general  point  Q  cannot  cross  the  curve.  For  if  it  did,  <t>  could  be  maxi- 
mized(minimized)  at  Q  subject  to  the  constraint  only  on  condition  the 
function  assumed  a  higher(lower)  value  along  the  particular  curve  than 
along  any  other  contour  curve  cut  by  the  tangent.  In  that  case,  how¬ 
ever,  ^  would  be  maximized(minimized)  at  Q  subject  to  the  constraint 
represented  by  any  line  through  the  point — contrary  to  the  explicit 
assumption  of  uniqlteness  in  the  hypothesis  of  the  theorem. 

Secondly,  all  lines  of  the  fractional  pencil  through  the  general  point  Q, 
other  than  the  tangent,  cross  the  contour  curve  through  Q  and  touch 
curves  on  one  side  of  this  curve.  For,  on  assumption  of  the  opposite, 
let  a  be  a  line  tangent  to  a  contour  curve  on  one  side  and  j3  on  the  other. 
Then,  in  accord  with  the  first  lemma,  a  and  /3  fail  to  decussate  the  curves 
they  touch.  The  curvature  of  one  of  these  curves  (say  the  one  touched 
by  a)  is  positive  at  the  point  of  tangency  while  the  curvature  of  the 
other  is  negative.  Therefore,  provided  we  assume  the  second  deriva- 
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lives  of  ^  to  be  continuous,*  the  curvature  Ls  a  continuous  function  of 
Ix)8ition  and  there  exists  a  continuum*  of  at  least  one  dimension  for 
which  it  vanishes.  If  this  continuum  is  two  dimensional — i.e.  essen¬ 
tially  an  area— contour  curve  parts  situate  within  it  are  straight  lines 
.since  their  curvature  is  everywhere  zero.  So  that,  ^  cannot  be  properly 
maximized  (minimized)  subject  to  any  linear  constraint  at  any  interior 
point  of  the  continuum — contrary  to  the  hypothesis  of  the  theorem. 
Should  the  continuum  be  one  dimensional — i.e.  a  continuous  curve — 
and  coincident  with  portions  of  one  or  more  contour  curves,  the  same 
contradiction  applies.  If  nowhere  coincident,  tangents  to  contour  lines 
at  points  of  the  continuum,  other  than  end  points,  cross  the  curv'es 
they  touch.  This  is  so  since  the  curvature  changes  sign  in  passing  from 
one  side  of  the  continuum  to  the  other.  The  decussation  of  the  tan¬ 
gents,  however,  contradicts  the  first  lemma  and  the  second  lemma  is 
established. 

Thirdly,  for  some  small  swath  surrounding  the  curve  through  Q, 

assumes  higher(lower)  values  on  the  side  on  which  the  lines  of  the 
fractional  pencil,  other  than  the  tangent,  touch  contour  curves  than  on 
the  opposite.  Otherw’ise  the  tangent  to  the  particular  curve  would  cut 
contour  curves  with  greater(smaller)  values  than  the  value  of  ^  at  Q. 
And  the  function  would  be  minimized  (maximized)  rather  than  maxi- 
mized(minimized)  at  Q  subject  to  the  constraint  represented  by  the 
tangent. 

Hence,  we  have  proven  that  all  the  lines  of  the  fractional  pencil 
(except  +  pi**’?*  =  m)  are  tangent  to  contour  curves  on  one  side 
of  the  curve  through  Q — that  is  to  contour  curves  along  which,  for  at 
least  some  small  .swath  surrounding  the  curve  through  Q,  ^  assumes 
higher(lower)  values  than  at  Q.  Hence,  the  values  of  ^  along  the 
points  of  the  tangent  line  through  P  (?i*’’pi  +  ?i*^’p»  =  »»),  which  are 
equal  to  these  values  of  are  for  at  least  some  segment  about  P  higher 
(lower)  than  the  value  of  rff  at  P.  Hence,  ^  is  minimized(maximized) 
at  P  subject  to  ?i*’’pi  +  qt’^Pt  =  m. 

The  extension  to  n  dimensions  is  straightforward.  We  stop  to  con¬ 
sider  the  geometrical  properties  of  the  contour  hypersurfaces  of  0.  No 
such  hypersurfacc  can  be  of  intrinsic  dimensionality  r  (0  ^  r  <  n  —  1). 

*  The  proof  for  the  general  n,  given  later,  does  not  call  for  continuity  on  the 
part  of  the  second  derivatives  of  Use  of  curvature,  as  the  function  vanishing 
along  a  "continuum,”  necessitates  such  an  assumption  here. 

*  In  this  paper  the  term  "continuum”  will  signify  a  perfect  set  lacking  none, 
part,  or  all  of  its  boundary. 
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For  if  it  were,  <t>  would  assume  a  higher  (lower)  value  W  on  the  hyper¬ 
surface  than  at  any  neighboring  point.  Otherwise,  since  ^  is  a  con¬ 
tinuous  function  of  position,  the  point  set  separating  points  with  values 
of  superior  to  W  from  those  inferior  would  have  the  dimensionality 
n  —  1  =  r.  But,  if  TF  is  a  maximum  (minimum),  0  could  be  maximized 
(minimized)  at  any  point  of  the  hypersurface  subject  to  the  constraint 
represented  by  any  hyperplane*  through  it — contrary  to  the  explicit 
assumption  of  uniqueness  in  the  hypothesis  of  the  theorem. 

Secondly,  no  tangent  hyperplane  of  a  contour  hyp)er8urface,  Vn-i  ,* 
interior  to  A  can  cross  the  surface.  For  if  it  did,  <t>  could  be  maximized 
(minimized)  subject  to  the  constraint  only  if  it  assumed  a  greater(lesser) 
value  on  the  particular  F«_i  than  on  any  in  its  neighborhood.  Then, 
as  before,  0  could  be  maximized(minimized)  at  any  point  of  Vn-\  subject 
to  an  infinitude  of  linear  conditions,  and  the  property  of  this  paragraph 
is  established. 

Thirdly.  Term  the  hyperplanes  through  a  point  tangent  to  contour 
hypersurfaces  anywhere  in  A  a  fractional  bundle.  Then,  the  hyper¬ 
planes  of  a  fractional  bundle,  other  than  the  tangent,  cross  and  are 
tangent  to  contour  hypersurfaces  on  one  side  of  the  Vn-i  through  the 
point.  To  Bee  this  we  pass  through  steps  in  some  respects  like,  in  others 
unlike,  the  reasoning  of  the  two  dimensional  case.  Since  its  tangent 
hyperplanes  nowhere  cross  a  F»_i ,  the  plane  at  any  point  touches  on 
one  side  and  the  positive  direction  of  the  normal  is  unambiguously 
defined.  \jei  u  be  the  angle,  measured  counterclock  wisely*,  between  the 
normal  and  a  fixed  direction,  say  that  of  a  positive  coordinate  axis. 
Then,  on  the  supposition  that  the  hyperplanes  of  a  bundle  can  be  tangent 
in  A  on  both  sides  of  the  F,_i  through  the  point,  sin  u  will  be  positive 
for  points  on  one  side  and  negative  on  the  other.  For  if,  under  these 
circumstances,  sin  <•>  were  positive  or  negative  on  lx)th  sides,  at  least 
one  of  the  hyperplanes  through  the  point  under  consideration  would 
intersect  the  Vn-i  which  it  touches.  At  each  point  of  the  intersection, 
0  could  be  maximizra(minimized)  subject  to  at  least  two  constraints — 
the  intersecting  hyperplane  and  the  tangent  hyperplane  to  the  contour 
h5q)er8urface  through  the  point— contrary  to  hypothesis.  Or,  if  the 
intersecting  and  tangent  hyperplanes  coincide,  it  would  be  impossible  to 
maximize(minimize)  ^  properly  subject  to  any  linear  constraint— again 
contrary  to  hypothesis.  Accordingly,  sin  w  is  positive  on  one  side  and 
negative  on  the  other,  and,  in  virtue  of  the  assumed  continuity  of  the 

*  A  hyperplane  will  be  understood  to  be  of  n  —  1  dimensions. 

*  will  symbolize  any  hypersurfacc  of  intrinsic  dimensionality  i. 

*  See  *  on  p.  106. 
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first  derivatives  of  sin  u  vanishes  throughout  some  continuum  C  of 
at  least  n  —  1  dimensions.  Ever3rwhere  in  C,  normals  to  contour  hyper¬ 
surfaces  are  parallel  to  the  fixed  direction. 

If  C  happens  to  have  n  dimensions,  a  contradiction  is  quickly  arrived 
at.  For,  then,  contour  h5rper8urface  parts  situate  within  C  are  hyper¬ 
planes  since  their  normals  are  everywhere  parallel  to  a  fixed  direction. 
At  each  point  of  such  a  hyperplane,  ^  cannot  be  properly  maximized 
(minimized)  subject  to  any  linear  constraint — contrary  to  hypothesis. 

Should  C  have  exactly  n  —  1  dimensions,  the  intersection  of  a  contour 
hypersurface  Vn-i  and  C  is  a  in  n  dimensional  space.  Also,  the 
n  —  2  dimensional  tangent  flat  spaces  of  Vn-t ,  since  they  are  embedded 
in  tangent  hyperplanes  of  Vn-i ,  are  everywhere  perpendicular  to  the 
fixed  direction.  The  intersection  of  F,-*  and  a  hyperplane  having  the 
point  Q  in  common  with  Fn-i ,  passing  through  the  fixed  direction,  and 
failing  to  contain  F„_j*  is  a  F,_i  in  n  —  1  dimensional  space.  And  the 
n  —  3  dimensional  tangent  flat  spaces  of  F,_*  are  all  perpendicular  to 
the  fixed  direction.  So  that  the  figure  is  reduced  to  a  similar  one  in 
n  —  1  dimensions.  After  n  —  3  reductions,  we  arrive  at  a  Fi ,  in  three 
dimensional  space,  whose  tangents  are  everywhere  perpendicular  to  the 
fixed  direction.  Consequently,  the  Fi  is  a  plane  curve  lying  in  a  plane 
normal  to  the  fixed  direction.  And,  since  the  tangent  hyperplane  to 
Vn-i  at  Q  is  also  perpendicular  to  this  direction,  it  contains  Fi . 
Whence,  since  Fi  is  a  part  of  F,_i ,  it  is  impossible  to  properly  maximize 
(minimize)  ^  at  Q  subject  to  any  linear  constraint — contrary  to  hy¬ 
pothesis. 

Fourthly,  for  some  small  swath  ^  assumes  higher(lower)  values  on 
that  side  of  the  contour  hypersurface  through  a  point  on  which  the 
hyperplanes  of  the  fractional  bundle,  other  than  the  tangent  hyperplane, 
touch  than  on  the  opposite  side.  Otherwise,  in  this  swath,  <f>  would 

^  The  use  of  sin  w,  instead  of  a  function  involving  the  curvature  properties  of 
the  contour  hypersurfaces,  shows  that  assumption  of  continuity  on  the  parts  of 
the  second  derivatives  of  ^  is  unnecessary.  Their  existence  is  all  the  theorem 
requires.  The  earlier  proof  for  n  —  2  can  be  modified  to  comply  with  this  ob¬ 
servation.  Indeed,  a  revised  demonstration  is  contained  in  the  proof  for  the 
general  n  being  given. 

*  In  case  the  hyperplane  contains  Fm-i  ,  we  can  terminate  the  argument 
immediately.  For,  then,  the  n  —  2  dimensional  tangent  flat  spaces  of  V^t  are 
everywhere  perpendicular  to  the  fixed  direction  in  n  —  1  dimensional  apace,  and 
Fa_i  is  itself  a  flat  space.  Whereupon  slight  reflection  convinces  one  that  4 
cannot  be  properly  maximised(minimized)  subject  to  any  linear  constraint  at 
any  point  of  F,_« . 
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assume  higher(lower)  values  along  the  contour  hypersurfaces  which 
the  tangent  hyperplane  cuts  than  along  the  hypersurface  which  it 
touches.  And  0  would  be  minimised  (maximized)  rather  than  maxi- 
mized(minimiEed)  subject  to  the  linear  constraint  represented  by  the 
tangent  hyperplane  at  the  point  under  consideration. 

Now  to  the  theorem  proper.  Each  point  in  the  portion  of  the  hyper¬ 
plane  tangent  to  the  contour  hypersurface  at  P  contained  in  B  is  in 
one-to-one  correspondence  with  a  fraction  of  the  bundle  of  hyperplanes 
through  Q  in  A.  Of  these  hyperplanes  only  the  one  assoeiated  with  P, 
and  tangent  to  the  contour  hypersurface  through  Q,  does  not  cross 
the  surface.  The  others  do  and  are  for  some  small  swath  tangent  to 
contour  hypersurfaces  on  one  side  of  the  surface  through  Q  and  with 
higher(lowcr)  values  of  0.  And  so  the  values  of  f  at  the  points  of  some 
n  —  1  dimensional  region  about  P  in  the  initial  hyperplane  in  B,  which 
are  equal  to  these  values  of  arc  higher(lower)  than  the  value  of  ^ 
at  P.  Therefore,  ^  is  minimized  (maximized)  at  P  subject  to  the  linear 
constraint  represented  by  the  initial  hyperplanc. 

The  geometric  proof  just  adduced  establishes  that  ^  satisfies  the 
second  order,  as  well  as  the  first  order,  conditions  for  a  minimum 
(maximum). 


.\N.\LYTIC  DE-MONSTRATION  TH.\T  THE  FIRST  ORDER  CONDITIONS  FOR  THE 
EXTREMlZ.\TION  OF  4>  SUBJECT  TO  THE  ORIGINAL  CONSTRAINT  AND  OF 
^  SUBJECT  TO  THE  INVERSE  CONSTRAINT  ARE  IDENTICAL 

We  employ  the  umbral  or  dummy  symbol  notation  throughout. 

We  arc  given  =  Xpi  (*  =  1,  •  •  •  ,  n)  and  are  to  prove  =  ^9/ 
(j  3E  1,  . .  •  ,  n)  where  X  and  c  arc  I.Agrangc  multipliers. 

It  is  easy  to  establish  that 


(1) 


^t-qrPrj  = 


(r  and  «  umbral) 
(t,  >  »  1,  . . .  ,  n) 


is  an  identity  satisfiqd  for  all  ^  functions  possessing  .second  partial  deriva- 


tives. 

For 

(2) 

P. 

-  X" 

V. 

So  that. 

(3) 

P.. 

»  X“ 

But, 

(4) 

X 

=  rn 

(t  umbral).  And 

(5) 

dX 

dqi 

*  rn 

*(^i  +  4>uQt) 

Hence, 

(6) 

P>i 

rn 
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So  that  the  right  side  of  (1)  becomes 

(7)  , 

an  expression  symmetrical  in  i  and  j. 

Now  if  ^  =  0(9i(pi ,  •  •  •  ,  p,),  •  •  •  ,  g,(pi ,  •  •  •  ,  p»)),  then  ^  = 

^(Pi(9i ,  •  • '  ,  9«),  •  •  •  ,  P«(9i ,  •  •  •  ,  9»)1  and 

(8)  0.  =  i^.p.i  (« umbral). 

But  from  (1), 

(9)  4>i  =  <r?.p«, 


where  <r  is  a  factor  of  proportionality.  Hence,  subtracting  (9)  from  (8), 
we  have  the  equations, 


(10) 


(lAt  -  <r9.)p.<  =  0 


(s  umbral) 
(t  =  1,  •  •  •  ,  n). 


But  determinant  (p„)  =  ^(P>  >.  P*  > - 

d(9i .  9* ,  •  •  •  ,  g») 


cannot  vanish  or  solution 


for  the  g’s  in  terms  of  the  p’s  would  be  impossible  and  our  entire  labor 
meaningless.  Hence, 


(41)  ff?.  («=1,  ...,n), 

as  was  to  be  shown. 

Since  piqt  *»  m  must  always  obtain,  it  follows  that  a  =  m~V*P»  = 

n 

m~^  2  ^,p, .  This  completes  the  demonstration. 

f-i 


APPLICATION  TO  DIFFERENTIAL  EQUATIONS 

As  is  well  known  the  total  (Pfafiian)  differential  equation 

(1)  t>Pidqi^0 

i-l 


jxiHsesses  an  integral  when  ^(n  —  l)(n  —  2)  independent  conditions  of 
the  form. 


(2) 


Pi 


(^Ij  -  +  p  (^1} 

\dqH  dqi)  ’Xdq^ 


dP\ 

9qi) 


0, 


are  satisfied.  But  often  the  formal  integration  is  difficult.  In  such 
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cases  if  we  put 


(3) 


P.  = 


mPi 


where  m  is  a  constant  not  equal  to  zero  and  solve  for  the  q’s  in  tenns  of 
the  p’s  obtaining 


(4)  9/  =  Q,(pi ,  •  •  •  ,  P»)  (j  =  1,  •  •  •  ,  n), 

it  may  happen  that  the  equation 

(5)  t.Qidpi  =  0 

is  more  easily  integrable.  The  duality  just  established  between  ^  and  ^ 
assures  us  that  the  coeflBcients  of  (5)  satisfy  the  integrability  conditions 
and  that  if  a  solution  is  obtained  in  the  form 


(6)  ’I'(pi ,  •  •  •  ,  P»)  =  0, 

a  solution  of  (1)  can  be  had  by  substituting  the  values  of  the  p’s  in 
terms  of  the  g’s  as  given  by  (3). 

Ths  Universitt  or  Chicago 

*The  angle  between  a  directed  line  through  the  coordinate  origin  parallel  to 
the  positive  direction  of  the  normal  and  the  positive  coordinate  axis  can  be 
taken.  Counterclockwise  rotation  in  the  plane  of  this  line  and  the  coordinate 
axis  is  defined  as  positive  rotation  relative  to  a  specified  direction  along  a  sec¬ 
ond  coordinate  axis. 


THE  VISUALIZATION  OF  DOMAINS  OF  THE  THEORY  OF 
FUNCTIONS  OF  TWO  COMPLEX  VARIABLES 

Bt  SrxrAN  Bbboman 

1.  The  interpretation  of  a  complex  number  as  a  point  of  the  plane 
i'nables  us  to  formulate  geometrically  many  analytic  relations  in  the 
theory  of  functions  of  one  complex  variable.  It  appears,  therefore,  that 
this  fact  is  of  fundamental  importance  in  this  theory.  When  employing 
this  geometric  representation  we  can  do  it  either  by  defining  geometric 
figures  by  equations  or  inequalities  and  interpreting  the  analytic  rela¬ 
tions  among  the  variables  as  geometric  properties  of  the  figures;  or  by 
drawing  these  figures  and  operating  with  them  directly.  For  example, 
we  can  introduce  a  circle*  by  its  equation  x*  -|-  y*  =  1  and  discuss  its 
properties  from  this  equation;  or  we  can  draw  it  and  work  with  this 
figure. 

We  can  often  easily  deduce  properties  of  manifolds  from  a  graphic 
representation  and  in  the  theory  of  functions  of  one  complex  variable 
this  not  only  offers  a  convenient  and  simple  way  of  explaining  certain 
theorems,  but  further  .stimulates  the  investigator  to  introduce  important 
new  notions  which  lead  to  a  fruitful  association  of  ideas. 

We  shall  refer  to  the  ability  to  operate  with  geometric  figures  as 
“geometric  intuition.” 

While  in  the  last  century  the  theor>’  of  one  variable  reached  a  high 
degree  of  development  and  found  fruitful  applications  in  different 
branches  of  mathematics,  the  progress  of  the  generalization  of  this 
theory  to  the  case  of  two  variables  was  much  slower  even  though  in 
various  branches  of  mathematics  questions  of  this  field  arose  and  many 
mathematicians  have  dealt  with  various  problems  of  this  theory'. 

One  of  the  difficulties  that  hinders  the  progre.ss  of  this  field  emerges 
from  the  fact,  that  the  analogous  geometrical  interpretation  leads  to 
four-dimensional  figures.  As  we  associate  to  a  complex  number  a  point 

*  The  manifold  of  points  of  the  plane,  which  are  equally  distant  from  the  point 
|z  »  0,  V  ~  0).  Obviously  a  drawn  figure  is  as  a  rule  only  an  approximation  of 
geometrical  objects;  since,  for  instance,  any  drawn  curve  must  possess  a  certain 
thickness.  In  order  to  deduce  certain  geometrical  properties  from  the  drawn 
figures  we  must  draw  on  our  imagination.  We  do  not,  however,  wish  to  deal 
with  this  question  in  this  paper. 
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OF  THE  PLANE  it  Ls  ucccssar}'  to  as-sociatp  to  a  pair  Ifi ,  f*j  of  complex 
numbers  a  point  of  the  fourdimensional  space. 

Since  we  cannot  easily  visualize  objects  in  a  fourdimensional  space  and 
do  not  have  the  ability  to  operate  easily  with  figures  of  this  space,  it 
becomes  necessarj'  to  create  in  an  artificial  way  the  missing  “geometrical 
intuition”  so  as  to  be  able  to  construct  models  of  these  figures. 

We  should  naturally  require  of  them  that  they  render  to  a  certain 
degree  the  same  services  as  the  pictures  in  the  case  of  one  variable.  In 
the  next  paragraph  we  shall  describe  models  of  this  nature. 

2.  The  method  used  for  giving  us  a  visualization  of  fourdimensional 
space  consists  in  interpreting  the  fourth  dimension  as  the  time  coordi¬ 
nate.  Therefore  we  receive  threedimensional  moving  figures  for  the 


X 


•  bode 
Fiob.  1  and  la  to  le 


a  b  e  d  « 

Fios.  2  and  2a  to  2e 


above  mentioned  models.  We  proceed  to  explain  our  method  by  an 
analogy: 

Suppose  a  being,  capable  of  imagining  only  onedimensional  figures, 
who  desires  to  construct  in  an  analogous  way  models  of  twodimensional 
figures,  for  example  the  circle  x*  -f-  y*  <  1,  or  the  square  |  x  |  <  1, 
I  y  1  <  1.  Let  us  assume  that  a  film  be  made  with  each  still  repre¬ 
senting  a  time  intersection  of  the  object  in  question.  In  the  case  of  the 
circle  the  following  film  will  appear:  at  first  a  point  appears  on  the 
screen;  it  then  transforms  itself  into  a  straight  line.  The  length  of  this 
line  grows  until  the  line  is  equal  in  length  to  double  the  radius  of  the 
circle.  From  then  on  the  length  of  the  line  diminishes,  until  it  becomes 
a  point,  and  finally  disappears  completely.  In  the  case  of  a  square 
there  suddenly  appears  on  the  screen  a  line  which  remains  fixed  for  some- 
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time  and  then  just  as  suddenly  disappears.  In  illustrations  No.  la-le 
and  No.  2a-2e  “stills”*  are  shown,  of  our  supposed  film. 

Let  us  suppose  now,  that  a  being,  who  can  imagine  twodimensional 
figures  only,  desires  to  construct  the  models  of  threedimensional  figures. 
In  the  case  of  a  sphere  x*  +  y*  +  2*  <  1  a  point  will  appear  at  first  on 
the  screen;  it  then  transforms  itself  into  a  circle,  the  radius  of  the  circle 
increases  until  the  radius  reaches  its  maximum  value  (=  1).  The 
radius  then  begins  to  diminish  until  the  circle  becomes  a  point  and  then 
vanishes  completely.  (See  figures  No.  3a-3e.) 

In  the  case  of  the  cylinder  (x*  +  2*  <  1,  1 1/ 1  <  1)  we  see  at  first  a 
.straight  line,  which  transforms  itself  into  a  rectangle.  Its  breadth  re¬ 
mains  fixed  but  its  height  increases  a  certain  maximum  value.  The 


altitude  of  the  rectangle  then  begins  to  diminish  until  we  see  a  straight 
line  again,  and  finally  vanishes.  Naturally,  for  those  who  can  imagine 
two  and  thrcedimensional  figures,  it  is  easier  to  operate  with  figiires  No. 
1,  2,  3,  4  than  with  our  models  No.  la-le,  2a-2e,  3a-3e,  4a-4e;  but  with 
sufficient  practicef  it  is  possible  to  see  different  properties  of  two-  and 
threedimensional  figures  with  the  aid  of  our  models. 

In  the  case  of  fourdimensional  figures,  for  example,  the  hypersphere 
(x*  -|-  j/*  +  2*  -1-  f*  <  1)  or  the  bicylinder  (x*  y'  <  \,  z'  f  <  1), 
which  we  cannot  easily  imagine,  we  can  construct  analogously  film- 
models.  (As  the  designs  on  the  screen  are  twodimensional,  it  is  natu- 

*  The  intersection  of  a  domain  ^  with  the  space  (  to  ~  const.,  i.e.  the  picture 
which  we  see  on  the  screen  at  the  moment  <0,  we  shall  call  the  "still  of  ^  for  U  .” 

t  Such  as  learning  a  foreign  language  which  we  wish  to  speak  fluently. 
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rally  necessaiy'  that  the  npectator  viaualiies  that  these  twodimensional 
designs  represent  threedimensional  bodies.)  In  the  case  of  a  hyper¬ 
sphere  we  shall  .see  at  first  a  point,  which  transforms  itself  into  a  sphere. 
The  radius  of  the  sphere  increases,  takes  its  maximum  value,  than 
diminishes  until  it  becomes  a  point  again  and  then  vanishes.  (See 
figures  5a-5e.) 

In  the  case  of  a  bicylinder,  a  circular-disk  at  first  appears;  it  trans¬ 
forms  itself  into  a  cylinder  with  a  circular  base  and  an  altitude  of  which 
grows  until  it  reaches  a  maximum  value.  The  altitude  of  the  cylinder 


then  diminishes,  it  transforms  itself  into  a  circular-disk,  and  then  van¬ 
ishes.  (See  figures  fia-fie.)* 


3.  In  order  to  give  a  model  of  other  fourdimensional  bodies  and  to 
illustrate  how  to  work  with  these  models,  we  shall  explain  in  the  above 
mentioned  way,  the  notion  of  a  “domain  with  distinguished  surface” 
and  prove  one  of  the  properties  of  these  domains. 

The  importance  of  the  “principle  of  maximum”  in  the  theory  of  func- 

*  IlluBtrationa  of  other  figures  are  given  in:  “Zur  Veranschsulichung  der  Kreis- 
korper  und  Bereiche  mit  ausgeseichneter  Randflichc’’  Jahresbericht  deutsch. 
Math.-Verein,  42,  1933,  p.  238-252. 
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lions  of  (me  <K>mplex  variable  is  very  well  known.  The  “principle  of 
maximum”  is:  an  analytic  function  of  one  complex  variable  takes  its 
maximum  mcxlulus  on  the  boundary  of  the  considered  domain.  As 
mentioned,  above,  a  function  of  two  complex  variables  must  be  defined 
in  a  fourdimensional  domain.  The  boundary  of  such  a  domain  is  a 
threedimensional  manifold.  We  can  “see”  this  last  fact,  for  example, 
in  the  following  manner: 

The  boundary  of  a  domain  (as  we  can  verify  in  figures  No.  la-le,  2a-2e, 
3a-3e,  4a-4e)  consists  of  the  sum  of  the  boundaries  of  the  stills  for 
every  t,  and  of  the  two  domains  that  appear  for  the  maximum  and 
minimum  values  of  t.  In  the  case  of  a  fourdimensional  domain  the 
stills  for  t  ac  const,  are  threedimensional  domains,  their  boundaries  two- 
dimensional  manifolds,  and  the  sum  of  the  tw(xlimensional  manifolds 
that  we  get,  as  t  varies,  is  a  threedimensional  manifold. 


Principle  of  maximum' for  two  variables. — Every  function  /(fi ,  fj) 
of  two  complex  variables  which  is  regular  in  a  domain  ^  assumes  its 
maximum-modulus  with  respect  to^  on  the  boundary  of  S. 

In  order  to  prove  this  we  shall  assume  that  it  is  not  true.  Then, 
there  exists  an  interior  point  {f?  ,  fj)  of  B,  such  that  |  /(f? ,  f J)  |  is 
greater  than  |  /(fi ,  fj)  |  at  some  other  points  of 

Let  g**  (see  figure  No.  7)  represent  the  still  of  2ft  for  <  =  ImfS  (Im  = 
Imaginary  part),  {f? ,  RefS}  is  an  interior  point  of  the  intersection  of 
g*  and  of  the  plane  t  =  Re^s .  But  this  last  intersection  is  a  two 
dimensional  domain  and  /(fi ,  fj),  for  ft  ^  f t  >  is  an  analytic  function 
of  one  compex  variable.  Therefore,  by  the  principle  of  maximum  for 
functions  of  one  complex  variable,  |  /(fi ,  ft)  1  must  take  its  maximum 
at  a  point  on  the  boundary  of  the  indicated  twodimensional  domain; 
for  instance,  at  the  point  {f}j.  We  have  |/(f} ,  ft)  1  ^  |/(fi,  ft)  I- 
But  point  {fi ,  ft}  belongs  to  the  boundary  of  g*,  and  therefore  also  to 
the  boundary  of  2ft.  |  / 1  therefore  takes  its  maximum  at  a  point  on  the 
boundary,  which  contradicts  our  hypothesis. 

*  The  euperior  index  n,  0  <  n  <  4,  indicate  the  dimension  of  a  point  manifold. 
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In  many  other  caAefl,  however,  we  see  that  this  generalisation  of  the 
principle  of  maximum  does  not  lead  us  to  anal(^ous  consequences,  as 
in  the  case  of  one  variable.  This  is  connected  with  the  fact  that  the 
threedimensional  boundary  in  the  case  of  two  variables  possesses  proper¬ 
ties  essentially  different  from  the  boundary  line  in  the  case  of  one 
variable. 

The  lemma  of  Schwar*,  which  is  the  basis  of  many  investigations  in 
the  case  of  one  variable,  tells  us  that  if  f{()  is  regular  in  the  unit  circle 
C*  vanishes  at  the  point  f  =  0,  and  if  |  /(f)  |  ^  1  in  CE*  then  ]  /(f)  |  ^ 

1  f  I  in  6*.  The  proof  of  this  lemma  is  based  on  the  fact  that  there 
exists  a  function  u>(f,  0)  =  f,  regular  in  (5*,  which  vanishes  at  and  only 
at  the  point  f  =  0  and  whose  modulus  is  equal  to  1  on  the  whole  bound- 

arv  of  (5*. 


of  maximum 


fit) 


is  regular  in  the  circle  and  in  view  of  the  principle 


takes  its  maximum  (=1)  on  the  boundary. 


l«'(f,  0)1 

Therefore  we  have:  |/(f)  |  ^  |  rc(f,  0)  1  *  |  f  |. 

But  such  conclusions  are  not  possible  in  the  case  of  two  variables, 
since  it  is  not  jxjssible  to  construct  an  analytic  function  «j(fi ,  f*  ;  0,  0) 
that  vanishes  at  the  point  {0,  0}  and  has  its  modulus  equal  to  1  on  the 
boundary  of  the  domain.  (In  regard  to  the  mentioned  theorem,  an 
analytic  function  of  two  variables  must  take  on  every  value  on  the 
boundary  that  it  takes  on  in  the  domain.  Therefore  teffs ,  ft ;  0,  0) 
vanishes  at  least  at  one  point  on  the  boundar>'  and  at  this  point 
1  u»(fi ,  ft ;  0,  0)  I  1). 

In  order  to  obtain  efficacious  applications  of  th<‘  generalization  of  the* 
principle  of  maximum,  it  is  necc.ssary  to  generalize  it  in  another  manner: 
for  instance,  to  prove  that  |  / 1  takes  its  maximum  on  a  certain  part  of 
the  boundary,  and  that  this  part  can  be  so  chosen  that  certain  functions 
exist  that  vanish  in  the  domain  without  vanishing  on  the  indicated 
part  of  the  boundary-. 

If  there  exists  a  real  part  of  the  Iwrder  5"»  w  =  2  or  3  such  that  for 
every  function  /  regular  in  the  domain  |  / 1  takes  its  maximum  not  only 
on  the  boundary,  but  more  sp>ecifically  on  ($",  we  call  it  the  “distinguished 
boundary  manifold”*  of  the  domain. 

Such  a  manifold  cannot  exist  for  an  arbitral^’  domain,  as  is  obv'ious 
in  the  case  of  the  hypersphere  where  by  symmetry,  no  point  of  the  bound- 
arj’  can  be  distinguished  from  any  other.  We  .shall  show,  however, 
that  there  exists  a  special  class  of  domains,  possessing  an  S*. 


*  In  the  case  n  —  2  we  shall  call  9*  a 
more  briefly  a  “distinguiahed  surface.” 


'diatinguiahed  boundary  aurface”  or 
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4.  We  shall  go  on  to  a  detailed  description  of  these  domains,  and  to 
do  this  we  shall  introduce  a  new  conception. 

We  shall  call  an  “analytic  surface”  (^*),  a  twodimensional  point 
manifold,  one  which  can  be  represented  in  the  form 

f*  =  ht{Z),k  =  1,2  (4.1) 

where  Z  runs  through  the  domain  of  definition  of  A*  and  At(Z),  k  =  \, 
2  are  analytic  functions  of  one  complex  variable. 

If  Z  runs  through  only  a  domain,  33*,  of  the  complex  plane  then 
{Ai(Z),  hi(Z)\  runs  through  a  part  of  the  analytical  surface  $*,  which 
we  shall  call  “a  segment  of  an  analytic  surface”  and  which  we  shall 
denote  in  the  future  by  3** 

To  every  point  Z  of  33*  corresponds  a  point  |  hi(Z),  Ai(Z)  |  of  3*  and 
vice  versa. 

We  shall  call  the  set  of  pniints  of  ^*  that  corresponds  to  the  boundary 
of  33*,  the  “boundary”  of  3*  and  shall  denote  it  by  i‘.  The  functions 
/(fi ,  ft)  and  F(Z)  =  f[hi(Z),  A»(Z)]  take  on  the  .same  values  in  correspond- 

■iJ/j- 

•  bed  •  { 

•  Fios.  8a  to  8f 

ing  [xjints.  As  F(Z)  takes  its  maximum  modulus  relative  to  33*  in  a 
point  of  its  boundary  b',  /(fi ,  fj)  takes  its  maximum  relative  to  3*  >n 
a  point  of  i‘. 

A  s(>gment  of  an  analytic  surface  will  appear  in  our  representation  as 
u  moving  line  curve  .so  that  for  ever>’  t  of  an  interval  we  see  on  the 
screen  a  line-curve.  (See  figures  No.  8a-8f).  The  .sum  of  the  end¬ 
points  of  these  lines  forms  the  eurve  i’. 

We  call  an  “anayltic  hypersurface”  the  sum  of  analytical  surfaces, 
which  depend  continuously  upon  a  real  parameter.  An  analytic  hy- 
jiersurface  will  be  represented  by 

f*  =  A*(Z,  X),  0  ^  X  ^  2t,  1  Z  I  <  «  (4.2) 

where  hk(Z,  X)  are  continuous  functions  of  Z  and  X,  and  represent  for 
every  X  an  analytic  function  of  Z. 

We  shall  call  a  “i.amina”  the  particular  surface,  which  we  get  when 
we  give  a  fixed  value  to  X.  The  still  of  an  analytic  hypersurface  is 
(generally)  a  surface,  which  extends  to  infinity  to  both  directions  (see 
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figs.  9a  and  9b,  where  arrows  point  out,  that  the  surface  extends  to  in¬ 
finity  in  the  indicated  direction). 

Sr 

A  sum  S  3'*(X)  of  segments  of  analytic  surfaces  is  called  a  “beg- 
x»o 

iiENT  or  AN  ANALYTIC  hypersurface”  and  will  be  designated  by  f*. 

A  segment  of  an  analytic  hypersurface  can  be  written  in  the  form 

f*  =  A*(Z,  X),  0  ^  X  ^  2t,  Z  « iB*(X)  (4.3) 

where  $*(X)  means  a  domain  of  the  complex  Z-plane  which  varies  with 
X.  Further  hk{2,  X)  is,  as  mentioned  above,  a  continuous  function  of 
Z  and  X,  which  is  an  analytic  function  of  Z  for  any  fixed  X  and  such, 
that  to  each  point  of  3*(X)  corresponds  one  and  only  one  point  of  9*(X). 


•  b 

Flos.  9a  and  9b 


Fio.  10 

Sr 

We  call  the  sum  S  i‘(X)  of  the  images  i‘(X)  of  b*(X)  the  mantle  surface 

X— 0 

OF  THE  SEGMENT  OF  ANALYTIC  HYPERSURFACE.  b‘(X)  denotes  the 
boundary  of  $*(X),  In  figures  No.  9a  and  9b  the  stills  of  the  mantle 
surface  are  designated  by  arrows. 

If  we  cut  away  a  portion  of  an  analytical  hypersurface,  its  boundary 
consists  (except  in  some  degenerate  cases)  of  a  finite  number  of  lamina 
and  of  the  mantle  surface. 

This  is  obvious  if  we  study  figures  9a  and  9b. 

If  fill ,  ft)  is  regular  at  every  point  of  a  segment  of  an  analytic  hyper¬ 
surface,  I  / 1  takes  its  maximum  with  respect  to  f*  in  a  point  of  the  mantle 
surface  of  f*. 

Proof.  I/I  must  take  its  maximum  in  any  surface  3*(X)  of  f*  for 
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iiiHtancc  in  3*(X“).  On  the  other  hand  from  the  result  mentioned 
above  |  / 1  takes  its  maximum  with  respect  to  3i*(X“)  on  the  border  i‘(X®) 
of  I*(X“).  According  to  our  definition  i*(X®)  belongs  to  the  mantle 
surface  of  i*. 

6.  liCt  us  be  given  a  finite  number  of  analytic  hypersurfaces  which 
divide  a  part  of  the  fourdimensional  space  into  cells  in  such  a  manner, 
that  there  exists  at  least  one  cell  denoted  by  lying  entirely  in  a  finite 
part  of  the  space.  Figure  No.  10  represents  a  still  of  such  cell.  (We 
have  drawn  stills  of  those  parts  f*  of  h*,  which  belong  to  the  boundaiy 
of  the  stills  of  !(n). 

Every  segment  ij ,  of  the  analytic  hypersurface  (jJ  which  lx‘longs  to 
the  boundary  of  is  bounded  by  the  intersection  of  with  other 
hypersurfaces  Ij*  ,  A:  =  I,  2,  ■  •  •  y  —  1,  v  +  1,  •  •  •  n.  The  boundary’ 
of  ft  consists,  as  mentioned  above,  of  the  end  laminas  and  of  its  mantle 
surface. 

We  shall  designate  the  mantle  surface  of  fj  by  .  In  the  figure 
No  10  the  still  of  ,  is  the  curve,  which  lx)unds  the  still  of  ij .  (We 
notice,  that  any  point  of  ,  as  an  intersection  of  ht  with  another 
hypersurface,  for  in.stance,  \ik  ,k  y,  also  belongs  to  the  mantle  surface 
of  the  corresponding  f*). 

jm  is  a  domain  vnth  a  distinguished  surface,  namely  sum  of  aU  CiJ  , 
I-  -  1,  2,  ...  n.* 

It  is  a  fact  that  every  function /,  regular  in  312,  must  take  its  maximum- 
modulus  on  the  boundary,  and,  since  the  boundary  of  322  consists  of  a 
finite  number  of  segments  ij  ,  A:  *  1,  2,  . . .  n  of  analytic  hypersurfaces 
the  maximum-modulus  must  be  taken  on  one  of  f * ,  .  it ,  for 

instance,  on  .  On  the  other  hand  |  / 1  attains  its  maximum  with 
respect  to  ,  in  the  Wj ,  which  belongs  to  the  distinguished  surface 
of  322. 

6.  It  is  now  easy  to  show,  that  the  introduction  of  domains  with  a 
distinguished  surface  permits  us  to  give  a  generalization  of  the  I.«mma 
of  Schwarz.  It  is  evidently  possible  to  construct  functions  which  vanish 
in  322,  without  vanishing  on  the  distinguished  surface  For  instance 
in  figure  No.  10  we  .see  a  .still  of  a  domain  322  (represented  as  described 

*  I  wish  to  mention  that  Mr.  Hilsenrath  has  recently  constructed  a  number 
of  threedimensional  bodies  forming  the  stills  of  a  domain  with  distinguished 
boundary  surface.  These  models  had  proved  to  be  of  great  value  from  the  peda¬ 
gogical  point  of  view  as  well  as  for  purposes  of  investigation. 
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before)  with  the  distinguished  surface  g*.  The  surface  5*  appears  as 
a  curve  which  is  formed  by  the  intersections  of  the  stills  of  ij.  The 
still  of  the  anal}rtic  surface  u>(f i ,  fj)  *  f i  *  0  will  appear  as  the  line 

X  =  0, 1/  =  0. 

We  see  that  the  function  fi  does  not  vanish  on  5*.  Therefore  if  we 

consider  a  function  /(fi ,  ft),  regular  in  512,  such  that  is  also 

regular  in  512,  we  obtain  by  the  principle  of  the  maximum  in  a  domain 
with  a  distinguished  surface  (every  function  takes  its  maximum  modulus 
on  the  distinguished  surface) 


/(fi,  fj) 


^  Max 

{ti.fti  •»* 


/(fi*  f*) 


Max  |/(fi,fi) 

Ifi.fil _ 

Min  Ifil 

ifi.fil  *»* 


(6.1) 


As  the  min  of  |  |  on  is  positive,  the  expression  given  on  the 

right  of  (6.1)  is  finite  and  we  therefore  have  in  512 


Max  l/(fi,fi)| 

Ifl.fll  •«* 

If  we  consider  an  arbitrary  domain  3ft  (without  a  distinguished  sur¬ 
face)  we  must  take  the  minimum  of  1 1*1 1  on  the  whole  threedimensional 
boundary  of  3ft  instead  of  the  minimum  on  and  this  minimum  is  equal 
to  0.  We  can  not  obtain  a  bound  for  |  /  ]  in  3ft  analogous  to  (6.2). 


7.  It  is  well  known  that  there  exists  in  the  theory  of  functions  of 
one  complex  variable  other  theorems  involving  the  boundary  curve 
(the  integral  formula  of  Cauchy,  the  theorem  of  Rouch4  and  others). 

These  theorems,  for  instance  lemma  of  Schwarz  are  the  starting  points 
of  different  theories  (for  instance  the  theory  of  meromorphic  functions). 

We  have  introduced  the  notion  of  the  distinguished  surface  as  the 
generalization  of  the  boundary  curve.  The  question  therefore  arises 
whether  it  is  possible  to  find  analogues  of  the  above  mentioned  theorems 
in  the  case  of  two  complex  variables  and  whether  it  is  possible  to  de¬ 
velop  a  theory  of  analytic  and  meromorphic  functions  of  two  complex 
variables  from  these  results. 

If  one  tries  to  use  a  technique  analogous  to  that  of  the  theory  of  func¬ 
tions  of  one  complex  variable  one  observes  immediately  that  the  class 
of  functions  of  two  complex  variables  is  in  a  certain  sense  too  small  to 
give  a  generalization  of  the  different  formulas  which  are  so  useful  in 
the  theory  of  functions  of  one  complex  variable.  E.g.  the  existence  of 
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the  Green’s  function,  one  of  fundamental  tools  in  the  theorj’  of  function 
of  one  complex  variable,  is  based  on  the  fact  that  it  is  passible  to  find 
for  every  continuous  function  given  on  the  boundary  curve  a  harmonic 
function  which  assumes  preassigned  values  on  the  boundary.  On  the 
other  hand  one  can  easily  define  a  continuous  function  on  the  distin¬ 
guished  surface  such  that  there  does  not  exist  a  biharmonic*  function  which 
takes  on  these  boundarj’  values  on  the  distinguished  boundary  surface. 
It  results  from  this  that  in  addition  to  the  biharmonic  function  it  is 
useful  to  consider  a  certain  class  of  functions,  called  extended  class  of 
functions  which  possess  certain  properties  necessary  for  our  purposes. 
This  class  of  functions  depends  on  the  domain.  K.g.  in  the  case  of  the 
bicylinder  the  double  harmonic  functions  (functions  .satisfying  equations 


(7.1) 


dril 


0, 


forms  the  extended  class  of  functions.  The  biharmonic  functions  satisfy 
in  addition  to  (7.1)  the  equations 


(7.2) 


d*  u  ,  3*  u 

dri\  dru 


0, 


d'u  _  d'u 

drit  drn 


The  introduction  of  the  functions  of  the  extended  class  enables  us  to 
give  formulas  analogous  to  those  in  the  theory  of  functions  of  one 
complex  variable,  namely ’the  generalized  Green’s  function,  a  formula 
analogous  to  the  Cauchy’s  formulaf  etc. 

The  question  arises  whether  in  .spite  of  the  changed  situation  it  is 
possible  now  to  repeat  the  technique  used  in  the  case  of  one  variable 
.studying  the  analytic  and  meromorphic  functions  of  two  complex 
variables.  As  a  matter  of  fact  this  ijS  possible  to  a  certain  degree. 
The  investigation  of  these  questions  forms  the  contents  of  the  theor>’ 
of  distinguished  surfaces.J 

I  wish  to  express  my  thanks  to  Dr.  A.  Gelbart  for  his  assistance  in 
the  writing  of  the  present  paper. 

Cambridoe,  Mass. 

*  We  understand  by  biharmonic  function  the  real  or  imaginary  part  of  an 
analytic  function  of  two  complex  variables. 

t  See  “t?bcr  eine  in  gewissen  Bereichen  mit  Maximumflache  gtlltige  Darstel- 
lung  .  .  .”  Math.  Zeitsch.,  39,  1934,  p.  76-04  and  605-608;  “Uber  eine  Integraldar- 
stellung,  der  Funktionen  zweier  komplexen  Ver&nderlichen,”  Recueil  math6m., 
1  (43),  1936,  p.  851-862. 

t  See  "tJber  meromorphe  Funktionen  von  zwei  komplexen  Ver&nderlichen,” 
Compoeitio  mathcmatica,  6,  1939,  p.  305-335. 


ON  A  THEOREM  OF  RENGELS 
D.  C.  Spxncbb 

1.  We  denote  by  0(r)  the  annulus  0  <  r  <  |  z  |  <  1  slit  along  concen¬ 
tric  circular  arcs  with  z  =“  0  as  center.  If  r  =  0,  we  write  simply  0. 

Suppose  that  w  =  /(z)  maps  ^  on  a  Riemann  domain  with  /(O)  =* 
0,  1/^(0)  1  =  1;  and  let  D  be  the  maximum  distance  of  the  boundary 
of  W  from  tc  =  0.  Rengels*  has  shown  that  if  W  is  schlicht,  then 
D  >  1,  unless  /  is  a  rotation;  and  the  same  theorem  has  lately  been 
rediscovered  by  Schiffer*.  My  purpose  here  is  to  generalize  this 
theorem. 

We  denote  by  <ri ,  <rj ,  •  •  •  the  boimdary  elements  of  W  corresponding 
to  the  concentric  circular  slits  of  by  B  the  remainder  of  the  boundary 
(which  corresponds  to  |  z  |  =  1).  Let  U  be  the  domain  bounded  by  B, 
and  let  U*  be  the  portion  of  U  which  can  be  seen  from  w  =  f  (0),  B* 
the  boundary  of  U*;  and  let  W*  be  the  sub-domain  of  W  every  point 
of  which  can  be  seen  either  from  /(O),  or  from  a  {joint  of  B*  looking 
toward  /(O),  if  any  one  a,  is  opaque. 

We  say  that  a  Riemann  domain  G  is  mean  1-valent  (with  resfject  to 
the  origin)  if  the  area  (multiply  covered  {joints  being  counted  multiply) 
of  that  {jart  of  G  lying  in  any  circle  with  center  0  does  not  exceed  the 
area  of  the  circle.  I  prove  the  following  result: 

Theorem  1.  If  W*  is  mean  l-valent,  then  D  >  I  unless  f  =  e'“z. 

When  there  are  no  slits  and  W  is  simply-connected,  the  theorem  has 
been  proved  by  Bermant*.  In  this  case  W*  is  schlicht*,  and  no  valency 
hypothesis  is  necessary'. 

'  E.  Rengels,  “Ubcr  einige  Schlitithcoremc  der  korformen  Abbildung,”  Schr. 
math.  Setn.  Unit.  Berlin,  1,  4(1933),  141-162. 

*  M.  Schiffer,  “Sui;  un  theoreme  de  la  reprteentation  conformc,  C.  R.  Aead. 
Sci.,  Paris,  207(1938),  520-522.  Schiffer  states  the  theorem  in  the  following  form: 
Let  O  be  a  bounded  domain  containing  z  —  0,  and  let  F  be  the  family  of  functions 
regular  and  schlicht  in  O,  with/(0)  >-  0,  |  /'(O)  |  -  1.  I^et  Af  (/)  be  the  maximum 
modulus  of  /  in  Q,  and  let  m  -  Min  Af  (/).  Then  Af  (/)  >  m  unless  /  maps  0  on 

t  tr 

the  circle  |  z  |  <  m  slit  along  concentric  circular  arcs.  Schiffer  proves  the  theorem 
by  a  variational  method. 

*  A.  Bermant,  *‘Sur  quelques  propri^t^  des  fonctions  r^guli^res,”  C.  R.  Acad. 
Sei.  U.R.S.S.,  18(1938),  137-140;  “Remarque  sur  le  lemme  de  Schwarz,”  C.  R. 
Acad.  Sci.,  Paris,  207(1938),  31-33. 

*  Suppose  only  that  W*  is  schlicht  (but  possibly  multiply  connected),  and  let 
F*  be  the  area  of  IF*,  Vt  the  area  of  the  transform  of  IF*  by  Then  it  can 
be  shown  that  F*F*  >  ir*  |/'(0)  1*,  unless  /  -  oz.  This  result,  however,  is  more 
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2.  We  write  f  =  {  +  Let  Gi  and  G*  be  two  Riemann  domains 
such  that  g(X)  maps  Gi  on  Gt ;  and  let  qiyi)  be  a  set  of  ix>ints  of  Gi , 
defined  for  each  i;  of  a  set  H,  which  lie  over  the  line  if  =  constant. 
We  write 


^1  =  E  qin) 

V  <  M 

II 

V,  =  f  d^dn 

Jit 

Vt^  ff  \g'\'didv. 

We  suppose  that  L(if)  >  X  for  almost  all  if  «  ff.  Then  by  the  inequality 
of  Schwarz  we  have 

(Xm//)*<[jrL(if)dnj  = 

=  \ff\g'\didq\ 

(2.1) 

< 

L*i  J 

/ /  /  djdnj  =  V,  V,, 

and  it  is  easy  to  see  that  equality  can  occur  only  if  Fi  =  0,  or  jf(f)  = 
Oo  +  Oif. 

Lenuna. 


(2.2)  F,.F,  >  (XmW)*, 

and  there  is  equality  only  if  gif)  »=  oo  +  flif. 

The  lemma  is  an  expression  in  new  form  of  an  idea  which  was  first 
systematically  applied  by  Grotzsch*,  so  far  as  I  know.  It  was  shortly 
afterward  rediscovered  and  developed  by  Ahlfors*,  and  similar  ideas 
have  been  employed  by  Rengels  {loc.  cit.)  and  by  other  writers.  The 
various  forms  in  which  the  inequality  has  appeared  are,  however,  more 
specialized  than  the  one  given  here.  For  example,  as  developed  by 
Rengels,  one  of  the  domains  is  a  rectangle.  Furthermore,  the  inequality 
has  appeared  in  forms  so  different  as  to  be  scarcely  recognizable  (cf.,  e.g., 
Grdtzsch,  loc.  cit.).  At  first  glance  it  is  rather  remarkable  that  such 
an  extremely  simple  idea  should  form  the  basis  for  so  many  interesting 
results.  But  of  course  (2.2)  is  not  just  the  Schwarz  inequality;  it  is 


precise  than  that  of  Bermant  (in  which  V?  is  replaced  by  the  area  of  a  larger 
domain). 

*  H.  Grdtzsch,  "tiber  einige  Extremal  problems  der  korformen  Abbildung  I,” 
Berickte  Akad.  Leipzig,  80(1928),  367-376.  The  inequality  given  by  Grotzsch  is  a 
discontinuous  version. 

*  L.  Ahlfors,  “Untersuchungen  zur  Theorie  der  korformen  Abbildung  und  der 
ganzen  Funktionen,”  Acta  Soc.  tei.  fenn.,  N.S.  1,  9(1930). 
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the  Schwarz  inequality  plus  a  geometrical  idea,  and  it  is  the  latter 
which  makes  it  important. 

We  now  deduce  the  theorem,  and  suppose  that  /  9^  e‘*2.  We  write 
TG  for  the  transform  of  a  set  G  by  /.  W^e  apply  (2.2)  to  the  mapping 
Ig  ^{^(r))  ~  Ig  0(r),  with  G,  =  Ig  T<l>(r),  Gt  =  Ig^(r).  Let  dr  be  the 
minimum  distance  of  T{\z\  =  r)  from  0,  and  write  Ig  +  tij. 

We  take  for  q{ri)  all  points  of  Ig  \  W*  X  Gi}  which  lie  over  the  line  ij  *= 
constant,  0  <  if  <  2t,  so  that’  mH  =  2ir.  Then  g(if)  connects  all  the 
boundary  elements  whose  projection  on  the  te-plane  is  intersected  by  the 
line  If  »  constant.  Since  the  projection  of  f(if)  on  the  real  axis  has  length 

Ig  L(if)  >  Ig  -  =  X.  Moreover,  since  /  ^  e*“z,  we  have,  for  all 

T  T 

r  <  ro  and  if  e  X,  ‘  -  ’ 

(2.3)  L,(n)  >  lg-  +  5, 

1  . 

where  h  and  S  are  independent  of  r,  and  mh  >  0,  6  >  0.  If  now  we 
make  use  of  (2.3)  in  line  (2.1),  we  obtain  the  following  inequality 
(slightly  stronger  than  (2.2))  ' 

(2.4)  (2w  Ig  ^  J  +  €  Ig  p  <  r, .  F,  (r  <  ro) 

where  e  is  independent  of  r,  and  e  >  0. 

Let  n*{w)  be  the  number  of  times  the  point  w  is  covered  by  W*. 
Then,  writing  W*{r)  for  that  portion  of  W*  which  lies  outside  the 
transform  of  |  2  |  =  r  by/,  and  w’riting  w  =  Re'*,  we  have 


(2.5) 

=  jf%*(ft)d(2ir  Igfi), 

where  p*(R)  ~  ^  J_  (”*(^^'*)  ^(dr,  R)  be  the  area  of  the 

portion  of  W*  lying  in  the  annulus  dr  <  \w  \  <  R.  Then 

A{dr,R)  -  r  p*{R)d{Tie) 

-  p*{R)  d(T^  -  p*{R)  d(ir^) 

<  tR*  —  rdl 


(2.6) 
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for  all  R  >  dr  ,\i  r  (and  so  dr)  is  small  enough.  In  fact,  the  hypothesis 
of  mean  valency  1  asserts  that 


p*{R)  dixR*)  <  rR" 


for  all  R  >  0.  Since  /(O)  =  0,  there  exists  a  circle  of  positive  radius 
and  center  u;  =  0  every  point  P  of  which  is  covered  at  least  once  by  W*. 
Since,  by  (2.7),  it  is  covered  on  the  average  at  most  once,  it  follows 
that  the  circle  is  covered  exactly  once  by  IT*.  Hence,  if  dr  is  sufficiently 
small, 

(2.8)  p*{R)diTie)  =  wdU 

and  (2.7)  and  (2.8)  together  give  (2.6).  Finally  by  (2.5)  we  have, 
integrating  by  parts, 

Vx  <  p*{R)  d{2T  Ig  R)  =  [1  jf  *  p*{R)  d(ir^  J 

+  2  £((%<(«) 

<ir5_^r  +  2j[  =  2»lg? 

by  (2.6).  Therefore 


F,  <2Tlg| 


for  all  sufficiently  small  r. 


Substituting  from  (2.9)  into  (2.4)  we  obtain,  since  Fj  <  2ir  Ig 

”  r 

(2rlgL)’  +  .lgl<(2,lg®)(2,.gi). 

If  <1  is  chosen  small  enough,  we  then  have,  for  0  <  r  <  ro , 

Ig  J  +  *1  <  Ig  J)’  +  •  Ig  i  'j/(*'l«£)(*''*f) 

2,lg?  +  2,lgi 

^  d,  r 


sn 


P- 

b 
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by  the  inequality  of  Schwars;  that  is 


where  ei  is  independent  of  r.  Finally,  letting  r  — »  0,  j- 
obtain  the  theorem. 

The  hypothesis  (weaker  than  mean  valency  1)  that 


1,  and  we 


lim  f”p*(ft)d(2Tlgft)  <  1 

*-»o  „  ,  u  Ju 


is  all  that  we  have  used,  and  is  therefore  suflBcient  for  the  truth  of  the 
theorem. 

3.  Many  applications  of  the  same  sort  could  be  given,  but  without 
introducing  anything  essentially  new,  and  I  shall  therefore  merely 
state  a  final  example. 

Let  Sk ,  (k  =  1,  2,  ••,!'),  be  doubly-connected  domains  wound  round 
the  circle  \  z\  =  r,  and  lying  in  the  annulus  r  <  ]  z  [  <  1.  Suppose 
that  Sk  is  mapped  on  the  annulus  <  |  z  |  <  1 ;  then  (dependent  on 
Sk)  is  the  modulus  of  S* .  I.«t  Bi  be  the  “inner”  boundary  of  Sk  cor¬ 
responding  to  I  z  I  =  rk ,  and  let  Bt  be  the  boundary  corresponding  to 
I  z  I  =  1 .  Ix*t  <S*  be  the  set  of  points  of  S*  seen  both  from  0  if  is 
opaque  and  Bi  transparent,  and  from  x  looking  toward  0  if  fii  is  opaque 
and  Bt  transparent.  (Here  (as  above)  it  is  understood  that  a  boundary 
obstructs  vision  only  for  the  sheet  which  it  bounds).  We  write 

,  P*(p)  =  2  P*(p), 

where  p*(p)  is  the  valency  function  (defined  above)  corresponding  to 

St*. 

Theorem  2.  If, 

(3.1)  /  p*(p)  d(lg  p)  <  P  Ig  ^ 

where  p  >  0  (logarithmic  mean  p-vcUency),  then 

(») 

and  there  is  equality  if,  and  only  if,  there  is  equality  in  (4.1)  and  each 
Sk  as  an  annulus. 
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The  result  of  the  theorem  (with  p  »  1)  is  a  known  result  of  Koebe 
when  each  Si,  is  schlicht  and  no  two  St  overlap.  By  omitting  the 
valency  hypothesis  (3.1)  altogether,  we  have  as  a  final  result: 
Theorem  3. 

(3.2)  r”  n  r*, 

k  -  1 

and  there  is  equality  only  if  each  S*  is  the  annulus  r  <  ]  z  |  <  1.^ 

Massachusetts  Institute  of  Technology 

’  As  a  final  remark  it  is  perhaps  worthwhile  to  add  that  the  above  methods 
may  sometimes  be  used  to  short>circuit  arguments  which  depend  on  subordina* 
tion  (in  the  Lindeldf  sense)  to  schlicht  functions.  For  example,  suppose  that 
/(f)  —  aif  +  "■  is  regular  in  |  z  |  <  1,  and  that  /(zi)/(zt)  ^  1  for  |  zi  |  <  1, 
I  ft  I  <  1.  Then,  if  r  is  the  boundary  of  W*  (the  portion  of  the  transform  of 
I  f  1  <  1  by  /  which  can  be  seen  from  /(O)),  we  have  from  the  lemma  that 

2r  Ig  I  Oi  I  <  j  ]g  R  d*  <  0. 

Jr 

That  is,  I  Oi  I  <  1.  This  is  the  theorem  of  Bieberbach-Eilenberg.  See  e.g.  W. 
Rogosinski,  “On  a  theorem  of  Bierbcrbach-Eilenberg,”  Journ.  Land.  Math.  Soc., 
14(1939),  4-11  (where  the  general  result  is  deduced  from  the  special  case  when 
/  is  schlicht  by  a  “subordination”  argument). 
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1.  SuppotM.'  that 

/(z)  =  OiZ  +  a*z*  +  •  •  • 

w  regular  in  |  z  |  <  1,  and  maps  the  unit  circle  |  z  |  <  1  on  a  Riemann 
domain  W.  Let  n{w)  be  the  number  of  times  W  covers  the  point  w. 
Then  if  n{w)  <  1  for  all  w,  and  if  d  is  the  distance  of  the  boundary  of 
W  from  1C  =  0,  it  is  well-known  that 

(1.1) 

4 

In  particular,  if  C  is  any  regular  curve  connecting  z  =  0  to  a  point  of 
I  z  I  =  1 ,  then 

irw  1-1*1 

and  so  the  average  distortion  cannot  be  too  small. 

2.  By  itdaxing  both  hypothesis  and  eonclu.sion  we  obtain  the  follow¬ 
ing  mort*  general  theorem  of  the  same  type: 

Theorem  1 .  Suppose  that 

fix)  =  ttiZ  -f  OjZ*  -f  ... 

is  regular  for  |  z  |  <  1,  and  that  n(0)  =  1.  Let 

d-  Inf 

|»|<l  2  I 

Then  if  there  is  a  real  number  ^  for  which  n(de^)  =  0,  we  have 

(2.1) 

The  result  of  Theorem  1  is  not  best  possible,  and  the  problem  of  the 
best  constant  on  the  right-hand  side  of  (2.1)  remains  open.  If  n(de^) 
>  0  for  all  /3,  the  theorem  is  false  as  is  shown  by  the  function  /(z)  = 
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It  is  possible  to  deduce  the  following  theorem  from  Theorem  1 : 
Theorem  2.  Suppose  that  f(z)  satisfies  the  hypotheses  of  Theorem  1, 
and  that,  in  addition,  \f(z)  \  <  M  for  |  *  [  <  1.  Then,  if  0  <  p  <  I, 


where 


1  arg/(pe”')  |  <  B  log  - h  0(1), 

1  —  p 


B 


mi 

W 


The  constant  in  the  0(1)  depends  on  M,\ai\ ,  and  the  particular 
determination  of  arg  /  chosen. 


3.  Given  a  Riemann  domain  W,  we  write  w  =>  Re^,  and  define 
p(«) 

If  now 

p{R)diirR^  <  tR^ 

for  all  ft  >  0,  we  say  that  W  is  mean  1-valent.  If  the  stronger  hypothe¬ 
sis  is  satisfied  that 

n(fte‘*)  d{irH‘)  <  irft'  (ft  >  0) 

uniformly  in  we  say  that  W  is  strongly  mean  1-valent. 

If  /(z)  is  strongly  mean  1-valent,  then  (1.1)  is  true,  and  there  is 

equality  only  if  /(z)  =  j.P*  1' ^ ^  It  I  =  1.*  Now  the  result 
(1  +  yzy 

*  This  result  was  wrongly  stated  for  the  family  of  mean  1-valent  functions  in 
the  BuUelin  of  the  Amer.  Math.  Soc.,  46  (1940),  .Abstract  126,  p.  56,  as  was  the 
allied  result 


I  a.  II  s  1/(1  -I-  I  »  |)»  <  !/(*)  I  <  I  o.  II  *  1/(1  -  I  *  D*. 

A  weaker  version  of  the  latter  result  has  also  been  proved  for  mean  1-valent  func¬ 
tions;  namely  that 

A,  I  a.  II  s  1/(1  -b  I  »  D*  ^  |/(f)  I  £  A,  I  a,  II  *  |/(1  -  |  »  |)*, 

where  Ai  is  somewhat  less.  At  someVhat  greater,  than  unity.  For  the  upper 
bound  see  D.  C.  Spencer,  “On  finitely  mean  valent  functions  II,’’  Trans.  Amer. 
Math.  Soc.,  48(1940),  418-435. 
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I  a<  I  <  2  I  ai  I 


(with  equality  only  for  /  =  ,  1 7  I  *=  1  )  is  true  for  the  family 

(1  -f  7«)»  / 

of  mean  1-valent  functions,  and  the  question  arises  whether  (1.1)  is 
not  also  true  for  this  larger  family.  Although  I  am  not  able  to  answer 
this  question  at  present,  I  should  like  to  make  a  few  remarks  con¬ 
cerning  it. 

First,  mean  1-valency  implies  that  n(0)  »  1,  and  that  there  exists  a  0 
for  which  n{de^)  =  0.  Therefore,  by  Theorem  1 ,  we  have  that 


(3.1) 


where,  in  fact,  A  =  13.  The  problem,  then,  is  to  determine  the  best 
constant  possible.  The  value  13  for  A  is  much  too  large,  and  it  is  easy 
to  show  that  (3.1)  is  true  with  an  A  of  approximately  half  this  size. 
Much  more  detailed  computations  have  been  made,  however,  which 
indicate  (though  they  do  not  prove)  that  (3.1)  is  still  true  with  an  A 
only  slightly  greater  than  4.  I.Ack  of  space  prevents  me  from  giv¬ 
ing  a  detailed  description  of  this  work  here;  but  the  method  involves 

comparison  of  W  (the  map  of  |  z  ]  <  1  by  /)  with  the  slit  plane  ^the 


map  of  1 2  I  <  1  by  A  = 


OiZ 


.)■ 


and  differs  from  classical  methods  in 


(1  -b  z)* 

that  only  a  portion  of  IT  is  used. 

Detailed  proofs  of  all  results  stated  above  will  appear  shortly. 
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TABLES  OF  COMPLETE  ELLIPTIC  INTEGRALS 

Bt  Cabl  Hbuman 
1.  Introduction 

The  present  paper  contains  a  set  of  tables  of  complete  elliptic  integrals 
computed  and  collected  especially  for  applications  to  certain  dynamical 
problems. 

The  tabulated  functions  are  four  in  number  and  are  denoted  by 
Fo(a),  On(a),  Eo{a),  and  A«(a,  respectively.  The  definitions  of  these 
functions  and  their  connections  with  the  functions  of  Legendre  will  be 
discussed  in  the  following.  Before  doing  this  we  make  here  some 
preliminary  remarks. 

The  values  of  the  functions  in  the  tables  lie  all  in  the  interval  0  to  5 
and  are  always  given  with  six  decimals.  The  integral  part  and  the 
first  decimal  will  in  general  be  common  for  all  colimms  in  several  rows. 

In  the  order  to  save  space,  we  have  then  separated  these  figures  and 
have  entered  them  only  in  the  first  colunm  of  the  first  row.  When  the 
first  decimal  has  to  be  changed  inside  a  row,  this  is  marked  either  by  a 
dot  or  by  a  dash  over  the  first  figure  in  the  remaining  columns.  In 
the  former  case  we  have  to  increase,  in  the  latter  to  diminish  the  first 
decimal  by  one  unit.  Thus,  for  example,  we  find  for 

a  =  87.2®,  Fo(a)  =  2.7  05796,  which  means  2.8  05796, 

a  “  0.4®,  Eo{a)  =  1.0  99988,  which  means  0.9  99988. 

The  same  marks  are  used  in  similar  sense  in  the  tables  of  differences. 

Thus  on  page  150  we  find  the  difference  of  F«(a)  for  a  =  64.2®  listed  as 
20  00,  which  means  21  00,  and  on  page^OW  the  difference  of  £o(a)  ^ 

for  a  =  75.4®  listed  as  5  97,  which  means  4  97,  etc. 

The  values  of  the  tables  have  been  computed  with  the  use  of  two 
tables  in  Legendre’s  TraiU  des  fonctions  elliptiques  (3  vol.,  Paris 
1825-28),  vis..  Table  I  (vol.  2,  pages  222-243)  and  Table  IX  (ibid., 
pages  292-363).  The  computation  led  to  the  discovery  of  some  mis¬ 
prints  in  these  tables;  a  list  of  these  is  given  in  the  following  on  pages 
143-144. 

We  now  pass  on  to  an  account  of  the  individual  fimctions. 
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2.  The  functions  Fo(a)  and  Eo(a) 

The  elliptic  normal  integrals  of  the  first  and  the  second  kind,  intro¬ 
duced  by  Legendre,  are  functions  of  two  variables,  the  modular  angle  a, 
located  in  the  interval  (0,  ir/2),  and  the  amplitude  ip.  The  former  de¬ 
termines  the  modulus  ik  =  sin  a.  If  we  put 

=  [1  —  A*  sin*  ^]*, 

these  integrals  are 

F{a,  <p)  ^  ^ <p) 

When  ip  «  r/2,  the  integrals  are  called  complete  and  may  be  denoted 
by  F{a)  and  E{a),  respectively. 

The  functions  fo(a)  and  Eo(a),  tabulated  on  pages  146-151  and  154- 
159,  are  connected  with  these  by  the  relations 

Foia)  =  -F(a),  Eoia)  =  ?  ^(a). 

T  T 

By  this  modification  a  certain  simplification  is  attained  in  the  uses  here 
intended. 

The  derivatives  of  these  functions  are 


dFo 

da 


(&  -  t'-F.), 


dEo 

d^ 


(F,  -  F,). 


Here  k'  denotes  the  “complementary”  modulus 
k'  =  cos  a  =■  [1  —  k*]*. 


further  Fq  =  Fo(a)  and  Eo  =  Eo(a). 
We  have  also 


from  which  it  is  apparedf*that  the  former  derivative  is  ^  0,  the  latter 
^  0.  F»(a)  is  consequently  an  increasing,  Et{a)  a  decreasing  function. 
When  a  increases  from  0  to  r/2,  Foia)  increases  from  1  to  w,  while 
Eoia)  decreases  from  1  to  2/t  0.636620.  At  first,  the  fimctions  vary 

very  slowly,  as  is  seen  from  the  series  expansions,  derived  by  Legendre, 


Foia) 

Eoia) 


t 


0 
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The  tables  give  the  values  of  these  functions  to  six  decimals  for  every 
tenth  of  a  degree  of  o,  from  0.0®  to  89.9®.  They  have  been  computed 
from  Legendre’s  Table  I,  which  for  the  same  arguments  gives  "log  F(a) 
and  ‘"log  E(a)  to  12  or  14  decimals.  After  the  addition  of  '"log  (2/t)  to 
the  logarithms,  the  corresponding  numbers  have  been  determined  to 
10  places  from  Vega’s  Thesaurus  Logarithmorum.  The  results  have 
been  checked  by  the  forming  of  differences  and  then  abbreviated  to  six 
decimals. 

3.  Interpolation  in  tiie  tables  for  Fo(a)  and  Eo(a) 

If  the  argument  a  is  not  an  integral  multiple  of  0.1®,  the  value  of  the 
function  Ft(a)  or  Eo^a)  can  conveniently  be  determined  by  interpola¬ 
tion  in  the  proper  table,  except  in  a  certain  portion  of  the  table  for  Fa(a). 
The  interpolation  in  this  table  becomes  in  fact  difficult  if  a  >  65®,  and 
quite  impracticable  for  a  near  to  90®.  The  required  value  can  then  be 
found  by  the  use  of  a  certain  auxiliary  function  Go(a)  which  will  be 
discussed  in  section  4. 

In  order  to  simplify  interpolation,  the  tables  also  contain  the  first 
differences  of  the  fimctional  values,  for  Fa(a)  within  the  range  a  = 
0®  to  66®,  for  Eo(a)  in  the  whole  range  0®  to  90®.  For  Fo(a)  these 
differences  are  positive  and  increase  with  a,  from  zero  to  very  great 
values.  For  Eo(,a),  on  the  other  hand,  they  are  negative ;  their  numerical 
value  increases  from  zero  to  a  certain  maximum,  and  then  diminishes 
again  to  zero.  The  argument  corresponding  to  this  maximum  coincides 
practically  with  the  value  a*  ,  for  which  the  derivative 

=  1  -  0  + 

becomes  =  0.  Approximately  a*  *=  58.6®. 

From  the  differences  thus  tabulated  we  easily  obtain  the  second 
differences  5i ,  which  we  suppose  expressed  in  units  of  the  last  decimal. 
The  influence  of  this  difference  is  not  noticeable  as  long  as  the  numerical 
value  I  I  is  ^  4.  This  is  the  case  in  the  interval  (0®,  46®)  for  Fa(a) 
and  (0®,  85®)  for  Eoia).  Thus  in  these  intervals  linear  interpolation 
may  be  used  and  gives  as  great  accuracy  as  the  tables  allow.  In  the 
ensuing  intervals,  (46®,  66®)  for  Fo(o)  and  (86®,  90®)  for  Eo(a),  6t  is  posi¬ 
tive  and  may  sometimes  be  greater  than  4  but  is  always  lees  than  12. 
As  a  consequence  we  find  that  the  value  obtained  by  linear  interpo¬ 
lation  will  then  occasionally  be  a  little  too  large.  If  a  =  (a  +  p)  -0.1®, 
where  a  is  an  integer  and  0  <  p  <  1,  we  have  to  diminish  the  last 
decimal  of  the  obtained  value  by  0.5  p(l  —  p)6t  units.  Since  6t  <  12, 
this  correction  can  not  exceed  If  units. 
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4.  The  function  G^(a) 

As  already  mentioned,  G»(a)  is  an  auxiliary  function  introduced  in 
order  to  facilitate  the  determination  of  the  function  F$(a)  for  arguments 
a  in  the  interval  (65^  90**),  which  are  not  integral  multiples  of  0.1*. 
The  function  in  question  is  defined  by  the  relation 

F,(a)  »  G.(a)  -  o. ‘“log  (90  -  a*), 

where 

o  -  ?.*log  10  1.466871. 


When  a  grows  from  65“  to  90®,  0»(a)  decreases  from 


2  .log  —  ~  3.459724. 


3.619019  to 


The  table  on  pages  152  and  153  gives  the  value  of  Go(a)  for  every 
tenth  of  a  degree  of  a  from  65.0®  to  89.9®,  as  well  as  the  corresponding 
differences.  For  an  intermediate  value  of  a  the  corresponding  value 
of  Oo(a)  can  easily  be  determined,  since  linear  interpolation  can  be  used 
within  the  whole  range.  We  have  then  to  take  ‘“log  (90  —  a®)  from 
an  ordinary  six  or  seven  place  table  of  logarithms,  multiply  this  log¬ 
arithm  by  the  constant  a  and  subtract  the  result  from  Oo(a),  and  the 
required  value  of  Fo(a)  is  obtained.  If  a  calculating  machine  is  avail¬ 
able  for  these  operations,  the  procedure  is  very  simple.  A  couple  of 
examples  illustrating  the  computation  of  Ft(a)  by  this  method  are 
inserted  at  the  top  of  pages  152  and  153. 

The  basis  for  the  introduction  of  this  auxiliary  function  lies  in  the 
following  relation,  due  to  Legendre,  vis., 

F(a)-F.(a').‘log|-W, 


where  a'  =  t/2  —  a,  k'  »  sin  a'  =  cos  a,  and 


We  obtain  from  this 


+  (^)  0  +  3?4  0)*"+ 

Go(a)  —  F$(a)  +  ?  ‘log  arc  sin 

-  ?{*log  ^  -  P(k')  +  ‘log  -  lFo(a')  -  lI.‘log 


*1 
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When  k'  tends  to  lero,  the  last  term  within  the  brackets  tends  to  sero, 
since 

The  two  preceding  terms  also  tend  to  zero,  and  we  see  then  that  Go(a) 
2  720 

tends  to  -  log  — ,  when  a  tends  to  90®. 

T  T 


The  values  of  On(a)  in  the  tables  have  been  computed  from  the  cor¬ 
responding  values  of  Ft(a),  originally  with  10  decimals.  The  loga¬ 
rithms  of  (90  —  a*)  have  been  taken  from  Vega's  Thesaiuiis. 

5.  Integrals  of  the  third  kind 
Legendre’s  normal  integral  of  the  third  kind  is 

n(a,  p,  ^)  =  jf  z -  ^ 

1  —  P  Sin*  ^  Ark 

It  depends  thus  upon  a  third  variable,  the  parameter  p,  in  addition  to 
the  modular  angle  a  and  the  amplitude 
The  integrals  of  this  kind  fall  into  two  classes,  according  as  the 
function 

t(p)  =  p(p  -  k*)(,p  -  1) 

is  negative  or  positive.  If  t(p)  =  0,  i.e.,  if  p  =  0,  k*  or  1,  then  the 
integral  n(a,  p,  rp)  can  be  expressed  by  integrals  of  the  first  and  the 
second  kind,  together  with  elementary  functions. 

These  two  classes  may  be  called  the  circular  and  the  hyperbolic.  For 
the  former  t(p)  is  <  0,  so  that  either  A*  <  p  <  1  or  p  <  0.  For  the 
latter  t(p)  is  >  0,  so  that  either  0<p<A:*orp>l. 

It  is  however  a  very  remarkable  fact  that  the  elliptic  integrals  which 
occur  in  dynamical  problems  almost  always  belong  to  only  one  of  these 
classes,  viz.,  to  the  circular  one.  For  this  reason  we  shall  here  deal 
only  with  the  circular  case. 

We  have,  therefore,  to  consider  integrals  whose  parameter  p  is  either 
negative  or  lies  in  the  interval  to  1.  The  former  case  can,  however, 
be  reduced  to  the  latter.  For  if  pi  <  0,  we  put 


Pi-k* 

Pi  —  1 


P, 


and  then  k*  <  p  <  1.  Now,  if  Qi  ,  q,  p  are  the  positive  square  roots  of 
Q?  =  (1  -  pi)  “  P)  “  ~PPi» 


I 

fi 

r 


IT  ,  I 

f  s 
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we  can  easily  verify  the  following  relation: 

Qin(a,  Pi,  =  on  (a,  p,<p)  +  -  F{a,  v>)  +  arctan  . 

The  integral  n(a,  pi ,  ip)  with  negative  parameter  can  in  this  way  be 
expressed  by  means  of  the  integral  11 (o,  p,  ip),  where  A*  <  p  <  1.  By 
virtue  of  this  we  can  confine  ourselves  to  considering  integrals  whose 
parameters  lie  in  the  interval  A;*  to  1. 

In  the  pendulum  and  g}rroecope  theory  there  occur  often  such  inte¬ 
grals  n(a,  p,  ip)  of  the  circular  class  and  then  usually  in  combination 
with  the  same  factor  q  as  in  the  formula  above.  For  this  reason  we 
gain  a  considerable  simplification  by  introducing  the  product  Qn(a,  p,  ip) 
as  the  normal  integral  instead  of  n(a,  p,  ip)  itself. 

Let  n(a,  p,  ip)  be  an  integral  whose  parameter  p  satisfies  the  condi¬ 
tion  A;*  ^  p  ^  1.  Then  there  exists  a  unique  angle  in  the  interval 
0  to  t/2  for  which 


sin*  /3  = 


cos*  /8  = 


**(1  -  p) 
*'*P.  ' 


With  the  notation 

A'/3  =  11  -  k''  sin*  /3]‘, 


we  obtain 


k''  sin  /3  cos 


and 


1  p  sin*  ^ 


k’'  cos*  /3  -f  fc*  cos*  ik 

(AW 


Hence  Qll(a,  p,  ip)  =  A(a,  0,  ip),  where 


f*  k'*  sin  /3  cos  A^/3  ^ 
Jt  k'*  COB*  0  +  k^  cos* ^  A^* 


(1) 


This  integral  A(a,  0,  ip)  can  with  advantage  be  used  as  the  normal 
integral  in  many  dynamical  problems.  It  is  a  function  of  three  vari¬ 
ables,  the  modular  angle  a,  the  parametric  angle  0,  and  the  amplitude  tp. 
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6.  The  function  A«(a,  0) 

The  correeponding  complete  integral,  which  we  get  for  <p  *  t/2, 
may  be  denoted  by  A(a,  0).  The  function  tabulated  on  pages  160-197 
is  connected  with  A(o,  0)  by  the  equation 

Ao(o,  0)  =*  -  A(a,  0). 

it 

This  is  then  the  same  modification  that  we  have  used  with  integrals  of 
the  first  and  second  kinds,  and  the  motive  is  the  same  as  in  that  case. 

Legendre  has  proved  that  every  complete  integral  of  the  third  kind 
is  expressible  in  terms  of  integrals  of  the  first  and  the  second  kind, 
possibly  together  with  elementary  functions.  This  must  then  be  true 
also  for  Ao(a,  0).  Indeed,  the  expression  for  it  has  quite  a  simple  form: 

A,(o,  0)  =  Fo(a)E(a',  0)  -  {Fo(a)  -  Fo(a)hF(a',  0),  (2) 


where,  as  above,  o'  =  t/2  —  a. 

By  this  formula  Ao(a,  0)  is  directly  determined  as  a  function  of  the 
two  independent  variables,  a  and  0,  within  the  region  0  ^  o  ^  t/2, 
0^/3^  t/2.  For  a  =  t/2,  however,  a  limiting  passage  is  necessary, 
and  we  find  that  the  function  then  is  =  (2/t)-0.  For  0  =  t/2  the 
function  becomes  =  1,  according  to  the  relation 

Foia)E(a')  +  Eo(a)F(a')  -  F,(o)F(a')  =  1,  (3) 

which  was  derived  by  Legendre.  For  the  extreme  values,  0  and  t/2, 
of  the  variables,  we  have  consequently 

Afl(0,  0)  =«  sin  (9,  =  ^0, 

Ao(o,  0)  =  0,  Ao^o,  ^  =  1. 


The  partial  derivatives  of  the  function  Ao(a,  0)  are 


dAo  sin  /3  cos  jS 

dZ  =  “jfc - 


dAo 


^  -  {Eo  -  k'*  sin*  0  Fo), 
A  P 


where  Fo  =  Fo(a),  Eo  =  Eo(a).  The  former  derivative  is  zero  at  the 
borders  but  negative  in  the  interior  of  the  region  in  question;  the  latter 
is  zero  for  (a  =  0,  P  *  t/2)  but  is  j)ositive  elsewhere.  If  P  is  constant, 
0  <  P  <  t/2,  while  a  increases  from  0  to  t/2,  the  function  A*(a,  0) 
consequently  decreases  from  sin  0  to  (2/t)-P.  If  a  is  constant,  0  ^ 


134 


CARL  HEUMAN 


a  ^  ir/2,  while  /3  increases  from  0  to  w/2,  the  function  increases  from 
0  to  1.  For  the  whole  region  we  have  then  0  ^  A«(a,  /9)  ^  1. 

The  tables  on  pages  160-195  give  the  values  of  the  fimction  A«(a,  0) 
to  6  decimals  for  every  integral  degree  of  a  and  0,  from  0“  to  90®.  The 
values  have  been  computed  from  the  formula  (2)  with  aid  of  Table  IX 
in  Legendre’s  TraiU.  This  table  gives  F(a,  tp)  and  ^(o,  to  9  or  10 
decimals  for  integral  degrees  of  a  and  <p,  and  has  thus  furnished  the 
values  of  F{a',  0)  and  E{oi\  0)  occurring  in  (2).  The  results,  as  a  rule 
computed  to  9  decimals,  have  been  checked  by  the  formation  of  dif¬ 
ferences  and  then  abbreviated  to  6  places. 

The  supplementary  table  on  pages  196-197  will  be  mentioned  below 

(§10). 

7.  Expression  for  Ao(a,  0)  by  means  of  a  series 
In  the  integrals 

FW, «  -  jf  ««'. «  -  jf  AV#. 

where 

AV  »  [1  -  sin*  ^]*, 

we  can  expand  1/AV  and  AV  in  powers  of  k’  sin  ^  and  then  integrate 
term  by  term.  If  we  insert  the  results  in  the  formula  (2),  we  get  an 
expression  of  the  form 

Ao(a,  0)  *  Oo&o  ~  Oih*  ~  <*454  —  <*#54  “  •  •  •  >  (4) 

where  Oo ,  Oi ,  <*4 ,  •  •  ■  are  functions  only  of  a,  and  bo,  hi,bt,  •••  only 
of  0.  The  former  functions  are 

ao^Eo,  <*,  »  i(2F*  -  Eo)k'\  <*4  =  ^  (4F,  -  3Eo)k'*, 

a.  =  ^||^(6n-5Eo)k'*,  ••• 
where,  as  before,  Fo  .=  Fo{a)  and  Eo  =  Eo{a).  Further, 


Hence 

bo  0,  6i  —  §03  —  sin  /3  cos  /3), 

bn  “  ^ ^  6*-*  —  -  sin"”*  0coa0. 
n  n 
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The  formula  (4)  is  suitable  for  direct  computation  of  At(a,  0),  if  the 
modular  angle  a  is  2;  80**.  Indeed,  in  this  case  in  order  to  obtain  6 
correct  decimals,  we  need  take  account  of  only  a  few  terms,  e.g.  for 
a  »  80**,  2,  3  or  4  terms,  according  as  0  lies  in  the  interval  (0**,  18**), 
(18®,  60*)  or  (60®,  90®).  These  intervals  are  to  be  found  in  the  following 
table,  in  which  we  also  find  the  corresponding  intervals  for  a  81® 
to  89®;  n  is  the  requisite  number  of  terms. 


a 

n  * 

2 

i 

a 

■B 

2 

El 

^  -  0® 

18® 

50® 

90® 

86® 

31® 

90® 

81 

0 

20 

56 

90 

86 

37 

90 

82 

0 

22 

63 

90 

87 

47 

90 

83 

0 

24 

74 

90 

88 

69 

90 

84 

0 

27 

90 

89 

90 

8.  Extension  of  the  range  for  0 

In  some  applications  it  is  fmmd  convenient  not  to  limit  the  parametric 
angle  0  to  the  interval  (0,  r/2)  but  to  let  the  formula  (2)  define  the 
function  A«(a,  0)  for  all  real  values  of  0. 

From  the  relations 

FW,  ^0)  -  -F(a';0),  FW,  T  =fc  /9)  -  2FW)  =k  F(a',  0). 

E{a\  -0)  =  -EW,  0),  E(a',  T  ±  /5)  -  2E{a')  ±  P), 

follows  then,  according  to  (3), 

A«(a,  —0)  =■  —At(a,  0),  A«(a,  x  ±  /9)  *  2  ±  A«(a,  0). 

More  generally,  for  every  integer  n,  we  have 

A*(a,  nx  ±  /5)  *  2n  ±  A«(a,  0) 

and  A«  ^a,  y  ^  »  n. 

9.  An  addition^ormulA 

Let  01  and  0i  be  two  angles  in  the  interval  (0,  x/2).  If  we  compute 
from  them  the  angles  yi  and  71  in  the  same  interval  by  the  formulas 

tan  Yi  tan  0i  ,  tan  71  »  tan  0%  A'0i , 

and  put  7i  +  7t  **  >  then  the  following  relation  holds: 

cos  /3|  B  cos  j9i  cos  /3i  —  sin  /3i  sin  /3i  A'0t , 
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and  we  have' 

F{a\  /5,)  +  FW,  A)  =  F(a','|8,),  E{a\  /5,)  +  EW,  A)  «  EW,  &»)  +  r, 
where 

r  =  A'*  sin  /3i  sin  A  sin  . 

Consequently  we  obtain  from  (2) 

A«(a,  jSi)  +  Ao(a,  /S|)  *  Ao(a,  A)  +  r^o(a). 

We  notice  especially  the  case  when  ^  =  it  12.  We  get  then  the  fol¬ 
lowing  result:  If  two  angles  0i,  in  the  interval  (0,  x/2)  are  con¬ 
nected  by  the  relation 

tan  /3i  tan  0t  =  k~^,  (6) 

then 

Ao(a,  0i)  -f  Ao(a,  /3i)  =  1  -|-  k'*  sin  /3i  sin  ft  Foia).  (6) 

If  here  ft  =  ft  and  the  common  value  is  denoted  by  ft ,  then  for  this 
angle  tan  ft  =  k~*,  and  we  get 

2A«(a,  ft)  =  1  -f-  (1  —  k)Ftia). 

If  the  angles  ft  and  ft  in  (5)  are  not  equal,  one  of  them  must  be 
>  ft  t  the  other  <  ft .  By  means  of  the  formulas  (5)  and  (6)  it  is 
then  possible  to  pass  from  a  greater  parametric  angle  ft  to  a  smaller 
one  ft ,  supposing  that  >  ft . 

10.  Interpolation  in  the  table  for  Agfa,  0) 

Let  a  and  0  be  two  given  angles  within  the  interval  (0°,  90°),  of  which 
at  least  one  is  not  an  integral  multiple  of  1°.  The  corresponding  value 
of  A«(a,  jS)  can  then  not  be  read  directly  in  the  table  but  must  be  de¬ 
termined  through  ii^t^polation  or  in  some  other  way.  We  shall  show 
here,  how  one  can  proceed  in  order  to  obtain  this  value  to  6  decimals, 
provided,  however,  that  a  small  error,  not  exceeding  two  units  of  the 
sixth  decimal,  may  be  permitted. 

If  the  given  angles  are  expressed  in  degrees,  three  different  cases 
may  occur,  vis., 

a)  o  =  (a  -b  p)**,  /3  «  B°,  b)  o  =  a“,  /S  =»  (b  -f  p)*, 

c)  a  =  (a  -f  p)**,  |3  =  (b  -1-  p')“. 

Here  a  and  b  are  integers,  while  0  <  p  <  1  and  0  <  p'  <  1. 
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We  shall,  to  begin  with,  consider  the  two  first  cases.  We  have  then 
to  interpolate,  in  case  a)  in  a  certain  row,  in  case  b)  in  a  certain  column 
in  the  table.  In  order  to  obtain  the  desired  accuracy  we  must  then,  as 
a  rule,  use  quadratic  interpolation,  but  there  are  regions  where  linear 
interpolation  is  quite  sufiScient.  On  the  other  hand,  there  are  also 
regions  where  quadratic  interpolation  is  not  sufficient,  so  that  we  have 
to  resort  to  cubic  interpolation  or  some  other  method. 

How  these  different  regions  are  distributed,  is  seen  from  the  figures 
below.  In  these  L  denotes  the  regions  for  linear  interpolation  and  Q 
those  for  quadratic  interpolation,  while  T,  A,  B  are  particular  regions 
for  which  special  rules  will  be  given  below.  Fig.  1  refers  to  case  a),  i.e 


interpolation  in  a  horizontal  row,  fig.  2  to  case  b),  interpolation  in  a 
vertical  coliunn.  This  is  indicated  by  the  directions  of  the  arrows 
inserted. 

In  each  interpolation  the  value  sought  is  determined  by  several 
tabulated  values.  We  can,  for  instance,  proceed  in  the  following  way. 

We  express  the  values  in  units  of  the  sixth  decimal,  putting  in  case  a) 

/  »  10‘A*(a  +  P,  B),  A  -  10'A,(a  +  n,  b), 
and  in  case  b) 

/  -  10'A,(a,  b  +  p),  A  -  10‘a*(a,  b  +  n), 

where  n  is  an  integer.  The  values  A  i  corresponding  to  different  n’s, 
can  then  be  taken  from  the  table,  provided  that  a  +  n,  respectively 
B  +  n,  is  ^  0  and  ^  90.  In  linear  interpolation  we  use  only  two. 
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n*i  - 


> 


in  quadratic  three  and  in  cubic  four  successive  values  /• ,  which  can 
be  selected  in  different  ways.  . 

If  we  put  1  —  p  »  V  and  n  +  p  —  p, ,  n  +  <r  *  v, ,  we  have  by 
linear  interpolation 

/  *  v/o  +  p/i  =  /o  +  p(/i  —  fo), 

by  quadratic 


/  =  +  pifffo  +  ippi/i » 


m 


or 


/  =  ivffi/o  +  pcifi  -  \paft ,  iOt) 

and  by  cubic,  for  instance, 

/  “  ippi<^/-t  —  ippio/-i  +  ipipip/o  +  ippipi/i .  (Cl) 

In  all  these  expressions  for  /  the  sum  of  the  coefficients  is  =  1.  The 
formulas,  therefore,  hold  good  even  if,  instead  of  /  and  fn ,  we  insert 
respectively  /  ■»  /  —  n  and  /»  =  /i,  —  n,  where  n  is  an  arbitrary  number. 

Ex.  1.  o  =  41.4®,  =  70®.  This  instance  belongs  to  the  case  a), 

which  is  represented  by  fig.  1.  The  corresponding  point  lies  in  this 
figure  within  the  region  L,  so  that  linear  interpolation  is  applicable. 
From  page  1$7  we  get  fo  *=  867863,  fi  =  865449,  hence  by  linear  in¬ 
terpolation  Ao(a,  $)  =  0.866897. 

Ex.  2.  a  =  41®,  P  =  70.6®.  Here  we  meet  with  the  case  b)  and  have 
to  use  fig.  2,  where  the  corresponding  point  lies  into  the  region  Q. 
Thus  quadratic  inter|x>lation  should  be  used.  From  the  colunm  a  « 
41*  on  page  T83  it  is  seen,  that  it  is  convenient  to  choose  n  =  860000. 
We  get  then/_i  =  232, /o  =  7863, /i  =  15362,  and  from  this,  according 
to  (Qi)  for  p  «  0.6, 

/  -  -0.12/_i  =}■  0.64/o  +  0.48/i  »  12378.2. 

If  we  had  used  the  formula  (Qi)  instead,  with  ft  =  22732,  we  would 
have  obtained 

/  =  0.28/o  +  0.84/i  -  0.1^,  -  12377.9. 

Both  the  formulas  thus  agree  in  giving  Ao(a,  $)  »  0.872378. 

If  a  <  6®  and  /S  ^  80®,  the  representing  point  in  fig.  1  falls  into 
the  rectangle  denoted  by  T.  In  this  domain  interpolation  in  a  row 
on  page  164  is  not  convenient,  because  regions  for  linear,  quadratic 
and  cubic  interpolation  here  run  together.  In  order  to  simplify  the 
practical  use  the  accurate  interpolations  have  been  executed  in  the 


TABLES  OF  COMPLETE  ELLIPTIC  INTEGRALS 


139 


row8  /3  *»  80",  81®,  •  •  •  ,-  89®  for  every  tenth  of  a  degree. of  d  in  the 
interval  (0®,  6®)  and  the  results  have  been  tabulated  on  pages  196-197. 
Thus  for  a  *  5.4®,  /3  =  81®  we  get  directly  from  page  197  Ao(a,  0)  — 
0.985663.  If  the  given  argument  a  has  two  or  more  decimals,  linear 
interpolation  gives  the  value  sought.  Thus  for  a  —  5.438®,  P  =  81®  we 
have  to  diminish  the  value  above  by  0.38-70  ~  27  units  of  the  sixth 
decimal,  so  that  Ao(a,  0)  =  0.985636. 

In  fig.  1  there  is  also  another  r^on,  requiring  special  care,  which  is 
denoted  by  A.  Here  a  is  >  83®,  and  Ao(a,  0)  can  then  easily  be  com¬ 
puted  by  the  method  exhibited  in  §7.  In  particular,  this  method 
should  always  be  used  if  a  >  89®.  In  the  remainder  of  the  region 
cubic  interpolation  with  the  formula  (Ci)  gives  the  desired  accuracy. 

Ex.  3.  a  =  88.4",  0  —  55®.  We  see  from  the  row  0  =  55®  on  page 
\’93  137  that  it  is  convenient  to  choose  n  =  611000.  We  get  then  /_*  = 
2700,  /_i  *  1685,  /o  =  884,  /i  =  336,  and  from  this,  according  to  (Ci) 
for  p  =  0.4, 

/  »  0.056/_»  -  0.288/_i  +  I.OO8/0  +  0.224/1  =  632.3. 

Hence  Ao(a,  0)  0.611632.  The  same  value  is  obtained  by  the  method 

in  §7. 

In  fig.  2  there  is  only  one  special  region.  In  this  region,  denoted  by 
B,  a  has  relatively  small  values  (1®  <  o  <  26")  and  0  relatively  great 
09  >  80").  Cubic  interpolation  with  the  formula  (Ci)  gives  here  the 
desired  accuracy.  It  is  possible  to  check  the  results  by  passing  over 
to  a  smaller  angle  0,  according  to  the  formulas  in  §9.  For  if  the  given 
angle  is  denoted  by  0i ,  the  formula  (5)  determines  a  smaller  angle  0% 
and  the  point  corresponding  to  (a,  0^  lies  within  Q.  We  are  then 
able  to  determine  more  easily  Ao(a,  0i),  after  which  (6)  gives  Ao(a,  0{). 

We  have  further  to  consider  the  case  c),  where  neither  a  nor  /3  is  an 
integral  multiple  of  1®.  It  may  suffice  to  treat  an  example. 

Ex.  4.  o  =  41.4®,  0  =  70.6®.  The  corresponding  point  lies  in  fig.  1 
within  L,  in  fig.  2  within  Q.  We  begin  then  by  computing  Ao(a,  0) 
for  a  =  41.4®,  0  *  69®,  70®  and  71®.  This  is  done  by  linear  interpola¬ 
tion  in  the  three  corresponding  rows  on  page  18T:  We  find 

\17 

a  0  Ao(a,  0) 


41.4® 

69® 

0.8  59233 

II 

70® 

66897 

II 

71® 

74431 

From  these  three  values  we  get  then  by  quadratic  interpolation  the  value 
sought,  which  corresponds  to  /3  ■«  70.6*.  With  n  =*  859000  we  have 
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f-i  >■  233,  /•  »  7897,  /i  «  15431,  and  from  this,  according  to  (Qi)  for 
p  =  0.6,  we  get 

/  *  -0.1^_i  +  0.64j»  +  0.48/i  -  12433.0. 

Hence  A«(a,  0)  =  0.871433. 

In  this  way  we  can,  as  a  rule,  work  out  such  a  problem  by  several 
(3  to  5)  interpolations,  but  the  calculation  may  become  rather  laborious 
especially  if  the  point,  corresponding  to  (a,  0),  falls  within  .4  in  fig.  1 
or  within  B  in  fig.  2.  In  the  former  case,  and  generally  if  a  >  80°, 
direct  computation,  by  means  of  the  formula  (4)  in  §7,  is  as  a  rule 
more  convenient. 

It  remains  to  mention,  how  the  limit  curves  in  the  figures  have  been 
constructed.  This  has  been  done  by  use  of  Newton’s  interpolation 
formula 

/  =  /o  +  ptfi  —  ip(l  —  p)6t  +  ip(l  p)(2  —  p)j|  —  •  •  •  , 
which  can  be  applied  both  in  case  a)  and  in  case  b).  In  this  /,/o  and  p 
have  their  former  significance,  while  ii,  it,  it,  are  the  successive 
differences,  expressed  like/ and /o  in  units  of  the  sixth  decimal. 

In  the  delimitation  of  the  different  regions  in  the  figures  the  principle 
has  now  been,  that  within  L,\it  \  should  be  ^  6,  within  Q,  |  |  >  6 

but  I  ja  I  ^  12,  and  within  A  and  B,  |  |  >  12.  If  we  denote  by  d. 

the  numerical  value  of  that  term  in  the  formula  which  contains  the 
difference  in ,  we  should  then  have  within  L  that  ds  ^  |  h-  8  |  ^  0.75 
and  within  Q  that  di  ^  |  ^  -}-  9  y/Z  |  <  0.77  imits  of  the  sixth  decimal. 
These  values  are,  however,  not  exactly  valid,  because  the  limits  thus 
determined  have  become  smoothed  out  to  continuous  curves,  but  the 
deviations  caused  by  this  are  small  and  of  no  importance. 

By  means  of  a  supplementary  investigation  of  the  influence  of  the 
other  terms  we  find  then,  that  the  desired  accuracy  is  attained  by  linear 
interpolation  within  L  and  by  quadratic  within  Q.  For  the  regions 
T,  A  and  B  special  investigations  have  been  carried  out,  which  led  to  the 
rules  stated  above. 

In  case  a)  the  second  difference  it  is  approximately  proportional  to  the 
derivative  d^Aa/da*  and  approaches  sero  simultaneously  with  it.  The 
points  (a,  0)  where  this  derivative  is  sero,  must  then  belong  to  the 
region  L  (or  7^  in  fig.  1.  From  the  expression 

d*A*  _  sin /3  cos /3  , 
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where  .  -  -v  •  j  •  i 

^(a,  «  -  -  k^'F.)  sin*  ^  -  {(1+  OJS?,  -  F,}, 

it  follows  that  the  locus  for  such  points  consists  of  the  border  lines 
jS  =  0“  and  /3  =  90“  and  further  of  a  certain  curve  with  the  equation 
^(a,  P)  B  0.  This  is  the  dotted  curve  in  fig.  1,  which  runs  from  the 
lower  left  comer  (o  *  0®,  /S  =  90*)  to  the  point  (o  =  a*  ~  58.5®,  /3  =  0®), 
a,  being  the  angle  mentioned  in  §3  (page  129).  We  see  that  the  region 
L  contains  this  curve  and  connects  the  two  horizontal  border  lines  on 
which  4j  ■*  0. 

The  region  L  in  fig.  2  is  in  a  similar  manner  connected  with  the  locus  of 
the  points  where  the  derivative  d*A«/d/3*  is  ==  0.  This  locus  consists  of 
tlie  three  border  lines  j9  =  0®,  j9  =  90®  and  a  =  90®,  and  we  see  that  the 
region  connects  these  lines. 

In  the  preceding  we  have  indicated  the  operations  which  are  con¬ 
venient  for  determining  in  different  cases  Ao(a,  /3)  to  6  decimals  with  the 
error  limit  ±0.000002.  If  only  four  decimals  are  required,  the  pro¬ 
cedure  is  considerably  simplified,  inasmuch  as  linear  interpolation  is 
applicable  both  in  rows  and  in  colimms  within  the  entire  domain.  The 
error  which  then  occurs  is,  as  a  rule,  <0.000050,  only  exceptionally 
slightly  greater,  and  at  the*  utmost  »  0.000052.  This  maximum  occurs 
in  case  a)  for  a  «  89.5®,  if  /3  lies  in  the  interval  (42®,  48®). 


11.  Remarks  on  the  function  A(a,  $,  <p) 

The  incomplete  integral  A(a,  /3,  ^)  defined  by  the  formula  (1)  in  §5 
is  a  function  of  the  three  arguments  a,  /3  and  We  suppose  that  these 
arguments  have  given  values,  which  are  >0  and  <ir/2,  and  that  one 
wishes  to  compute  the  corresponding  value  of  A(a,  /3,  <p).  This  can  be 
done  most  simply  by  means  of  thetaseriet. 

For  this  purpose  we  first  determine  F(a,  ^),  F(a',  $),  Fo(a),  Fo(a') 
and  At(a,  0),  where,  as  before,  o'  =  t/2  —  o.  The  first  two  can  be 
obtained  from  Legendre’s  Table  IX,  the  others  from  the  present  tables. 

From  these  we  then  compute,  firstly  the  Jacobi  number  q,  secondly 
the  two  arguments  x  and  y,  according  to  the  formulas 


*  logg 


F,(o') 

A(«)"’ 


_ Pia,  *p) 

Fo(a)  ’ 


y 


F(a',0) 
Foia)  • 


(7) 


i 


I 
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The  theta-series  here  referred  to  are 


8  ^  2}"*  sin  2nx  ah  2ny, 

1*«l 

m 

c  - 1  +  E  V’  COS  2nx  ck  2ny. 


(8) 


After  we  have  computed  s  and  c  from  these  and  thereafter  w  from  the 
formula 


tan  to 


(9) 


we  have 


A(a,  /J,  v)  =  xA«(o,  /S)  -  to. 


(10) 

Since  /3  <  t/2,  22/  is  <  *log  and  2ah2ny  <  2ch2ny  <  q~*  -f- 1. 
If  we  denote  by  and  c»  the  numerical  values  of  those  terms  in  the 
two  series  which  contain  the  power  q*  ,  both  and  will  then  be 
_|_  ^n*  p’jQm  jg  gggij  ggrigg  convcrge  very  rapidly 

for  small  values  of  q,  so  that  we  need  take  account  of  only  a  few  terms. 
For  a  ^  46"  q  is  ^  e~’  <  0.044  and  both  8$  and  c*  are  <  10“*. 

For  a  >  45®  the  series  (8)  converge  more  slowly.  The  function  to 
occurring  in  (10)  can  then  conveniently  be  computed  in  the  following 
way.  In  the  expressions  (8)  we  exchange  q,  x  and  y  for  q',  x*  and  y' 
respectively,  determined  by  the  formulas 


.1  -  _  _/  _  ^o(a) 

“  ”W)"’ 


W./3) 


F(a,  v>) 

W)  • 


If  s',  d  denote  the  values  of  the  series  thus  obtained  and  if  to'  is  deter¬ 
mined  by  the  formula 


itan  to' 


0  <  to'  <  ?, 


analogous  to  (9),  then  to  and  to'  are  connected  by  the  relation 
to  +  to  *•  -  XX  . 

T 

For  a  >  45"  g'  is  <e~'  and  the  expressions  for  s'  and  c'  converge  very 
rapidly.  We  can  then  in  this  way  conveniently  compute  to'  and  there¬ 
after  to  from  the  relation  just  given. 

The  derivation  of  these  formulas  will  be  omitted  here. 
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ERRATA 


IN  TH>  TABLBS  1  AND  IX  BT  LBaBNDRB 


The  following  liat  rafera  to  the  work  mentioned  on  page  127:  Lbgbndbb,  A.  M., 
TrnitA  des  fonotions  elliptiques,  Tome  2,  Paria  1826. 


¥ 


Page 

Function 

Bi 

m 

For 

read 

226 

log  F(a) 

24.9 

— 

0.217  047  as-- 

0.217  047  88--- 

228 

44  44 

30.9 

— 

8.228--- 

0.228--- 

U 

log  E(a) 

34.4 

— 

0.167  376  108  8--- 

242 

44  44 

86.0 

— 

0.003  739  616  1--- 

294 

n 

61 

0.88982--- 

0.88962--- 

266 

44 

BI 

6 

0.00a87  3--- 

0.06786  3--- 

298 

44  1 

BI 

90 

1.66a96-- 

1.66816--- 

mmym 

44  i 

64 

0.93480-- 

0.93480- -- 

44 

78 

1.31072--- 

1.31972--- 

322 

44 

36 

46 

0.76188--- 

0.76188--- 

324 

44 

42 

27 

0.46376- -- 

0.46386--- 

326 

44 

46 

73 

1.13786  83--- 

1.13785  43--- 

44 

44 

44 

44 

44 

362 

44 

79 

32 

0.63101  73--- 

0.53101  13--- 

293 

F(«,  f.) 

2 

42 

0.73311  099--- 

0.73311  009--- 

297 

“ 

7 

Wm 

0.08729  8--- 

0.08726  8--- 

a 

44 

9 

0.34893--- 

0.34983- -- 

299 

44 

6 

73 

1.27608  684--- 

1.27508  664--- 

44 

20 

32 

0.66174  72--- 

0.56174  62--- 

311 

44 

1 

21 

88 

1.68684--- 

1.58784--- 

4i 

44 

00 

1.63681--- 

1.63661--- 

313 

44 

36 

0.62803- -- 

0.62003--- 

41 

44 

27 

42 

0.74764--- 

0.74674--- 

316 

44 

27 

60 

1.06261  89--- 

1.06261  89--- 

44 

44 

27 

86 

1.56840--- 

1.66480--- 

327 

44 

44 

80 

1.58906--- 

1.59806--- 

331 

“ 

46 

61 

0.96158  7--- 

0.96167  7--- 

339 

44 

60 

66 

1.34196  7--- 

1.34106  7--- 

“ 

44 

67 

00 

2.08036  816--- 

2.08036  806--- 

44 

44 

60 

60 

1.21268  6--- 

1.21269  6--- 

343 

44 

44 

44 

“ 

44 

44 

44 

64 

79 

1.84893--- 

1. 84793--- 

349 

44 

76 

37 

0.69180--- 

0.69190- -- 

361 

44 

71 

61 

1.29179--- 

1.20719--- 

367 

44 

84 

18 

0.31936  7--- 

0.31039  7--- 

361 

44 

90 

31 

0.66066--- 

0.68066--- 

363 

44 

87 

40 

0.98888-- 

0.98888--- 

44 

44 

86 

86 

3.17804  1744 

3.17080  0968> 

44 

44 

87 

87 

3.46644  6178 

3.46687  0096> 

i 


>  The  last  deoimala  are  uneertain. 
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Legendre  has  also  published  his'  tables  of  elliptic  integrals  in  another,  earlier 
work,  vis., 

r '  Lsobndbs,  a,  M.,  Exercioes  de  Caloul  integral  sur  divers  ordres  de  transcen- 
'  dahtM  et  sur  les  quadratures.  Tome  3.  Paris  1816. 

The  greater  part  of  the  errors  listed  above  occur  also  in  this  treatise  and  there 
are  also  some  others.  We  note  the  following:  .  * 


Function 

For 

read 

E{a, 

51  • 

23 

0.3S602--- 

0.39602-- 

If 

82 

14 

0.24196  9-- 

0.24196  9*-- 

If 

86 

2 

0.03489  9381 

0.03489  9681 

Legendre’s  Table  IX  has  been  reproduced  photographically  in  a  couple  of 
receMy  published  books,  vis., 

PoTiN,  L.,  Formules  et  tables  num^riques.  Paris  1926. 

A.  M.  Lbobndbb,  Tafeln  der  elliptischen  Normalintegrale  erster  und  sweiter 
Gattung.  Herausgegeben  von  Frits  Eiidb.  Stuttgart  1931. 

In  both  cases  it  is  the  table  in  the  earlier  work  (Exercices  *  •  •)  that  has  been 
reproduced. 
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TABLES 

CONTBNTS 


The  function  F«(a)  .  146 

The  function  0»(a)  .  152 

The  function  Et(a) .  154 

The  fiuction  A«(a,  fl) .  100 

The  function  supplementary  table .  196 
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The  function  Fo(a) 


Differences 


I — 

a 

1 

2 

3 

4 

1 

2 

3 

4 

o  -  0" 

1.0 

00000 

00001 

00003 

00007 

00012 

1 

2 

4 

5 

7 

1 

■ 

mm 

00092 

00110 

00129 

00149 

16 

18 

19 

20 

22 

2 

■ 

EB 

00336 

00369 

00403 

00439 

31 

33 

34 

36 

37 

3 

00686 

00732 

00780 

00830 

00881 

46 

48 

51 

53 

4 

01220 

01282 

01345 

01410 

01476 

62 

63 

65 

66 

68 

5“ 

1.0 

01907 

01984 

02063 

02143 

02225 

77 

79 

80 

82 

83 

6 

02748 

02841 

02935 

03031 

03128 

93 

94 

96 

97 

99 

7 

03744 

03852 

03962 

04073 

04186 

1 

08 

10 

11 

13 

15 

8 

04896 

05019 

05145 

05272 

05400 

23 

26 

27 

28 

30 

9 

06204 

06343 

06484 

06627 

06771 

39 

41 

43 

44 

46 

1.0 

07669 

07824 

07981 

08140 

08300 

1 

55 

57 

59 

60 

61 

11 

09293 

09464 

09637 

09812 

09988 

71 

73 

75 

76 

77 

12 

11078 

11265 

11454 

11645 

11837 

87 

89 

91 

92 

94 

13 

13024 

13228 

13433 

13640 

13848 

2 

04 

05 

07 

08 

10 

14 

15134 

15354 

15575 

15799 

16024 

20 

21 

24 

25 

26 

15* 

1.0 

17409 

17645 

17884 

18124 

18366 

2 

36 

39 

40 

42 

43 

16 

19851 

20105 

20360 

20617 

20876 

54 

55 

57 

59 

60 

17 

22463 

22734 

23006 

23280 

23556 

71 

72 

74 

76 

77 

18 

25247 

25535 

25825 

26116 

26409 

88 

90 

91 

93 

95 

19 

28205 

28511 

28818 

29127 

29438 

3 

06 

07 

09 

11 

13 

20" 

1.0 

31341 

31664 

31989 

32316 

32645 

3 

23 

25 

27 

29 

31 

21 

34656 

34997 

35341 

35686 

36033 

41 

44 

45 

47 

49 

22 

38154 

38514 

38876 

39240 

39606 

60 

62 

64 

66 

67 

23 

41839 

42218 

42599 

42982 

43366 

79 

81 

83 

84 

87 

24 

45714 

46112 

46512 

46914 

47318 

98 

00 

02 

04 

06 

25" 

1.0 

49783 

50201 

50620 

51042 

51466 

4 

18 

19 

22 

24 

25 

26 

54049 

54487 

54927 

55369 

55812 

38 

40 

42 

43 

46 

27 

58518 

58976 

59436 

59898 

60363 

58 

60 

62 

65 

66 

28 

63193 

63672 

64153 

64636 

65122 

79 

81 

83 

86 

87 

o  *  29 

H 

68079 

68580 

69082 

69587 

70094 

5 

01 

02 

05 

07 

09 

I _ 

a 

1 

2 

3 

4 

0 

1 

2 

3 

4 

TABLES  OF  COMPLETE  ELLIPTIC  INTEGRALS 


The  function  Fo{a) 


Dmerences 


- *5 

6  7 

8  9 

•  5 

1.0  00019 

00027  C0037 

00049  00062 

8 

00171 

00195  00220 

00247  00275 

24 

00476 

00515  00555 

00597  00641 

39 

00934 

00988  01044 

01101  01160 

54 

01544 

01614  01685 

01757  01831 

■ 

1.0  02308 

02393  02480 

02568  02657 

85 

03227 

03327  03429 

03533  03638 

04301 

04417  04534 

04653  04774 

16 

05530 

05662  05795 

05929  06066 

32 

06917 

07064  07213 

07363  07515 

47 

1.0  08461 

08624  08789 

08956  09124 

10165 

10345  10526 

10708  10892 

12031 

12226  12423 

12622  12822 

95 

14058 

14270  14484 

14699  14915 

2  12 

16250 

16479  16709 

16940  17174 

29 

1.0  18609 

18854  19101 

19349  19599 

2  45 

21136 

21398  21662 

21927  22194 

62 

23833 

24113  24394 

24676  24961 

26704 

27001  27299 

27599  27901 

97 

29751 

30065  30381 

30699  31019 

3  14 

1.0  32976 

33308  33642 

33978  34316 

3  32 

36382 

36733  37085 

37440  37796 

51 

39973 

40343  40714 

41087  41462 

43753 

44141  44532 

44924  45318 

88 

47724 

48132  48542 

48954  49367 

1.0  51891 

52319  52748 

53180  53614 

4  28 

56258 

56706  57156 

57608  58062 

48 

60829 

61298  61768 

62241  62716 

69 

65609 

66099  66591 

67085  67581 

70603 

71115  71628 

72144  72662 

5  12 

- *5 

6  7 

8  9 

5 
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The  function  Ft{a) 


Dififerences 


I — 

a 

1 

2 

3 

4 

■ 

1 

2 

3 

4 

n 

a  -  30" 

HH 

73182 

74229 

74756 

75285 

5 

22 

25 

27 

29 

31 

31 

79599 

80148 

80700 

45 

47 

49 

52 

54 

32 

84627 

85197 

85770 

86345 

68 

fZl 

73 

75 

77 

33 

|jl^ 

91627 

92226 

92 

94 

96 

99 

62 

34 

95871 

96487 

97727 

98351 

6 

16 

19 

21 

24 

26 

35“ 

1.1 

WM 

04076 

04725 

6 

41 

44 

46 

49 

52 

36 

Ifiliiff 

10682 

11357 

67 

Kll 

72 

75 

78 

37 

15463 

16157 

16853 

17552 

18254 

94 

96 

99 

02 

05 

38 

22524 

23245 

24696 

25426 

7 

21 

24 

27 

30 

32 

39 

29864 

31366 

32122 

32880 

52 

56 

58 

61 

40“ 

1.1 

37493 

38272 

IH 

39839 

40627 

7 

82 

85 

88 

91 

41 

47858 

48677 

8 

12 

16 

19 

22 

42 

53657 

54498 

55342 

56190 

57041 

41 

44 

48 

51 

54 

43 

62214 

63965 

64846 

65730 

74 

77 

81 

84 

87 

44 

72923 

73838 

74757 

9 

11 

15 

19 

22 

45“ 

1.1 

81284 

82231 

83181 

84135 

9 

43 

47 

54 

58 

46 

89936 

92887 

93879 

m 

84 

87 

92 

95 

47 

02973 

04003 

Da 

19 

22 

26 

30 

34 

48 

1.2 

10267 

11325 

12388 

13454 

14524 

58 

63 

66 

70 

75 

49 

21035 

22135 

23239 

24348 

25461 

11 

m 

13 

17 

50“ 

1.2 

32229 

33373 

34521 

35673 

36830 

11 

44 

48 

52 

57 

62 

51 

43869 

46252 

47451 

48654 

89 

94 

99 

03 

09 

52 

5^76 

57213 

58455 

59702 

60955 

12 

37 

42 

47 

53 

57 

53 

68573 

69861 

71153 

72451 

73755 

88 

92 

98 

04 

08 

54 

81685 

84372 

85723 

87080 

13 

41 

46 

51 

57 

63 

55“ 

1.2 

95340 

96736 

98139 

99547 

00960 

13 

96 

03 

1 

is 

56 

1.3 

09567 

12483 

13951 

15424 

14 

61 

68 

73 

80 

57 

24397 

25915 

27439 

28969 

30506 

15 

18 

24 

37 

44 

58 

39867 

iKTiin 

44638 

46242 

83 

91 

97 

04 

ii 

a  «  59 

V 

56014 

57667 

59328 

60996 

62672 

16 

53 

61 

68 

76 

82 

I _ 

a 

1 

2 

3 

4 

1 

2 

3 

4 
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6  7 

8  9 

5 

1.0  75816 

76350  76886 

774 

24 

04 

5  34 

81254 

81810  82369 

829 

m 

m 

93 

56 

86922 

87502  88084 

886 

69 

i92 

56 

80 

92828 

93432  94038 

946 

47 

58 

6  04 

:  98977 

99605  00236 

)15 

m 

28 

1.1  05377 

06031  06687 

47 

6  54 

12035 

12715  13398 

84 

147 

72 

80 

18959 

19666  20377 

218 

7  07 

26158 

26894  27632 

.283 

73 

291 

17 

36 

33641 

34406  35173 

359 

43 

J67 

16 

65 

1.1  41418 

42213  43010 

438 

m 

146 

114 

7  95 

49499 

50324  51153 

519 

84 

>28 

19 

8  25 

57895 

58752  59613 

77 

113 

44 

57 

66617 

67508  68402 

99 

91 

75679 

76604  77533 

784 

65 

r94 

9  25 

1.1  85093 

86054  87019 

879 

88 

38S 

9  61 

94874 

95872  96875 

978 

32 

188 

92 

98 

1.2  05037 

06075  07117 

Ei 

63 

13 

10  38 

15599 

16678  17761 

188 

48 

199 

>39 

79 

26578 

27699  28825 

299 

55 

i 

11  21 

1.2  37992 

39158  40329 

415 

126 

«4 

11  66 

49863 

51076  52293 

535 

16 

>47 

44 

12  13 

62212 

63474  64741 

13 

572 

llj! 

62 

75063 

76377  77696 

13  14 

88443 

89811  91185 

64 

139 

>49 

68 

1.3  02380 

03805  05237 

9 

17 

14  25 

16904 

18390  19882 

Rt? 

81 

228 

m 

86 

32050 

33600  35156 

367 

w 

15  50 

47853 

49471  51096 

527 

28  ^ 

>43 

67 

16  18 

64354 

66045  67742 

69447  711 

91 

- -5 

6  7 

8  9 

^  5 

Differences 


5  6  7  8  9 


87  89 
11  13 
36  39 


61  65 
88  91 
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The  function  F^ia) 


1  2 


1.3  72881 
90513 

1.4  08964 
28288 
48550 


1.4  69819 
92176 

1.5  15709 
40519 
66721 


Diflferences 


1.5  94446 

1.6  23846 
55097 
88403 

1.7  24009 

1.7  62204 

1.8  03335 
47830 
96216 

1.9  49157 

2.0  07507 


For  values  of  a 
which  are  >65®  one 
can  avoid  interpo¬ 
lation  in  this  table 
by  computing  the 
desired  value  with 
the  aid  of  the  func¬ 
tion  Go(,a),  tabu¬ 
lated  on  the  next 
following  pages. 


81 

72390 

82 

2.1 

45325 

83 

2.2 

28438 

84 

2.3 

24844 

85* 

2.4 

39363 

2.5 

89 

See 

- 1 

3.459971 

527003 

601947 

686920 

785023 
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m 


u 


.  The  function  Fo(a) 

Differences 

I 

—  5 

6 

7 

8 

9 

5 

6 

‘7 

8  9 

m 

a  -  60“ 

1.3 

81598 

83365 

85140 

86923 

88714 

17  67 

75  83 

91  99 

61 

90833 

01482 

03339 

05205 

07080 

18  49 

57  66 

75  84 

62 

1.4 

18513 

20449 

22395 

24350 

26314 

19  36 

46  55 

64  74 

63 

38297 

40328 

42369 

44419 

46479 

20  31 

41  50 

60  71 

'  64 

59054 

61186 

63328 

65481 

67845 

21  32 

42  53 

64-74 

65 

1.4 

80857 

83097 

85350 

87614 

89889 

For 

values  of  a 

66 

1.5 

03790 

06149 

08.5‘M 

10904 

13300 

which  are  >65“  one 

67  . 

i.'t 

^79^ 

'30435 

32935 

35450 

37977 

can  avoid  interpo- 

68 

^438 

56065 

58707 

61363 

64034 

lation 

in 

this  table 

69 

803S4 

83164 

859^ 

88772 

91601 

by  computing  the 

desired  value  with 

70“ 

1.6 

08926 

11874 

14840 

17824 

20S26 

the  aid  of  the  func- 

71 

39228 

42362 

45516 

48689 

51883 

tion 

tabu- 

72 

71479 

74819 

78182 

81567 

84974 

lated 

on  the  next 

73 

1.7 

09474 

13070 

16691 

20.338 

following  pages. 

74 

427^ 

46595 

50454 

54342 

682.58 

75“ 

1.7 

82378 

86505 

90G64 

94855 

99079 

76 

1.8 

25132 

29598 

3410G 

38369 

43215 

77 

714^ 

76356 

81255 

91185 

78 

1.9 

22069 

27384 

32750 

38167 

43835 

79 

77593 

83453 

89374 

95355 

01400 

80“ 

2.0 

39049 

45567 

52159 

58825 

65569 

81 

2.1 

07736 

15065 

22487 

30003 

37614 

82 

85114 

93800 

02275 

i0870 

i9590 

83 

2.2 

74730 

84428 

94284 

04301 

i4488 

84 

2.3 

79438 

90965 

02713 

i4689 

^903 

a 

Fo(a) 

85“ 

2.5 

06734 

19907 

34410 

49259 

64472 

89.5 

3.901065 

86 

2.6 

64477 

82819 

01713 

21195 

41301 

6 

4.043099 

87 

2.8 

77684 

03564 

^572 

5878S 

^24 

7 

226224  . 

88 

3.2 

02109 

45972 

93094 

43998 

^41 

8 

484337 

a  -  89 

if 

See 

the  adjacent  t 

Able. 

9 

925599 

T 

—  5 

6 

7 

8 

9 

f 

V 
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F,(a)  -  G«(a)  -  o.«'log(90  -  a*),  a  -  ^.‘log  10 


1.465871 


Ex.  a  =  83.2543“,  90  -  a  -=  6.7457,  "log  -  0.829027, 
(?,  =  3.466787,  Fo  ^  Go  -  a. 0.829027  -  2.251540. 


The  function  Ge(a) 


2 


Differences 


a  =  65“ 

66 

67 

68 

69 

70“ 

71 

72 

73 

74 

75“ 

.... 

76 

77 

78 

79 

17923  17559 
14312  13955 
10772  10422 


3.4  86202 
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Foia)  »  Ooia)  -  a.‘»log(90  -  «**),  a  »  -.'log  10  -  1.465871 

T 

Ex.  a  =  89.5379®,  90  -  o  =  0.4621,  ‘®log  =  0.664736  -  1, 
Go  3.459785,  F#  =  Go  +  a- 0.335264  =  3.951248. 


The  function  Go(a) 


Differences 


■iaiiiiiiMi 
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The  function  Eo(a) 


Differences 


A 

1 

2 

3 

4 

0 

1 

2 

3 

4 

'  I 

a  =  30° 

0.9 

34216 

33796 

333/3 

32950 

4 

20 

22 

23 

24 

25 

31 

29957 

29525 

29092 

28658 

28222 

32 

33 

34 

36 

36 

32 

2.5689 

25143 

24254 

23.807 

13 

44 

45 

47 

47 

33 

21109 

20652 

20193 

19740 

1928-3 

51 

56 

56 

57 

58 

34 

16517 

16053 

1658? 

15120 

14e-63 

84 

66 

67 

67 

69 

35° 

0.9 

11826 

11350 

10874 

10397 

09919 

4 

75 

76 

77 

78 

79 

36 

07031 

06546 

06060 

05673 

06086 

85 

86 

87 

88 

89 

37 

02138 

01643 

01148 

00661 

00164 

96 

95 

97 

97 

98 

38 

0.8 

97150 

96646 

96141 

95635 

95129 

5 

04 

05 

06 

06 

08 

39 

9^j70 

91557 

91043 

90528 

90013 

IS 

14 

15 

15 

17 

40° 

0.8 

86901 

86379 

85S58 

85333 

Sisno 

5 

22 

23 

23 

24 

25 

41 

81618 

81116 

80535 

80054 

79621 

30 

31 

31 

33 

33 

42 

76310 

75772 

75233 

74694 

74163 

38 

39 

39 

41 

41 

43 

7(^95 

70350 

60S03 

69256 

6S7G3 

46 

47 

47 

48 

48 

44 

e-5406 

64853 

81300 

63746 

63191 

53 

53 

54 

55 

56 

45° 

0.8 

59847 

69287 

5S72? 

58166 

57601 

5 

60 

60 

61 

62 

62 

46 

54220 

53654 

5308? 

52520 

61962 

68 

67 

67 

68 

69 

47 

48531 

47959 

47388 

46813 

48239 

72 

73 

73 

74 

74 

48 

42784 

42206 

4162S 

41049 

40470 

78 

78 

79 

79 

80 

49 

36083 

36400 

35817 

35233 

83 

83 

84 

85 

85 

50° 

0.8 

31132 

30544 

2Q958 

29368 

2S779 

5 

88 

88 

88 

89 

89 

51 

24644 

21052 

23459 

92 

92 

93 

93 

93 

52 

lesoo 

18704 

181GS 

17612 

16916 

96 

96 

96 

97 

97 

53 

13329 

12730 

12131 

11531 

10931 

99 

99 

00 

00 

bo 

54 

07827 

06726 

06124 

05522 

04919 

6 

01 

02 

02 

03 

02 

55° 

0.8 

01300 

00696 

OOJ>.i'2 

§9488 

§S2S1 

6 

01 

04 

04 

04 

05 

56 

0.7 

955&4 

94648 

94043 

93437 

92831 

08 

05 

06 

06 

06 

57 

89193 

88586 

8?»79 

87373 

86783 

07 

07 

06 

07 

07 

58 

83123 

82516 

81909 

81302 

SOCCl 

07 

07 

07 

08 

07 

a  -  59 

n 

77051 

76444 

76337 

75230 

74623 

07 

07 

07 

07 

07 

1 _ 

—  0 

1 

2 

3 

4 

0 

1 

2 

3 

4 
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The  function  £o(a) 


Differences 


a 


a 


r - 

a 

1 

2 

3 

4 

0 

1 

2 

3 

4 

HH 

69769 

69163 

68557 

6 

07 

06 

06 

06 

61 

64923 

64318 

63713 

05 

05 

05 

04 

62 

68277 

57674 

^^1 

56469 

03 

03 

02 

03 

63 

52SSO 

52259 

61659 

50459 

EH 

trn 

00 

99 

64 

46869 

46272 

46676 

44483 

5 

97 

97 

96 

96 

66* 

HH 

39138 

wn 

5 

93 

93 

92 

91 

66 

33245 

BBS 

88 

87 

87 

87 

67 

29151 

28569 

27987 

26826 

82 

82 

81 

81 

80 

68 

23366 

76 

75 

75 

74 

73 

69 

17629 

16493 

15926 

68 

68 

67 

66 

65 

70* 

0.7 

11981 

11421 

Hi 

5 

59 

58 

58 

56 

71 

06421 

51 

49 

48 

46 

72 

99878 

99340 

98802 

41 

39 

38 

38 

36 

73 

0.6 

95603 

94546 

94019 

93493 

29 

28 

27 

26 

24 

74 

90367 

89335 

88821 

17 

15 

14 

13 

11 

76“ 

0.6 

86261 

84758 

WM 

83756 

83258 

5 

98 

97 

76 

mm 

78839 

78366 

4 

88 

86 

85 

83 

82 

77 

75491 

73616 

71 

tZil 

68 

66 

65 

78 

70866 

53 

52 

48 

46 

79 

66406 

65971 

66639 

65109 

64681 

34 

32 

m 

28 

26 

80“ 

0.6 

62167 

61744 

61334 

60925 

60519 

4 

13 

m 

H 

06 

04 

81 

58131 

57741 

67354 

56969 

56587 

3 

m 

87 

85 

82 

80 

82 

54346 

53981 

53619 

53260 

52904 

65 

62 

59 

56 

54 

83 

50824 

49823 

49496 

36 

34 

31 

27 

25 

84 

47593 

47287 

46984 

46685 

46388 

99 

97 

93 

86“ 

0.6 

44682 

44141 

43876 

43614 

2 

73 

68 

65 

62 

57 

86 

42125 

41891 

41434 

41212 

34 

31 

26 

22 

19 

87 

39967 

39776 

39688 

39406 

Em 

1 

91 

88 

82 

78 

73 

88 

38266 

38122 

37986 

37854 

37728 

43 

37 

31 

26 

20 

89 

37098 

36871 

36810 

M 

82 

76 

69 

61 

54 

I _ 

a 

1 

2 

3 

4 

0 

1 

2 

3 

4 

ii 
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The  function  Eoia) 


e 

6 

7 

8 

9 

5 

6 

7 

I 

R 

60“ 

0.7 

67951 

67345 

66739 

66134 

65528 

6 

06 

06 

05 

61 

61899 

61295 

60691 

60087 

59483 

04 

04 

04 

62 

55866 

55265 

54663 

54061 

53460 

01 

02 

02 

63  ‘ 

49860 

49261 

48663 

48065 

47467 

5 

99 

98 

98 

64 

43887 

43292 

42697 

42103 

41509 

95 

95 

94 

65“ 

0.7 

37956 

37365 

36775 

36185 

35596 

5 

91 

90 

90 

66 

32072 

31487 

30902 

30318 

29734 

85 

85 

84 

67 

26245 

25666 

25087 

24509 

23932 

79 

79 

78 

68 

20483 

19911 

19339 

18769 

18199 

72 

72 

70 

69 

14795 

14231 

13667 

13104 

12542 

64 

64 

63 

70“ 

0.7 

09190 

08634 

08079 

07526 

06973 

5 

56 

55 

53 

71 

03677 

03131 

02586 

02042 

01500 

46 

45 

44 

72 

0.6 

98266 

97731 

97197 

96665 

96133 

35 

34 

32 

73 

92969 

92446 

91924 

91404 

90884 

23 

22 

20 

74 

87797 

87287 

86778 

86271 

85765 

10 

09 

07 

75“ 

0.6 

82761 

82265 

81771 

81278 

80787 

4 

96 

94 

93 

76 

77874 

77394 

76916 

76440 

75965 

80 

78 

76 

77 

73151 

72688 

72227 

71768 

71311 

63 

61 

59 

78 

68606 

68162 

67720 

67279 

66841 

44 

42 

41 

79 

64255 

63831 

63409 

62990 

62573 

24 

22 

19 

80“ 

0.6 

60115 

59714 

59314 

58917 

58523 

4 

01 

00 

97 

81 

56207 

55829 

55454 

55082 

54713 

3 

78 

75 

72 

82 

52550 

52200 

51852 

51506 

51164 

50 

48 

46 

83 

49171 

48849 

48530 

48215 

47902 

22 

19 

15 

84 

46095 

45806 

45520 

45237 

44958 

2 

89 

86 

83 

85“ 

0.6 

43357 

43103 

42852 

42606 

42364 

2 

54 

51 

46 

86 

40993 

40780 

40570 

40365 

40164 

13 

10 

05 

87 

39055 

38887 

38724 

38566 

38413 

1 

68 

63 

58 

88 

37608 

37494 

37385 

37283 

37188 

14 

09 

02 

89 

36756 

36711 

36673 

36645 

36627 

0 

45 

38 

28 

Differences 


6  7 


8  9 


8  9 


5 


6 


7 


8 


9 


i^coioiOi^  a)*^*^Qooo  ^S&ooo 

OOCnOOH^kO  cocotooi^  •siOO^Cnt->  dbOkOMM  t00*>4i&«0 
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The  function  Ao(a,  0) 


a 

=  0° 

1° 

2° 

3° 

4° 

5° 

6° 

7° 

/3  =  0" 

0.0 

00000 

00000 

00000 

00000 

00000 

00000 

CXXXX) 

00000 

1 

17452 

17451 

17447 

17440 

17431 

17419 

17405 

17387 

2 

34890 

34897 

34889 

34876 

34857 

34833 

34804 

34770 

3 

5-mo 

52332 

52320 

52300 

52272 

52236 

52193 

52141 

4 

69756 

69751 

69735 

69709 

69672 

69624 

69566 

69497 

5“ 

0.0 

87156 

87149 

87129 

87096 

87050 

86990 

86917 

86831 

6 

0.1 

04528 

04521 

04497 

04457 

04401 

04330 

04242 

04139 

7 

21869 

21860 

21832 

21786 

21721 

21638 

21536 

21416 

8 

39173 

39163 

39131 

39078 

39(m 

38908 

3S792 

38655 

9 

56434 

56423 

56387 

56327 

56244 

56137 

58006 

55852 

10° 

0.1 

73648 

73635 

73595 

73529 

73437 

73318 

73173 

73002 

11 

90809 

90794 

90751 

90678 

90577 

90446 

90287 

90099 

12 

0.2 

07912 

07896 

07848 

07769 

07659 

07516 

07343 

07138 

13 

24951 

24934 

24883 

24797 

24677 

24523 

24335 

24114 

14 

41922 

41903 

41848 

41756 

41627 

41462 

41260 

41021 

15° 

0.2 

58819 

58799 

58740 

58642 

58504 

58327 

58111 

57856 

16 

75637 

75616 

75553 

75449 

75302 

75113 

74883 

74611 

17 

92372 

92349 

92283 

92171 

92016 

91816 

91572 

91283 

18 

0.3 

09017 

08993 

08923 

08805 

08641 

08429 

08171 

07867 

19 

25568 

25543 

25469 

25345 

25172 

24949 

24677 

24356 

20° 

0.3 

4^320 

41994 

41916 

41786 

41604 

41370 

41084 

40747 

21 

533G3 

58341 

58259 

58122 

57932 

57687 

57387 

57034 

22 

74607 

74578 

74493 

74350 

74151 

73894 

73582 

73213 

23 

90731 

90701 

90612 

90463 

90255 

893SS 

80662 

89277 

24 

0.4 

06737 

06706 

06613 

06458 

06242 

05963 

05624 

05223 

25° 

0.4 

22618 

22586 

224S9 

22329 

22104 

21815 

21482 

21046 

26 

38371 

38338 

38238 

38071 

37838 

37538 

37172 

36740 

27 

53990 

53956 

53852 

53680 

5343S 

53128 

52749 

52302 

28 

69472 

69436 

69329 

69150 

68900 

68579 

68188 

67725 

29 

84810 

84773 

84662 

84478 

842^ 

83888 

83484 

83007 

-  30° 

0.5 

COOCO 

99962 

99S48 

§9658 

§9391 

99050 

98633 

§8141 

a 

-  0° 

1° 

2° 

3° 

4° 

5° 

6° 

7° 
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The  function  \»(a,  /3) 


» 

H 

00 

o 

11“  12“ 

O 

o 

CO 

15“ 

n 

o 

o 

0.0  00000 

00000  00000 

00000  00000 

00000  00000 

00000 

1 

17368 

17345  17320 

17292  17262 

17229  17194 

17156 

2  . 

34730 

34685  34635 

34580  34519 

34454  34383 

34307 

3 

52082 

52014  51939 

51856  51766 

51667  51562 

51448 

4 

69417 

69328  69228 

69117  68996 

68866  68724 

68573 

6" 

0.0  86732 

86620  86495 

86357  86206 

86043  85866 

85677 

6 

0.1  04020 

03886  03736 

03571  03390 

03193  02982 

02756 

7 

21277 

21120  20945 

20753  20542 

20313  20067 

19803 

8 

38497 

38318  38118 

37898  37657 

37396  37114 

36813 

9 

55674 

55473  55249 

55001  54730 

54437  54121 

53782 

10“ 

0.1  72804 

72581  72332 

72057  71757 

71431  71080 

70704 

11 

89882 

89636  89363 

89061  88731 

88373  87987 

87574 

12 

0.2  06901 

06634  06336 

06007  05647 

05257  04837 

04388 

13 

23858 

23569  23246 

22890  22501 

22080  21625 

21139 

14 

40746 

40436  40089 

39706  39288 

38834  38346 

37822 

16“ 

0.2  57562 

57229  66858 

56448  56001 

55516  54994 

54434 

'  16 

74298 

73944  73549 

73113  72637 

72120  71564 

70968 

17 

90951 

90576  90167 

89694  89189 

88642  88052 

87420 

18 

0.3  07516 

07119  06676 

06188  05654 

05075  04462 

03784 

19 

23987 

23569  23102 

22588  22025 

21416  20759 

20056 

20“ 

0.3  40359 

39920  39430 

38889  38299 

37659  36969 

36231 

21 

56628 

56167  56654 

55088  54469 

53799  63077 

52304 

22 

72787 

72306  71770 

71178  70532 

69831  69077 

68269 

23 

88834 

88332  87773 

87156  86482 

85752  84965 

84123 

24 

0.4  04762 

04240  03658 

03016  02314 

01654  00736 

§9860 

25“ 

0.4  20566 

20024  19419 

18753  18024 

17235  16385 

15475 

26 

36243 

35681  35054 

34362  33607 

32788  31907 

30964 

27 

51787 

51205  50555 

49839  49058 

48210  47299 

46323 

28 

67193 

66591  65920 

65180  64372 

63496  62554 

61545 

29 

82457 

8183&  81142 

80379  79545 

78641  77668 

76628 

i 

/S  -  30“ 

0.4  97674 

96933  96219 

95431  94572 

93640  92638 

91565 

a  *  8“ 

9“  10“ 

11“  12“ 

13“  14* 

15“ 
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CARL  HEUMAN 


The  function  A((a,  /9) 


a 

1" 

a 

B 

II 

5" 

6" 

7" 

^  -  30" 

0.5 

00000 

§9962 

§SSiS 

§9658 

§9391 

§9050 

§sr533 

§8141 

31 

EM 

14999 

14881 

14685 

14411 

14059 

13C30 

13123 

32 

29919 

29879 

29753 

29556 

29274 

28912 

28470 

27949 

33 

44639 

44598 

44473 

44266 

43976 

43604 

43160 

42614 

34 

59193 

59150 

58810 

58512 

58130 

5768^1 

57114 

36" 

0.5 

73576 

73533 

73402 

73184 

72-^78 

72487 

71445 

36 

87786 

87740 

876(^ 

87383 

87ur?0 

86669 

86179 

85601 

37 

0.6 

01815 

01769 

01632 

01403 

01083 

00672 

00170 

§9579 

38 

15661 

15615 

15474 

15240 

14912 

14492 

13979 

13374 

39 

29320 

29272 

29129 

28889 

mw 

28125 

27601 

26983 

40" 

0.6 

42788 

42739 

42.592 

42347 

42009 

41567 

41032 

40400 

41 

56059 

56009 

65S59 

55610 

55261 

54813 

54^7 

53623 

42 

69131 

69080 

68927 

68672 

68317 

67860 

67303 

66647 

43 

81998 

81946 

81791 

81531 

81169 

80703 

80136 

79467 

44 

94658 

94605 

94117 

94183 

93814 

93340 

92762 

92081 

45" 

0.7 

07107 

07053 

06891 

06623 

06247 

05765 

05177 

04484 

46 

mm 

19285 

19121 

18847 

18485 

17975 

17377 

16672 

47 

31354 

31298 

31131 

30853 

30481 

29966 

29.358 

28642 

48 

43145 

43088 

42919 

42636 

42241 

41735 

41118 

40390 

49 

54710 

54652 

514S0 

54193 

53792 

53278 

52651 

51913 

60" 

0.7 

66044 

65986 

65811 

65520 

65113 

64592 

63956 

63207 

61 

77146 

77087 

76909 

76614 

76201 

75672 

75028 

74269 

62 

88011 

87951 

87771 

87471 

87053 

86517 

85863 

85094 

53 

98575 

98392 

98089 

97865 

97122 

98160 

95681 

54 

0.8 

09017 

08955 

08771 

08463 

08(^4 

07484 

06814 

06026 

65" 

0.8 

19152 

19090 

1S3(B 

18592 

1816? 

17600 

16922 

16125 

56 

29038 

28974 

28785 

28470 

28031 

27467 

^782 

25976 

67 

38671 

38607 

38415 

38097 

37652 

37083 

36390 

35575 

58 

48048 

47984 

47790 

47468 

47019 

46443 

45743 

44920 

59 

57167 

57102 

56906 

56581 

56127 

55546 

64S39 

54008 

/3  -  60" 

0.8 

66025 

65959 

G5762 

65433 

64975 

64388 

63674 

62836 
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The  function  Ao(a,  /9) 


a 

=  8“ 

9“ 

10“ 

11“ 

12“ 

13“ 

14“ 

15“ 

0  *  30“ 

0.4 

97574 

96933 

96219 

95431 

91572 

93640 

9263S 

91565 

31 

0.5 

12539 

11879 

11144 

10333 

09448 

08489 

07457 

32 

27349 

26670 

25913 

25080 

24169 

23184 

22123 

33 

41997 

41300 

40523 

39666 

38732 

37719 

30030 

35465 

34 

56481 

55765 

54968 

54089 

53130 

52091 

50974 

49779 

35“ 

0.5 

70795 

70062 

69244 

68343 

67360 

66295 

65150 

36 

84936 

84184 

83347 

82424 

81417 

80327 

79155 

37 

98898 

98129 

97272 

96328 

95297 

94182 

92984 

38 

0.6 

12678 

11891 

11015 

10050 

08997 

07857 

06632 

39 

2G272 

25468 

24573 

23587 

22511 

21348 

20097 

40“ 

0.6 

39674 

38854 

37910 

36934 

35836 

34649 

33373 

41 

528S2 

52045 

51113 

50087 

48968 

47758 

46457 

42 

65891 

65038 

64088 

63043 

61903 

60670 

59345 

57931 

43 

78698 

77829 

76861 

75797 

74636 

73381 

72033 

44 

91297 

90413 

89428 

88345 

87164 

85888 

84517 

45“ 

0.7 

03687 

02787 

01786 

00684 

99484 

^186 

96794 

46 

15862 

14947 

13930 

12810 

11591 

10273 

08859 

47 

27819 

26890 

25856 

24720 

23482 

22144 

20709 

19179 

48 

39554 

38611 

37562 

36409 

35153 

33796 

32341 

49 

51065 

50108 

49044 

47874 

46601 

45226 

43752 

50“ 

0.7 

62347 

61376 

60298 

59112 

67822 

56430 

54937 

53346 

51 

73397 

72413 

71320 

70120 

68814 

67404 

65894 

64285 

52 

84211 

83215 

82109 

80893 

79572 

78146 

76619 

74993 

53 

94787 

93779 

92659 

91430 

90094 

88653 

87110 

85467 

54 

0.8 

05121 

04101 

02969 

01726 

00376 

98920 

97362 

55“ 

0.8 

15210 

14179 

13034 

11779 

10416 

08946 

07375 

56 

25050 

24009 

22853 

21586 

20210 

18728 

17143 

15459 

57 

34640 

33589 

32422 

31144 

29756 

28262 

26666 

58 

43977 

42915 

41738 

40449 

39051 

37547 

35940 

34234 

59 

53056 

51985 

50799 

49500 

48092 

46578 

41862 

43248 

jS  =  60“ 

0.8 

61876 

60797 

5Cf/‘r2 

58294 

56877 

55355 

53731 

a 

=  8“ 

9“ 

10“ 

11“ 

12“ 

13“ 

14“ 

15“ 
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The  function  Ao(a,  0) 


a 

=  0“ 

1“ 

2“ 

3“ 

4“ 

5“ 

6“ 

7“ 

/3  =  60“ 

0.8 

86025 

65959 

65762 

65433 

64975 

64388 

63674 

62836 

61 

74620 

74553 

74354 

74022 

73559 

72967 

72247 

71402 

62 

82948 

82880 

82679 

82344 

81877 

81280 

80554 

79702 

63 

91007 

90939 

90735 

90398 

89927 

89324 

88593 

87735 

64 

98794 

98726 

98521 

98180 

97705 

97098 

96362 

95498 

65“ 

0.9 

06308 

06239 

06032 

05689 

05210 

04599 

03857 

02989 

66 

13545 

13476 

13268 

12922 

12440 

11824 

11078 

10205 

67 

20505 

20435 

20225 

19877 

19392 

18772 

18022 

17145 

68 

27184 

27113 

25902 

26551 

26063 

25441 

24687 

23807 

69  j 

33580 

33509 

33297 

32944 

1 

32453 

31827 

31071 

30188 

70“ 

0.9 

39693 

39621 

39407 

39052 

38559 

37930 

37172 

36287 

71 

45519 

45447 

45231 

44875 

44379 

43748 

42988 

42102 

72 

51057 

50984 

50768 

50409 

49911 

49279 

48517 

47632 

73  . 

56305 

56232 

56014 

55654 

55155 

54522 

53760 

52875 

74 

612821 

61189 

60970 

60608 

60108 

59474 

58713 

57830 

75“ 

0.9 

65926 

65852 

65633 

65270 

64769 

64135 

63376 

62498 

76 

70298 

70222 

70002 

69638 

69137 

68504 

67747 

66876 

77 

74370 

74296 

74075 

73711 

73210 

72579 

71827 

70965 

78 

78148 

78073 

77852 

77487 

76987 

76360 

75615 

74764 

79 

81627 

81553 

81331 

80966 

80468 

79846 

79111 

78275 

80“ 

0.9 

84808 

84733 

84511 

84147 

83^’>2 

83037 

82315 

81498 

81 

87688 

87613 

87391 

87029 

86539 

85934 

85229 

84437 

82 

90268 

90193 

89971 

89612 

89129 

88538 

87855 

87095 

83 

91^546 

92471 

92250 

91894 

91422 

90851 

90197 

89478 

84 

1 

94622 

94447 

94227 

93878 

93421 

92877 

92263 

91597 

85“ 

0.9 

96195 

96120 

95903 

95564 

95130 

94624 

94063 

93463 

86 

97564 

97489 

97277 

96957 

96557 

96104 

95613 

95096 

87 

92620 

98555 

98353 

98062 

97717 

97338 

96938 

96524 

88 

99391 

99319 

99139 

98902 

98638 

98361 

98075 

97784 

89 

99848 

99785 

99660 

99519 

9937 

99224 

99074 

98924 

(8  »  90“ 

1.0 

00000 

00000 

00000 

00000 

00000 

00000 

mm 

00000 

a 

-  0“ 

1“ 

2“ 

3“ 

4“ 

5“ 

6“ 

7“ 

S3:  o-Hc^ec-^  »o®r'.«o»  »<5<ot'- 

«o  coo^ooco  t'>t>-r'r^r»  ooooooooco  ooaooo 
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The  function  Ao(a,  /3) 


a 

=  8" 

9" 

10" 

11" 

12" 

13" 

14" 

15" 

^  =  60" 

0.8 

61876 

60797 

59602 

58294 

56877 

55355 

53731 

52010 

61 

70434 

69347 

68144 

66829 

65404 

63875 

62244 

60517 

62 

78728 

77634 

76423 

75101 

73670 

72135 

70500 

68769 

63 

86754 

85654 

84437 

83109 

81673 

80133 

78495 

76762 

64 

94511 

93405 

92183 

90850 

89410 

87868 

86229 

84496 

65" 

0.9 

01997 

00886 

99660 

98323 

^1 

95338 

93699 

91969 

66 

03^ 

08094 

06865 

05526 

04083 

02541 

00905 

99179 

67 

16145 

15028 

13796 

12457 

11015 

09476 

07844 

06126 

68 

22804 

21684 

20453 

19114 

17675 

16141 

14518 

12810 

69 

29183 

28063 

25.®_32 

25497 

24063 

22537 

20923 

19229 

70" 

0.9 

3.5282 

34162 

32934 

31604 

30177 

28661 

27061 

25384 

71 

41097 

39980 

38756 

37433 

36017 

34515 

32932 

31275 

72 

45529 

45516 

44299 

42986 

41583 

40097 

38535 

36903 

73 

51876 

50769 

49561 

48261 

46875 

45410 

43872 

42269 

74 

5uSiS7 

55738 

54543 

53258 

51893 

50453 

48945 

47376 

75" 

0.9 

61512 

604:^ 

59244 

57980 

56638 

55228 

53755 

52226 

76 

659(M) 

64826 

aoima 

OuxnjD 

62425 

61114 

59739 

58306 

56823 

77 

70001 

68946 

67809 

66598 

65.322 

63988 

62602 

61171 

78 

73817 

72785 

71676 

70500 

69266 

67979 

66647 

65276 

79 

7731C 

76344 

75271 

74137 

72951 

71720 

70449 

69145 

80" 

0.9 

80599 

79628 

78597 

77513 

76384 

75216 

74016 

72787 

81 

83571 

82642 

81661 

80635 

79572 

78477 

77356 

76212 

82 

86271 

85393 

84472 

83515 

82527 

81515 

S04S2 

79432 

83 

8S703 

87890 

87040 

86162 

85262 

84342 

83408 

82461 

84 

JJVKXTt? 

90147 

89380 

88594 

87791 

86976 

86150 

85316 

85" 

0.9 

92S33 

92180 

91511 

90828 

90135 

89434 

88727 

88015 

86 

94561 

94012 

93454 

92888 

92317 

91741 

91162 

90580 

87 

96102 

95672 

95239 

94802 

94362 

93921 

93479 

93035 

88 

97491 

97195 

Q/IOAQ 

96601 

98302 

96003 

95704 

95405 

89 

98773 

98622 

98471 

98320 

98169 

98019 

97868 

97717 

(8  «  90" 

1.0 

OOCMK) 

00000 

00000 

00000 

OOOJK) 

00000 

CGOOO 

00000 

a 

-  8" 

9" 

10" 

11" 

12" 

13" 

14" 

15" 
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The  function  Ao(a,  0) 


a 

»  15® 

16® 

17® 

18® 

19® 

20® 

21® 

22® 

/9  -  0® 

0.0 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

1 

17156 

17116 

17073 

17028 

16980 

16930 

16878 

16823 

2 

34307 

34227 

34141 

34051 

33955 

33855 

33750 

33641 

3 

51448 

51327 

51199 

51063 

50920 

50770 

50613 

50449 

4 

68573 

68412 

68241 

68060 

67870 

67670 

67460 

67241 

5® 

0.0 

85677 

85476 

85263 

85037 

84799 

84549 

84287 

84013 

6 

0.1 

02756 

02514 

02258 

01987 

01702 

01402 

01088 

00760 

7 

19803 

19521 

19223 

18907 

18574 

18225 

17859 

17477 

8 

36813 

36492 

36151 

35790 

35410 

35012 

34594 

34157 

9 

53782 

53421 

53038 

52633 

52206 

51758 

51288 

50798 

10® 

0.1 

70704 

70303 

69878 

69429 

68955 

68458 

67937 

67393 

11 

87574 

87134 

86667 

86173 

85653 

85106 

84534 

83937 

12 

0.2 

04388 

03908 

03399 

02861 

02294 

01699 

01076 

00425 

13 

21139 

20620 

20069 

19488 

18875 

18231 

17557 

16854 

14 

37822 

37265 

36673 

36048 

35389 

34697 

33973 

33216 

15® 

0.2 

54434 

53838 

53205 

52536 

51831 

51092 

50317 

49509 

16 

70968 

70333 

69660 

68948 

68198 

67410 

66586 

65726 

17 

87420 

86747 

86032 

85278 

84483 

83648 

82774 

81862 

18 

0.3 

03784 

03073 

02319 

01521 

00682 

§9800 

§8877 

§7914 

19 

20056 

19307 

18513 

17673 

16789 

15861 

14890 

13876 

20® 

0.3 

36231 

35445 

34611 

33729 

32801 

31827 

30807 

29743 

21 

52304 

51480 

50607 

49684 

48712 

47692 

46625 

45510 

22 

68269 

67409 

66496 

65532 

64517 

63452 

62337 

61174 

23 

84123 

83226 

82275 

81270 

80212 

79102 

77941 

76729 

24 

99860 

98927 

97937 

96892 

95792 

94638 

93430 

92170 

25® 

0.4 

15475 

14506 

13479 

12394 

11252 

10054 

08800 

07492 

26 

30964 

29960 

28895 

27771 

26588 

25346 

24047 

22693 

27 

46323 

45283 

44182 

43018 

41794 

40510 

39167 

37766 

28 

61545 

60472 

59333 

58131 

56867 

55540 

54153 

52707 

29 

76628 

75520 

74345 

73106 

71801 

70433 

69003 

67512 

/3  -  30® 

0.4 

91565 

90424 

89214 

87937 

86593 

85184 

83712 

82176 

a  »  15® 

16® 

17® 

18® 

19® 

20® 

21® 

22® 
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L 


1 


The  function  A«(a,  /3) 


a  -  23“  24"  25“  26“  27“  28“  29“  30“ 


^  -  0“ 

0.0 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

1 

mm 

16707 

16646 

16681 

16615 

16447 

16377 

16304 

2 

33627 

33408 

33286 

33157 

33026 

32889 

32748 

32604 

3 

60099 

49916 

49723 

49526 

49321 

49110 

48894 

4 

67013 

66776 

66630 

66274 

66011 

66738 

66468 

66169 

5“ 

0.0 

83728 

83432 

83124 

82806 

82476 

82136 

81785 

81426 

6 

0.1 

00418 

00063 

99694 

99312 

98917 

98610 

98089 

97657 

7 

17078 

16664 

16234 

16789 

16329 

14864 

14364 

13860 

8 

33703 

33230 

32739 

32231 

31706 

31163 

30604 

30029 

9 

60287 

49756 

49204 

48633 

48043 

47434 

4CS08 

46160 

10“ 

0.1 

66826 

66236 

66626 

64991 

64336 

63661 

62964 

62247 

11 

83314 

82667 

81895 

81300 

80681 

79838 

79074 

78287 

12 

99747 

99042 

98311 

97654 

96771 

96963 

95130 

94273 

13 

0.2 

16120 

16368 

14567 

13749 

12902 

12029 

11129 

10203 

14 

32428 

31609 

30759 

29879 

28970 

28031 

27064 

26070 

16“ 

0.2 

48666 

47790 

46882 

46941 

44969 

43966 

42933 

41870 

16 

64829 

63897 

62931 

61930 

8CS08 

69829 

58729 

57699 

17 

80912 

79925 

78900 

77840 

76744 

76613 

74449 

73251 

18 

96911 

96868 

94786 

93667 

92610 

91316 

90087 

88823 

19 

0.3 

12820 

11722 

10684 

09406 

08188 

06933 

06640 

04310 

20“ 

0.3 

28634 

27483 

26288 

26062 

23776 

22468 

21102 

19707 

21 

44360 

43146 

41896 

40602 

39266 

37888 

36469 

36010 

22 

69963 

58704 

67399 

66049 

64666 

53217 

517S6 

60214 

23 

76467 

74156 

72797 

71391 

60328 

68441 

ecsQo 

66316 

24 

90868 

89496 

88082 

86621 

86112 

83666 

81966 

80309 

25“ 

0.4 

06131 

04717 

01736 

00171 

98668 

96897 

96191 

26 

21283 

19818 

18301 

16732 

16111 

13441 

11723 

09967 

27 

36308 

34794 

33226 

31603 

29928 

28203 

28427 

24603 

28 

61201 

49639 

48020 

46346 

44618 

42837 

41006 

39124 

29 

66960 

64349 

62680 

60966 

59176 

67341 

66464 

53517 

(9  -  30“ 

0.4 

80678 

78920 

77203 

76428 

73597 

71710 

69770 

67777 

a  *  23“  24“  26“  26“  27“  28“  29“  30“ 
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The  function  Ao(a,  0) 


a 

-  15" 

16" 

17" 

18" 

19" 

20" 

21* 

22" 

0  =  30" 

0.4 

91565 

90424 

89214 

87937 

86593 

85184 

83712 

31 

0.5 

06354 

05179 

03934 

02620 

01238 

99789 

98274 

32 

20988 

19781 

18501 

17151 

15731 

14243 

12687 

11065 

33 

35465 

34225 

32912 

31526 

30069 

28541 

26945 

25282 

34 

49779 

48507 

47161 

45740 

44246 

42681 

41045 

39341 

35" 

0.5 

63926 

62623 

61244 

59789 

58259 

56657 

54982 

53238 

36 

77901 

76568 

75157 

73668 

72104 

70465 

68753 

66969 

37  . 

91702 

90339 

88896 

87374 

85775 

84101 

82352 

80531 

38 

0.6 

05323 

03931 

02457 

00903 

§9271 

97561 

95777 

93918 

39 

18760 

17339 

15835 

14250 

12585 

10842 

09023 

07128 

40" 

0.6 

32010 

30561 

29028 

27412 

25715 

23939 

22086 

20157 

41 

45068 

43592 

42030 

40384 

38657 

36849 

34963 

33000 

42 

57931 

56428 

54838 

53164 

51406 

49568 

47650 

45655 

43 

70594 

69065 

67449 

65746 

63960 

62091 

60143 

58117 

44 

83054 

81500 

79857 

78128 

76314 

74417 

72439 

70383 

45" 

0.6 

95307 

93729 

92061 

90306 

88464 

86540 

84534 

82450 

46 

0.7 

07350 

05748 

04056 

02276 

00409 

98458 

96426 

94314 

47 

19179 

17554 

15839 

14034 

12143 

10167 

08110 

05973 

48 

30790 

29144 

27406 

25579 

23664 

21665 

19584 

17423 

49 

42180 

40514 

38755 

36905 

34969 

32947 

30844 

28660 

50" 

0.7 

53346 

51660 

49881 

48011 

46054 

44012 

41887 

39683 

51 

64285 

62580 

60782 

58893 

56917 

54855 

52711 

50489 

52 

74993 

73270 

71454 

69548 

67554 

65474 

63313 

61074 

53 

85467 

83728 

81896 

79973 

77962 

75867 

73691 

71436 

54 

95705 

93951 

92103 

90165 

88140 

86031 

83841 

81573 

55" 

0.8 

05703 

03935 

02074 

00123 

98084 

95963 

93761 

91483 

56 

15459 

13679 

11805 

09842 

07793 

05661 

03450 

01163 

57 

24970 

23179 

21294 

19321 

17263 

15123 

12905 

10612 

58 

34234 

32433 

30540 

28559 

26493 

24347 

22124 

19827 

59 

43248 

41439 

39538 

37551 

35481 

33331 

31105 

28808 

/5  *  60" 

0.8 

52010 

50194 

48^9 

46297 

44224 

42073 

39848 

37553 

a  ‘ 

-  15" 

16" 

17" 

18" 

19" 

20" 

21" 

22" 
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The  function  Ae(a,  $) 


a  =  23® 

O 

o 

26® 

27® 

28® 

29® 

0 

H 

0.4  80578 

78920  77203 

75428  73597 

71710  69770 

67777 

31 

95053 

93349  91584 

89760  87878 

85940  83947 

81901 

32 

0.5  09379 

07629  05818 

03946  02015 

00027  97983 

95884 

33 

23553 

21758  19901 

17983  16004 

13966  11872 

09723 

34 

37569 

35732  33830 

31866  29840 

27755  25613 

23414 

35® 

0.5  51425 

49546  47600 

45591  43520 

41389  39199 

36953 

36 

65116 

63195  61208 

59156  57041 

54865  52629 

50336 

37 

78639 

76678  74649 

72555  70397 

68178  65898 

63561 

38 

91988 

89988  87920 

85785  83586 

81325  79003 

76622 

39 

0.6  05162 

03124  01017 

98843  96604 

94302  91940 

89518 

40® 

0.6  18154 

16080  13936 

11725  09448 

07107  04705 

02244 

41 

30963 

28854  26675 

24427  22113 

19736  17296 

14798 

42 

43585 

41442  39228 

36946  34597 

32185  29710 

27176 

43 

56015 

53840  51594 

49279  46897 

44451  41943 

39375 

44 

68251 

66045  63768 

61422  59008 

56531  53991 

51392 

45® 

0.6  80289 

78054  75748 

73372  70929 

68422  65854 

63225 

46 

92126 

89864  87530 

85126  82656 

80122  77526 

74871 

47 

0.7  03759 

01471  99111 

96682  94187 

91627  §9007 

86327 

48 

15185 

12873  10489 

08036  05518 

02935  00292 

97591 

49 

26400 

24066  21661 

19187  16647 

14044  11381 

08661 

! 

50® 

0.7  37403 

35049  32623 

30130  27572 

24951  22270 

19533 

51 

48190 

45817  43375 

40864  38290 

35653  32958 

30207 

52 

58758 

56370  53912 

51387  48799 

46150  43443 

40681 

53 

69106 

66704  64233 

61697  59097 

56438  53722 

50953 

54 

79231 

76818  74337 

71791  69183 

66517  63795 

61020 

55® 

0.7  89131 

86709  84220 

81667  79054 

76384  73659 

70883 

56 

98804 

96375  93881 

91325  88710 

86038  83314 

80540 

57 

0.8  08248 

05816  03320 

00763  98148 

95479  92758 

89990 

58 

17461 

15028  12533 

09979  07368 

04705  01992 

99232 

59 

26442 

24012  21521 

18972  16369 

13715  11013 

08267 

|8  »  60® 

0.8  35191 

32766  30282 

27743  25151 

22510  19823 

17093 

a  »  23® 

kHM 

26® 

27® 

28® 

29® 

30® 
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The  function  A«(a,  $) 


a  ’ 

-  15“ 

16“ 

17“ 

18“ 

19“ 

20“ 

21“ 

22“ 

EBSB 

0.8 

52010 

50194 

48289 

46297 

44224 

42073 

39343 

37553 

61 

60517 

58697 

56789 

54796 

52722 

50573 

48350 

46060 

62 

68769 

66946 

65037 

63044 

60973 

58828 

56612 

54329 

63 

76762 

74939 

73031 

71042 

68978 

66837 

64631 

62360 

64 

84496 

82675 

80771 

78787 

76729 

74601 

72407 

70152 

65“ 

0.8 

91969 

90152 

88254 

86280 

84233 

82119 

79941 

77704 

66 

99179 

97370 

95481 

93519 

91487 

89389 

87232 

85017 

67 

0.9 

06126 

04327 

02451 

00504 

98490 

96414 

94280 

92093 

68 

12810 

11023 

09164 

07235 

05244 

03193 

01087 

98931 

69 

192291 

i 

17459 

15619 

13714 

11748 

09727 

07654 

05535 

70“ 

0.9 

25384 

23634 

21818 

19940 

18005 

16018 

13933 

11904 

71 

31275 

29549 

27761 

25915 

24015 

22068 

20076 

18043 

72 

36903 

35206 

33450 

31641 

29/ 82 

27879 

25935 

23954 

73 

42269 

40606 

38888 

37121 

35308 

33455 

31565 

29642 

74 

47376 

45752 

44077 

42357 

40597 

38800 

36970 

35110 

75“ 

0.9 

52226 

50646 

49021 

47355 

45653 

43918 

42154 

40364 

76 

56823 

55293 

53724 

52119 

50481 

48815 

47124 

45410 

77 

61171 

59699 

58192 

56654 

55088 

53498 

51886 

50256 

78 

65276 

63869 

62432 

60969 

59481 

57974 

56449 

54908 

79 

69145 

67811 

66452 

65070 

63670 

62252 

60821 

59377 

0.9 

72787 

71534 

70260 

68969 

67662 

66343 

65012 

63671 

81 

76212 

75048 

73869 

72676 

71471 

70256 

69033 

67803 

82 

79432 

78367 

77290 

76203 

75107 

74005 

72897 

71783 

.  83 

82461 

81503 

80538 

79565 

785-58 

77603 

76616 

75626 

84 

85316 

84475 

83628 

82778 

81923 

81066 

80207 

79346 

85“ 

0.9 

88015 

87299 

86580 

85858 

85135 

84410 

S36S5 

82958 

86 

90580 

89997 

89412 

88826 

S8240 

87653 

87C36 

86479 

87 

93035 

92591 

92147 

91702 

91258 

90813 

90369 

89925 

88 

95405 

95106 

94807 

94508 

94209 

93911 

93613 

93315 

89 

1 

97717 

97567 

97416 

97266 

97116 

96966 

96817 

96667 

^  -  90“ 

1.0 

00000 

00000 

00000 

00000 

COOOO 

00000 

GOCKM) 

00000 

TABLES  OF  COMPLETE  ELLIPTIC  INTEGRALS 


171 


The  function  A«(a,  $) 


a  -  23“ 

24“ 

25“ 

26“ 

27“ 

28“ 

29“ 

60“ 

0.8 

35191 

32766 

30282 

27743 

25151 

22510 

19823 

61 

43705 

41289 

38816 

36289 

33712 

31088 

28420 

62 

51985 

49581 

47122 

44612 

42054 

39451 

36805 

63 

60029 

57641 

55201 

52711 

50176 

47598 

44980 

64 

67838 

65470 

630.52 

60587 

58079 

55530 

52944 

65“ 

0.8 

75412 

73068 

70676 

68240 

65763 

63249 

60699 

66 

82751 

80435 

78074 

75672 

73231 

70755 

68246 

67 

89856 

87573 

85248 

82884 

80484 

78051 

75589 

68 

96729 

94483 

92199 

89878 

87524 

85139 

82728 

69 

0.9 

03371 

01168 

§8929 

§6656 

§4353 

§2022 

S9667 

70“ 

0.9 

09785 

07630 

05441 

03221 

00975 

§8703 

§6409 

71 

15974 

13871 

11738 

09578 

07393 

05186 

02958 

72 

21940 

19896 

17825 

15729 

13611 

11474 

09319 

73 

27689 

25709 

23705 

21679 

19635 

17573 

15496 

74 

33224 

31314 

29384 

27434 

25469 

23488 

21495 

75“ 

0.9 

38551 

36718 

34867 

33000 

31119 

29226 

27322 

76 

43677 

41927 

40161 

38383 

3G592 

34792 

32983 

77 

48609 

46948 

45274 

43590 

41896 

40194 

38486 

78 

53354 

51789 

50213 

48629 

47038 

45440 

43838 

79 

57922 

56459 

54987 

53510 

52027 

50539 

49049 

80“ 

0.9 

62323 

60968 

59607 

58241 

56872 

55500 

54126 

81 

66567 

65326 

64082 

62834 

61584 

60333 

59080 

82 

70666 

69546 

68424 

67299 

66174 

65048 

63922 

83 

74634 

73640 

72645 

71649 

70653 

69657 

68862 

84 

78485 

77622 

76759 

75896 

75034 

74172 

73311 

85“ 

0.9 

822H2 

81506 

80779 

80054 

79329 

78604 

77881 

86 

85892 

85306 

84720 

84135 

83551 

82968 

82385 

87 

89482 

89039 

88597 

88156 

87715 

87275 

86836 

88 

93018 

92721 

92425 

92130 

91835 

91540 

91247 

89 

96518 

96369 

96221 

96073 

65925 

95777 

95830 

90“ 

1.0 

00000 

00000 

(MK)C0 

00000 

00000 

00000 

00000 

^1X0/ 

36772 

42232 

r ' 

47555 

52751 

57828 

, 

62796 

4 

67667 

o 

o 

o 

o 

o 

o 

30 
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The  function  A«(a,  /9) 


a  ’ 

«  30“ 

31“ 

♦32“ 

33“ 

34“ 

35“ 

36“ 

37“ 

/3  -  0* 

0.0 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

1 

16304 

16230 

16154 

16076 

15995 

15914 

15830 

15745 

2 

32604 

32455 

32303 

32146 

31986 

31823 

31655 

31485 

3 

48894 

48671 

48442 

48208 

47968 

47722 

47471 

47216 

4 

65169 

64872 

64567 

64255 

63935 

63608 

63274 

62933 

5“ 

0.0 

81425 

1 

81054 

80674 

80284 

79884 

79476 

79058 

78633 

6 

97657 

97212 

96756 

96289 

95810 

95320 

94820 

94310 

7 

0.1 

13860 

13342 

12810 

12265 

11708 

11137 

10554 

09960 

8 

30029 

29438 

28831 

28209 

27573 

26922 

26257 

25578 

9 

46160 

45496 

44814 

44116 

43401 

42670 

41923 

i 

41161 

10“ 

0.1 

62247 

61511 

60755 

59980 

59187 

58377 

57548 

56703 

11 

78287 

77478 

76648 

75798 

74928 

74038 

73129 

72201 

12 

94273 

93393 

92490 

91564 

90617 

89648 

88659 

87650 

13 

0.2 

10203 

09251 

08275 

07275 

06251 

05204 

04135 

03045 

14 

26070 

25048 

23999 

22925 

21825 

20701 

19553 

18382 

15“ 

0.2 

41870 

40778 

39657 

38510 

37335 

36134 

34908 

33657 

16 

57599 

56437 

55246 

54025 

52776 

51499 

50196 

48866 

17 

73251 

72021 

70759 

69466 

68144 

66792 

65412 

64004 

18 

88823 

87525 

86193 

84829 

83434 

82008 

80552 

79067 

19 

0.3 

04310 

02944 

01544 

00109 

98642 

97142 

95612 

94051 

20“ 

0.3 

19707 

18275 

16806 

15302 

13764 

12192 

10587 

08952 

21 

35010 

33512 

31976 

30404 

28795 

27152 

25475 

23765 

22 

50214 

48651 

47049 

45409 

43731 

42018 

40269 

38487 

23 

65315 

63689 

62021 

60314 

58569 

56786 

54967 

53114 

24 

80309 

78619 

76888 

75115 

73303 

71452 

69565 

67641 

25“ 

0.3 

95191 

93440 

91645 

89808 

87930 

86013 

84057 

82065 

26 

0.4 

09957 

08145 

06288 

04388 

02446 

00463 

§8441 

96381 

27 

24603 

22731 

20813 

18851 

16846 

14799 

12712 

10587 

28 

39124 

37194 

35217 

33194 

31127 

29018 

26867 

24677 

29 

53517 

51530 

49494 

47412 

45285 

43115 

40902 

38649 

/3  =  30“ 

0.4 

67777 

65734 

63642 

61502 

59316 

57086 

54813 

52500 

a  -  30“ 

31“ 

32“ 

33“ 

34“ 

35“ 

36“ 

37“ 
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The  function  At(a,  /9) 


a  =  38“ 

39“ 

40“ 

41“ 

42“ 

>4^ 

CO 

o 

44“ 

45“ 

/3  =  0“ 

0.0 

00000 

(KKK3C 

00000 

(K)000 

00000 

00000 

00000 

1 

15657 

15569 

15479 

15387 

15294 

15199 

15104 

15006 

2 

31311 

31133 

30953 

30770 

30583 

30394 

S02I13 

30009 

3 

40955 

46689 

46419 

46144 

45S35 

45581 

45294 

45004 

4 

62585 

62231 

61871 

61505 

61133 

60756 

60373 

59986 

5“ 

0.0 

78198 

77756 

77307 

76849 

76385 

75914 

75430 

74953 

6 

93789 

93259 

92172 

91616 

91051 

90479 

89899 

7 

0.1 

09353 

08736 

08108 

07470 

CS322 

06164 

05437 

04822 

8 

24887 

24182 

23466 

22737 

21998 

21248 

20487 

19717 

9 

40384 

39593 

38789 

37971 

37141 

36299 

35445 

34581 

10“ 

0.1 

55342 

54965 

54073 

53167 

62248 

51313 

50367 

49408 

11 

71256 

70294 

69315 

68320 

67310 

66286 

65248 

64197 

12 

86621 

85574 

84509 

83427 

82328 

81214 

80085 

78942 

13 

0.2 

01934 

00803 

99652 

98483 

97297 

96093 

94874 

93639 

14 

17189 

15975 

14740 

13485 

12211 

10919 

09611 

08286 

15“ 

0.2 

32383 

31086 

29767 

28428 

27068 

25689 

21282 

22878 

16 

47512 

46133 

44732 

43308 

41863 

40397 

38913 

37411 

17 

62570 

61111 

59628 

58121 

56592 

55042 

53471 

51882 

18 

77555 

76016 

74452 

72863 

71251 

69617 

87962 

66287 

19 

92482 

i 

90845 

89201 

87531 

85837 

84121 

82552 

80622 

20“ 

0.3 

07288 

05592 

03869 

02121 

00346 

98548 

96727 

94884 

21 

22025 

20254 

18454 

16627 

14774 

12896 

10994 

09070 

22 

36673 

34827 

32952 

31048 

29117 

27160 

25179 

23175 

23 

51227 

49308 

47358 

45379 

43371 

41338 

39279 

37197 

24 

65683 

63691 

61669 

59616 

57534 

55425 

53290 

51132 

25“ 

0.3 

80037 

77975 

75880 

73755 

716G0 

69418 

67209 

64976 

26 

94285 

92154 

89990 

87794 

85568 

83314 

81033 

78726 

27 

0.4 

08424 

06225 

03993 

01728 

99433 

97109 

94757 

92380 

28 

22449 

20185 

17SS8 

15555 

13192 

10799 

08379 

05934 

29 

36358 

34030 

31667 

29270 

26841 

24383 

21897 

19384 

^  -  30“ 

0.4 

50147 

47756 

45330 

42870 

40378 

37856 

35306 

32729 

a  =  38“ 

39“ 

40“ 

41“ 

42“ 

43“ 

44“ 

45“ 
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The  function  At(a,  $) 


a  -  30“ 

31“ 

32“ 

33“ 

34“ 

35“ 

36“ 

CO 

0 

^  -  30“ 

0.4 

67777 

65734 

63642 

61502 

59316 

57086 

54813 

52500 

31 

81901 

79803 

77655 

75459 

73216 

70928 

68597 

66224 

32 

95884 

93733 

91532 

89281 

86982 

84638 

82250 

79820 

33 

0.5 

09723 

07521 

05266 

02962 

00610 

98211 

95768 

93282 

34 

23414 

21161 

18856 

16500 

14096 

11645 

09149 

06609 

35“ 

0.5 

36953 

34652 

32297 

29892 

27437 

24935 

22388 

19797 

36 

50336 

47988 

45586 

43133 

40630 

38079 

35483 

32843 

37 

63561 

61167 

58720 

56220 

53671 

51073 

48430 

45743 

38 

76622 

74185 

71694 

69150 

66556 

63915 

61227 

58495 

39 

89518 

87039 

84506 

81920 

79284 

76600 

73870 

71096 

40“ 

0.6 

02244 

99726 

97153 

94527 

91851 

89127 

86356 

83543 

41 

14798 

12242 

09631 

06968 

04254 

01492 

98684 

95833 

42 

27176 

24584 

219.38 

19239 

16490 

13692 

10850 

07964 

43 

39375 

36750 

34070 

31338 

%556 

25726 

22851 

19933 

44 

51392 

48736 

46026 

43263 

40450 

37590 

34686 

31738 

45“ 

0.6 

63225 

60541 

57801 

55010 

52170 

49283 

46351 

43378 

46 

74871 

72160 

69395 

66578 

63713 

60801 

57846 

54849 

47 

86327 

83592 

80803 

77964 

75076 

72143 

69167 

66150 

48 

97591 

94835 

92025 

89166 

8G259 

83307 

80313 

77279 

49 

0.7 

08661 

05885 

03058 

00182 

97258 

94291 

91282 

88235 

50“ 

0.7 

19533 

16742 

13900 

11009 

08073 

05094 

02074 

99016 

51 

30207 

27404 

245^19 

21648 

18701 

15713 

12685 

09621 

52 

40681 

37867 

35004 

32095 

29142 

26148 

23116 

20049 

53 

50953 

48132 

45263 

42350 

39394 

36398 

33365 

30298 

54 

610% 

58196 

66325 

52411 

49455 

46461 

43431 

40369 

55“ 

0.7 

70883 

68059 

65190 

62278 

59326 

56337 

53314 

50260 

56 

80540 

77719 

74855 

71949 

69005 

66026 

63014 

59972 

57 

89000 

87176 

84320 

81425 

78493 

75527 

72530 

69504 

58 

99232 

96429 

93588 

90704 

87788 

84840 

81862 

78856 

59 

0.8 

08267 

05478 

02651 

99788 

96892 

93965 

91010 

88030 

/9  -  60“ 

0.8 

17093 

14323 

11517 

08676 

05804 

02903 

99976 

97024 

a  -  30“ 

31“ 

32“ 

33“ 

34“ 

35“ 

36“ 

37“ 
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The  function  Ae(a,  $) 


a 

-=  38" 

39" 

40" 

41" 

42" 

o 

CO 

44" 

45" 

i 

30" 

0.4 

50147 

47756 

45330 

42870 

40378 

37856 

35306 

32729 

i  1 

31 

63811 

61361 

58874 

56353 

53799 

51216 

48603 

45964 

-i 

32 

77349 

74840 

72295 

69714 

67102 

64458 

61786 

59088 

I 

33 

90758 

88191 

82952 

80282 

77582 

74852 

72097 

1 

34 

0.5 

04029 

01410 

98754 

96062 

93a% 

90583 

87799 

84988 

1 

35" 

0.5 

17165 

14494 

11786 

09042 

06266 

03459 

00622 

97760 

1 

36 

30161 

27441 

24683 

21890 

19063 

16207 

13321 

10409 

37 

43015 

40247 

37441 

34601 

31728 

28824 

25892 

22933 

-  ,;i: 

38 

56722 

52909 

50059 

47174 

44257 

41309 

38333 

35330 

r  J 

39 

68280 

65425 

62534 

59607 

56648 

53658 

50641 

47598 

i 

40" 

0.5 

80687 

77793 

74S62 

71896 

68898 

65870 

62815 

59735 

41 

92940 

90009 

87041 

84040 

81006 

77943 

74853 

71738 

J 

42 

0.6 

05037 

02072 

99070 

96035 

92969 

§9874 

86752 

83606 

1 

43 

16975 

13978 

10946 

07881 

04785 

01661 

98510 

95337 

44 

28751 

25727 

22667 

19575 

16453 

13303 

10127 

06929 

45" 

0.6 

4a36S 

37315 

34231 

31115 

27970 

24797 

21600 

18381 

46 

51814 

48742 

45637 

42501 

39335 

36144 

32929 

29692 

47 

63095 

60005 

56882 

53729 

50547 

47341 

44111 

40860 

48 

74208 

71103 

67966 

64799 

61605 

58386 

55146 

51885 

49 

85151 

82034 

78886 

75709 

72506 

69280 

66032 

62766 

50" 

0.6 

95923 

92798 

89642 

86459 

83251 

80020 

76769 

73501 

51 

0.7 

06522 

03392 

00233 

97048 

93838 

90607 

87357 

84090 

52 

16948 

13817 

10658 

07474 

04267 

01040 

97794 

94533 

In 

53 

27199 

24071 

20917 

17738 

14538 

11318 

08081 

04830 

'i 

54 

37276 

34155 

31008 

27839 

24649 

21441 

18218 

14980 

1 

55" 

0.7 

47177 

44066 

40932 

37777 

34602 

31410 

28203 

24985 

56 

569*32 

53807 

50689 

47551 

44395 

41224 

38039 

34843 

1 

57 

6fr452 

63376 

60279 

57163 

54031 

50884 

47725 

44556 

58 

75826 

72774 

69702 

66613 

63508 

60390 

57261 

54124 

59 

85026 

82002 

78359 

75901 

728^ 

69744 

66650 

63548 

60" 

0.7 

94052 

91060 

88051 

85028 

81992 

78946 

75891 

72830 

/I 

a  -  38" 

39" 

40" 

41" 

42" 

43" 

44" 

45" 

''•‘5 

■f| 
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The  function  A«(a,  $) 


a 

-  30" 

31" 

32" 

33" 

34" 

CO 

o 

36" 

37" 

^  »  60" 

0.8 

17093 

14323 

11517 

08676 

05804 

02903 

99976 

97024 

61 

25711 

22964 

20183 

17369 

14525 

11654 

08759 

05842 

62 

34122 

31402 

28650 

25867 

23056 

20220 

17362 

14483 

63 

42326 

39638 

36919 

34171 

31398 

28602 

25785 

22949 

64 

50324 

47672 

44991 

42284 

39554 

36801 

34030 

31242 

65" 

0.8 

58117 

55506 

52869 

50207 

47523 

44820 

42100 

39364 

66 

65708 

63143 

60553 

57941 

55310 

52660 

49996 

47317 

67 

73099 

70584 

68047 

65490 

62916 

60325 

57721 

55105 

68 

80291 

77832 

75353 

72857. 

70344 

67817 

65278 

62730 

69 

87289 

84891 

82475 

80043 

77598 

75140 

72672 

70195 

70" 

0.8 

94095 

91763 

89416 

87054 

84681 

82297 

79904 

77505 

71 

0.9 

00714 

98453 

96179 

93893 

91597 

S9292 

96980 

94663 

72 

07149 

04966 

02771 

00565 

98352 

96181 

93905 

91674 

73 

13407 

11306 

09195 

07075 

04949 

02818 

00682 

98543 

74 

19491 

17478 

15457 

13429 

11395 

09358 

07317 

05275 

75" 

0.9 

25409 

23489 

21563 

19631 

17695 

15757 

13817 

11876 

76 

31167 

29346 

27519 

25689 

23856 

22022 

20187 

18351 

77 

36772 

35055 

33333 

31610 

29884 

28159 

26433 

24708 

78 

42232 

40623 

39012 

37400 

35787 

34174 

32562 

30952 

79 

47555 

46060 

44564 

43068 

41572 

40077 

38583 

37091 

80" 

0.9 

52751 

51374 

49998 

48622 

47247 

45873 

44502 

43132 

81 

57828 

56575 

55322 

54071 

52821 

51573 

50327 

49083 

82 

62796 

61671 

60546 

59424 

58302 

57183 

56066 

54952 

83 

67'667 

66673 

65680 

64690 

63701 

62714 

61729 

60748 

84 

72451 

71592 

70735 

69879 

69025 

68174 

67325 

66478 

85" 

0.9 

77159 

76439 

75719 

75002 

74286 

73573 

72861 

72152 

86 

81804 

81225 

80646 

80069 

79494 

78920 

78349 

77779 

87 

86398 

85962 

85526 

85092 

84658 

84227 

83796 

83368 

88 

90954 

90662 

90370 

90080 

89790 

89502 

89214 

88928 

89 

95483 

95337 

95191 

95046 

94901 

94756 

94612 

94469 

/5  =  90" 

1.0 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

o  =  30" 

31" 

32" 

33" 

34" 

35" 

36" 

37" 
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The  function  A«(a,  0) 


a  : 

=  38" 

39" 

40" 

41" 

42" 

43" 

44" 

45" 

/3  »  60" 

0.7 

91052 

91060 

88051 

85028 

81992 

78946 

75891 

72830 

61 

0.8 

02905 

§9950 

96980 

93996 

91001 

87998 

S4987 

§1970 

62 

08672 

05745 

02806 

99857 

96901 

93938 

90971 

■ 

63 

2X)96 

17229 

14350 

11460 

08582 

05657 

02747 

99834 

64 

28439 

25623 

22796 

19960 

17116 

14268 

11416 

08561 

'1 

65" 

0.8 

36615 

33855 

31085 

28307 

25524 

22736 

19948 

17155 

:| 

66 

44627 

41927 

39220 

36505 

33785 

31065 

28341 

25618 

67 

52479 

49844 

47203 

44557 

41907 

39256 

36603 

33952 

68 

60172 

57608 

55038 

52465 

49889 

47312 

44736 

42162 

)  'i 

69 

67711 

65222 

62728 

60232 

57735 

55238 

52742 

50249 

70" 

0.8 

75099 

72690 

70277 

67863 

65449 

63036 

e0625 

58217 

■i-  ; 

71 

82341 

80016 

77689 

75362 

73035 

70711 

68389 

66071 

72 

89110 

87205 

84968 

82732 

80498 

78266 

76037 

73814 

73 

9&402 

94260 

92119 

89979 

87841 

85706 

83575 

81450 

74 

0.9 

03232 

01189 

99147 

97107 

95069 

93036 

91007 

88983 

75" 

0.9 

09935 

07995 

06056 

04121 

02188 

00260 

98337 

96419 

r  1 

76 

16517 

14684 

12854 

11027 

09203 

07384 

05570 

03762 

77 

22984 

21263 

19545 

17830 

16119 

14413 

12712 

11018 

78 

29344 

27738 

26135 

24537 

22942 

21353 

19769 

18190 

1 

79 

35802 

34115 

32832 

31153 

29679 

28209 

26745 

25286 

80" 

0.9 

41766 

40402 

39042 

37686 

36335 

34988 

33647 

32311 

li  , 

81 

47843 

46606 

45372 

44142 

42917 

41696 

40481 

39270 

82 

53841 

52733 

51629 

50528 

49432 

48340 

47253 

46170 

• 

83 

59769 

58793 

57821 

56852 

55887 

54926 

53969 

53017 

84 

65634 

64793 

63955 

63120 

62289 

61461 

60637 

59817 

r.« 

00 

o 

0.9 

71445 

70741 

70039 

69340 

68644 

67952 

67262 

66576 

86 

77211 

76645 

76082 

75521 

74982 

74406 

73852 

73302 

if' 

87 

82940 

82515 

82091 

81669 

81249 

80830 

80414 

80000 

88 

8S812 

88358 

88075 

87793 

87512 

87233 

86955 

86678 

'  .--I 

89 

91328 

94183 

1 

94041 

93900 

93760 

93620 

93481 

93343 

/S  -  90" 

1.0 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

a  »  38" 

44" 

45" 

178 


CARL  HEUMAN 


The  function  Ao(a,  $) 


a  -  45" 

46" 

47" 

48" 

49" 

50" 

51" 

52" 

/5  -  0" 

0.0 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

1 

15006 

14908 

14809 

14709 

14607 

14505 

14403 

14299 

2 

30009 

29813 

29614 

29414 

29211 

29007 

28802 

28594 

3 

45004 

44709 

44412 

44111 

43808 

43502 

43194 

42883 

4 

59986 

59594 

59198 

58797 

58393 

57986 

57575 

57162 

'  5" 

0.0 

74953 

74463 

73968 

73469 

72964 

72455 

71943 

71426 

6 

89899 

89313 

88720 

88121 

87517 

86907 

86293 

85674 

7 

0.1 

04822 

04139 

03449 

02751 

02047 

01337 

00622 

99902 

8 

19717 

18938 

18151 

17355 

16552 

15742 

14927 

14105 

9 

34581 

33706 

32822 

31929 

31028 

30119 

29204 

28282 

10" 

0.1 

49408 

48439 

47459 

46470 

45471 

44464 

43449 

42428 

11 

64197 

63133 

62058 

60973 

59878 

58773 

57661 

56541 

12 

78942 

77785 

76616 

75435 

74244 

73043 

71834 

70616 

13 

93639 

92390 

91128 

89854 

88568 

87271 

85966 

84652 

14 

0.2 

08286 

06946 

05591 

04224 

02844 

01454 

00053 

98643 

15" 

0.2 

22878 

21447 

20002 

18543 

17070 

15587 

14092 

12589 

16 

37411 

35891 

34356 

32806 

31243 

29667 

28080 

26484 

17 

51882 

50274 

48651 

47011 

45358 

43692 

42014 

40326 

18 

66287 

64593 

62882 

61155 

59413 

57658 

55890 

54113 

19 

80622 

78843 

77046 

75233 

73404 

71561 

69706 

67840 

20" 

0.2 

94884 

93022 

91141 

89242 

87328 

85399 

83458 

81505 

21 

0.3 

09070 

07125 

05161 

03179 

01181 

99169 

97143 

95105 

22 

23175 

21150 

19105 

17042 

14962 

12866 

10758 

08638 

23 

37197 

35093 

32968 

30825 

28665 

26490 

24300 

22099 

24 

51132 

48950 

46749 

44528 

42289 

40035 

37767 

35487 

25" 

0.3 

64976 

62720 

60442 

58145 

55830 

53500 

51155 

48799 

26 

78726 

76397 

74046 

71675 

69286 

66882 

64463 

62031 

27 

92380 

89979 

87557 

85114 

82654 

80177 

77686 

75183 

28 

0.4 

05934 

03464 

00972 

98460 

95930 

93383 

90822 

§8250 

29 

19384 

16848 

14289 

11709 

09112 

06498 

03870 

01230 

^  »  30" 

0.4 

32729 

30127 

27504 

24860 

22197 

19519 

16826 

14121 

a  > 

-  45" 

i 

46" 

47" 

48" 

49" 

50" 

51" 

52" 
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The  function  A«(a,  fi) 


a  ’ 

-  53" 

54" 

55" 

56" 

57" 

58" 

59" 

60" 

0" 

0.0 

OOCKX) 

00000 

mm 

00000 

mm 

00000 

(X)G00 

00000 

1 

14195 

14090 

13885 

13879 

13774 

13668 

!.w;2 

13456 

2 

28386 

28177 

27966 

27756 

27544 

27332 

27121 

26909 

3 

42571 

42257 

41942 

41626 

41309 

40992 

40674 

40357 

56746 

56328 

55908 

55487 

54642 

54219 

53797 

5“ 

0.0 

70907 

70385 

69861 

69336 

68809 

68281 

67754 

67226 

6 

85062 

84427 

83799 

83170 

82539 

81907 

81275 

80643 

7 

99177 

98450 

97719 

96986 

96251 

95515 

94779 

94044 

8 

0.1 

13280 

12450 

11616 

10780 

09942 

09104 

08265 

07426 

9 

27355 

26424 

25489 

24551 

23611 

22670 

21728 

20788 

10® 

0.1 

41401 

40370 

39334 

38295 

37253 

36211 

35168 

34126 

11 

55415 

54283 

53147 

52008 

50867 

49724 

48581 

47439 

12 

69392 

68162 

66927 

65689 

64448 

63206 

61984 

60723 

13 

83330 

82003 

80671 

79334 

77996 

76655 

75315 

73976 

14 

97226 

95803 

94374 

92941 

91505 

90068 

88632 

87196 

15" 

0.2 

11077 

09558 

08034 

06506 

04975 

03443 

01911 

00380 

16 

24879 

23267 

21649 

20027 

18402 

16776 

15151 

13527 

17 

38630 

36926 

35216 

33501 

31784 

30066 

28348 

26632 

18 

50531 

48731 

46926 

45118 

43309 

41501 

39695 

19 

65965 

64081 

62192 

60298 

58402 

56504 

54607 

52713 

20" 

0.2 

79543 

77573 

75597 

73616 

71632 

69648 

67664 

65684 

21 

93058 

91003 

88942 

86876 

84807 

82738 

80669 

78605 

22 

0.3 

06508 

04369 

02225 

00075 

97924 

95772 

93621 

§1474 

23 

19888 

17669 

15443 

13213 

ICOSO 

08748 

06517 

04290 

24 

33197 

30899 

28594 

26285 

23974 

21663 

19354 

17049 

25" 

0.3 

46432 

44057 

41676 

39290 

36903 

34516 

32131 

29751 

26 

59590 

57141 

54685 

52226 

49765 

47304 

44846 

42394 

27 

72669 

70148 

67621 

65089 

62558 

60025 

57497 

54974 

28 

85667 

83076 

80479 

77879 

752?8 

72678 

70081 

67491 

29 

98580 

95922 

93259 

90592 

8?y25 

85260 

82598 

79943 

30" 

0.4 

11407 

08685 

0A05S 

03228 

00497 

S7769 

§5045 

§2328 

a  ’ 

-  53" 

54" 

56" 

57" 

60" 
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The  function  Ao(a,  $) 


a  > 

»  45“ 

46“ 

47“ 

00 

o 

49“ 

50“ 

51“ 

52“ 

0.4 

32729 

30127 

27504 

24860 

22197 

19519 

16826 

14121 

31 

45964 

43301 

40615 

37908 

35184 

32443 

29688 

26921 

32 

59088 

56364 

53619 

50853 

48068 

45268 

42453 

39628 

33 

72097 

69316 

66513 

63690 

60848 

57991 

55120 

52238 

34 

84988 

82153 

79295 

76418 

73522 

70611 

67687 

64751 

35“ 

0.4 

97760 

94873 

91963 

89034 

86087 

83125 

80150 

77164 

36 

0.5 

10409 

07473 

04514 

01537 

98541 

95531 

92.508 

89475 

37 

22933 

19951 

16947 

13923 

10883 

07827 

04760 

01683 

38 

35330 

32305 

29257 

26191 

23109 

20012 

16903 

13785 

39 

47598 

44532 

41445 

38340 

35218 

32083 

28936 

25781 

0.5 

59735 

56632 

53508 

50366 

47209 

1 

44038 

40857 

37668 

41 

71738 

68601 

65444 

62269 

59080 

55877 

52665 

49445 

42 

83606 

80438 

77251 

74047 

70828 

67598 

64358 

61111 

43 

95337 

92142 

88928 

85698 

82454 

79199 

75936 

72665 

44 

0.6 

06929 

03710 

00473 

97221 

93958 

90680 

87396 

84106 

45“ 

0.6 

18381 

15142 

11886 

08615 

05332 

02038 

98738 

95432 

46 

29692 

26437 

23165 

19879 

16581 

13274 

09961 

06644 

47 

40860 

37592 

34308 

31011 

27703 

24387 

21065 

17739 

48 

51885 

48608 

45316 

42011 

38697 

35375 

32048 

28718 

49 

62766 

59483 

56186 

52878 

49561 

46238 

42910 

39581 

0.6 

73501 

70217 

669^ 

63613 

60297 

56976 

53651 

50326 

51 

84090 

80809 

77516 

74213 

70903 

67589 

64271 

60954 

52 

94533 

91259 

87974 

84680 

813S0 

78076 

74770 

71465 

53 

0.7 

04^ 

01567 

98293 

95013 

917J^ 

88437 

85148 

81859 

54 

14980 

11732 

08475 

05212 

01944 

98674 

95404 

92137 

55“ 

0.7 

24985 

21756 

18519 

15277 

12a32 

08785 

05540 

02298 

56 

34843 

31638 

28426 

25210 

21991 

18773 

15556 

12343 

57 

44556 

41379 

38196 

35010 

31823 

28636 

25452 

22273 

58 

54124 

50979 

47831 

44679 

41528 

38377 

35231 

32090 

59 

63548 

i 

60441 

57330 

54218 

51106 

47997 

44892 

41793 

/9  -  60“ 

0.7 

1 

72830 

69764 

66608 

63627 

60560 

57496 

54437 

51385 

a  =  45“ 

46“ 

47“ 

48“ 

49“ 

50“ 

51“ 

52“ 
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The  function  A#(o,  0) 


a  > 

-  53“ 

54“ 

55“ 

56“ 

57“ 

58“ 

59“ 

60“ 

/3  «  30® 

0.4 

11407 

08685 

05958 

03228 

00497 

97769 

95045 

92328 

31 

24145 

21362 

18573 

15783 

12992 

10203 

07420 

04644 

32 

36793 

33951 

31104 

28255 

25407 

22562 

19722 

16890 

33 

49^7 

46450 

43548 

40644 

37741 

34842 

31949 

29064 

34 

61807 

58857 

55903 

52947 

49993 

47043 

44100 

41166 

35“ 

0.4 

74170 

71170 

68167 

65163 

62161 

59163 

56173 

53192 

36 

86434 

83388 

80339 

77290 

74243 

71201 

68167 

65143 

37 

OJWOS 

95509 

92418 

89326 

86238 

83155 

80081 

77017 

38 

0.5 

10661 

07532 

04401 

01271 

98144 

95024 

91913 

88813 

39 

22619 

19454 

16287 

13122 

09961 

06807 

03662 

00530 

40“ 

0.5 

34473 

31275 

28076 

24879 

21687 

18502 

15328 

12167 

41 

46220 

42993 

39765 

36540 

33321 

30110 

26909 

23722 

42 

57860 

54607 

51354 

48105 

44862 

41628 

38405 

35196 

43 

69391 

66116 

62843 

59573 

56310 

53056 

49815 

46588 

44 

80813 

77520 

74229 

70942 

67663 

64394 

61137 

57897 

*  45“ 

0.5 

92124 

88817 

85512 

82212 

78921 

75640 

72373 

69122 

»  46 

0.6 

03325 

00006' 

96892 

93383 

90083 

§6795 

83521 

80263 

47 

14413 

11088 

07768 

04454 

01150 

97858 

94580 

91320 

48 

25389 

22062 

18739 

15425 

12120 

08828 

05552 

02293 

49 

362.52 

32926 

29606 

26295 

22994 

19706 

16434 

13181 

50“ 

0.6 

47002 

43682 

40369 

37064 

33771 

30491 

27229 

23985 

51 

57639 

54329 

51026 

47733 

44451 

41184 

37935 

34705 

52 

68164 

64867 

61579 

58301 

55035 

51785 

48552 

45340 

53 

78575 

75297 

72027 

68769 

65523 

62294 

59082 

55891 

54 

88874 

85618 

82372 

79137 

75916 

72711 

69525 

66359 

55“ 

0.6 

99061 

95832 

92612 

89405 

86213 

83037 

79880 

76745 

56 

0.7 

09136 

05938 

02750 

99575 

96415 

93272 

90149 

87048 

57 

19101 

15938 

12786 

09647 

06524 

03419 

00333 

97269 

58 

^956 

25833 

22721 

19622 

16540 

13476 

10432 

07410 

59 

38703 

35623 

32o55 

29502 

26464 

23446 

20447 

17472 

^  -  60“ 

0.7 

48342 

45310 

42291 

39286 

36298 

33329 

30380 

27455 

a  -  53“ 

54“ 

55“ 

56“ 

57“ 

58“ 

59“ 

60“ 
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i 

1 


i 


The  function  Ac(a,  /9) 


a  : 

-  45* 

46* 

47* 

48* 

CO 

0 

50* 

51* 

52* 

^  -  60* 

0.7 

72830 

69764 

63627 

60560 

57496 

54437 

51385 

61 

81970 

78951 

75929 

72909 

60890 

66876 

63867 

60866 

62 

90971 

88002 

85039 

82064 

79099 

76139 

73185 

70239 

63 

99834 

96920 

94007 

91095 

88188 

85286 

82391 

79505 

64 

0.8 

08561 

05707 

C2S54 

00004 

07158 

04319 

014SS 

S8666 

65* 

0.8 

17155 

14365 

11577 

08792 

06013 

03241 

00478 

97724 

66 

25618 

22896 

20177 

17463 

14755 

12054 

06681 

67 

33952 

31304 

28659 

26019 

23386 

20761 

18145 

15540 

68 

42162 

39590 

37024 

34463 

31909 

29364 

24303 

69 

50249 

47759 

45275 

42797 

40327 

37865 

35414 

32973 

70* 

0.8 

58217 

55814 

53417 

51026 

48643 

46269 

439(^ 

41553 

71 

66071 

63758 

61451 

59152 

56861 

54579 

52307 

50047 

72 

73814 

71595 

69384 

67179 

64983 

62797 

60621 

58456 

73 

81450 

79330 

77217 

75111 

73015 

70927 

68851 

66785 

74 

88983 

86966 

84955 

82953 

80959 

78974 

77QOO 

75037 

75* 

0.8 

96419 

94508 

92604 

90708 

88820 

86942 

85073 

83216 

76 

0.9 

03762 

01961 

00166 

98380 

96602 

04833 

93074 

91326 

77 

11018 

09329 

07648 

05975 

04310 

02653 

01007 

99370 

78 

18190 

16619 

15054 

13497 

11947 

10406 

08875 

07353 

79 

25286 

23834 

22389 

20950 

19520 

18097 

16684 

15279 

0.9 

32311 

30981 

29658 

28341 

27032 

25731 

24437 

23152 

81 

39270 

38066 

36867 

35675 

34489 

33311 

32140 

30977 

82 

46170 

45093 

44021 

42956 

41896 

40843 

39797 

38758 

83 

53017 

52069 

51127 

50190 

49258 

48333 

47413 

46500 

84 

59817 

59001 

58190 

57383 

56581 

55784 

54993 

54207 

85* 

0.9 

66576 

65894 

86216 

64540 

63870 

63204 

62542 

61885 

86 

73302 

72754 

72210 

71668 

71130 

70596 

70065 

69538 

87 

80000 

79588 

79179 

78772 

78368 

77966 

77587 

77171 

88 

86678 

86403 

86130 

85858 

85588 

85320 

85053 

84789 

89 

93343 

93205 

93068 

92932 

92797 

92663 

92529 

92397 

/S  -  90* 

1.0 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

a  > 

=  45* 

46* 

47* 

48* 

49* 

50* 

51* 

52* 

The  function  Ao(a,  /9) 


a  =  63"  1  54"  55" 


- 

60" 

61 

62 

63 

64 

66" 

66 

67 

68 

69 

70" 

71 

72 

73 

74 

76" 

0 

76 

77 

78 

79 

80" 

81 

82 

83 

84 

85" 

86 

87 

88 

89 

&  = 

90" 

0.7  48342 


0.7  94982 
0.8  04011 


0.8  39214 


0.8  81370 


0.9  06841 


0.9  2187 


0.9  61233 


6 


[IIIXIIII 


o  =  53"  54"  56"  56"  57"  58"  59 


58" 

59" 

33329 

30380 

43127 

40232 

52841 

50004 

62473 

59697 

72024 

69314 

81496 

78855 

90891 

§8323 

00211 

97720 

09458 

07047 

18634 

16307 

27742 

2.5.502 

36784 

34634 

46763 

43706 

54680 

52720 

63540 

61680 

72345 

70587 

81098 

79444 

89801 

88255 

98459 

97022 

07074 

06749 

15649 

14438 

24189 

23093 

32696 

31718 

41173 

40314 

49625 

48886 

58055 

57437 

66466 

65971 

74862 

74490 

83248 

91626 

91502 

00000 

00000 

58" 

59" 

} 
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The  function  A«(a,  $) 

60“  61“  62“  I  63“  64“  I  65“  66“  67" 


89852  ' 
02358  * 
14835 
27282 
39697 
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The  function  Ae(a,  0) 


a  =  68“ 

69“ 

0 

O 

71“ 

72“ 

73“ 

74“ 

75“ 

^  =  0" 

0.0 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

1 

12625 

12525 

12426 

12329 

12234 

12140 

12049 

11960 

2 

25248 

25048 

24851 

24657 

24466 

24279 

24097 

23919 

3' 

37867 

37568 

37272 

36982 

36696 

36416 

36142 

35876 

4 

50481 

50082 

49689 

49302 

48922 

48549 

48185 

47829 

5“ 

0.0 

63088 

62591 

62100 

61617 

61143 

60677 

60223 

59779 

6 

75686 

75091 

74503 

73925 

73357 

72800 

72255 

71724 

7 

88274 

87581 

86897 

86224 

85563 

84914 

84281 

83663 

8 

0.1 

00850 

00060 

99280 

98513 

97760 

§7021 

§6299 

95594 

9 

13412 

12525 

11651 

10791 

09946 

09118 

08308 

07518 

10“ 

0.1 

25958 

24976 

24009 

23056 

22121 

21204 

20307 

19433 

11 

38486 

37411 

36351 

35307 

34282 

33278 

32295 

31338 

12 

50996 

49828 

48677 

47543 

46430 

45339 

44272 

43232 

13 

63486 

62226 

60984 

59762 

58562 

57385 

562:15 

55114 

14 

75953 

74603 

73273 

71963 

70677 

69416 

68184 

66983 

/  -i-i 

- 

15“ 

0.1 

88396 

86958 

85540 

d4145 

82774 

81431 

80119 

78839 

16 

0.2 

00814 

99289 ’S7785 

96305 

§4852 

93429 

92037 

§0680 

17 

13204 

11594 

10007 

08444 

06910 

05407 

03938 

02506 

18 

25567 

23873 

22203 

20560 

18947 

17366 

15821 

14316 

19 

37899 

36124 

34374 

32652 

30961 

29305 

27686 

26108 

20“ 

0.2 

50200 

48345 

46517 

44718 

42952 

41221 

39531 

37883 

21 

62168 

60536 

58631 

56757 

54918 

53116 

51355 

49638 

22 

74702 

72694 

70716 

68769 

66858 

64986 

63157 

61375 

23 

86901 

84820 

82769 

80752 

78772 

76832 

74937 

73091 

24 

99062 

96910 

94790 

92705 

90658 

88653 

86694 

84785 

25“ 

0.3 

11185 

08965 

06778 

04626 

02515 

00447 

§8427 

§6459 

26 

23269 

20983 

18731 

16516 

14343 

12214 

10135 

08109 

27 

35312 

32963 

30649 

28373 

26140 

23954 

21818 

19737 

28 

47313 

44904 

42530 

40197 

37907 

35664 

33474 

31341 

29 

59272 

56805 

54374 

51985 

49641 

47345 

45104 

42920 

/S  -  30“ 

0.3 

71186 

68664 

66180 

63738 

61342 

58997 

56706 

54475 

a  =  68“ 

69“  70“ 

71“ 

72“ 

73“ 

74“ 

75“ 

/3  -  30“  0.3  92.328  89621  86926 

31  0.4  04514  01879  99126 

32  16890  14069  11262 

33  29064  26191  23333 

34  41166  38244  35337 

35“  0.4  53192  50225  47272 

36  65143  62133  59139 

37  77017  73968  70936 

38  88813  85728  82661 

39  0.5  00530  97413  94314 

40“  0.5  12167  09021  05895 

41  23722  20552  17402 

42  35196  32005  28834 

43  465S3  43379  40192 

44  57S97  54674  51474 

45“  0.5  69122  65890  62680 

46  80263  77025  73810 

47  91S20  88081  84864 

48  0.6  02293  §9055  95842 

49  13181  09950  06742 

50“  0.6  23985  20763  17567 

51  34705  31497  28314 

52  4^40  42150  38986 

53  55891  52724  49582 

54  66359  63218  60103 

55“  0.6  76745  73633  70549 

56  870'IS  83971  80920 

57  97269  94230  91218 

58  0.7  07410  04414  01444 

59  17472  14521  11597 

/5  -  60“  0.7  27455  24554  21680 


a  -  60“  61“  62“  63“  64“  65“ 


47072  ' 
58184  * 


69238 

S0235 

91174 
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The  function  Ao(a,  /9) 


a  -  68“ 

69“ 

70“ 

71“ 

72“ 

73“ 

74“ 

75“ 

1 

O 

0.3 

71188 

68664 

66180 

63738 

61342 

58997 

66706 

64475 

31 

85055 

80482 

77947 

75455 

73010 

70617 

68230 

66004 

32 

91879 

92266 

89673 

87134 

81044 

82206 

79825 

77508 

33 

0.4 

06658 

03987 

01359 

§8776 

96242 

§3763 

§1342 

§8984 

34 

18385 

16673 

13a}3 

10379 

07805 

05287 

00434 

36“ 

0.4 

Sfmn 

27313 

246C4 

21943 

19332 

16778 

14284 

11857 

36 

41698 

38908 

36163 

33467 

30823 

28235 

25710 

23251 

37 

53278 

60466 

47679 

44951 

42278 

39659 

37101 

34618 

38 

61SIB 

61966 

69150 

56394 

53691 

51048 

4.5187 

45956 

39 

76*287 

73409 

70577 

67796 

85069 

62402 

59799 

57266 

40“ 

0.4 

87715 

84813 

81959 

79156 

761^ 

73720 

7109S 

68546 

41 

99090 

96169 

93296 

90474 

8770S 

85004 

82365 

79797 

42 

0.6 

10413 

07476 

01-587 

01750 

§8970 

§6251 

§3609 

§1019 

43 

21682 

18733 

16832 

12983 

10192 

07463 

04^1 

02211 

44 

32899 

29940 

27030 

24174 

21375 

18639 

15970 

13373 

46“ 

0.6 

44062 

41097. 

381S3 

35321 

32519 

29778 

27106 

24506 

46 

66171 

62206 

49289 

46426 

43822 

40881 

382*38 

35609 

47 

6G227 

63262 

60348 

57488 

648S6 

51948 

49278 

46682 

48 

77229 

74269 

71361 

68506 

65711 

62979 

60315 

57725 

49 

88177 

86227 

82-35? 

79482 

76698 

73973 

71319 

68738 

60“ 

0.6 

99072 

96134 

93247 

90415 

87641 

84932 

82290 

79721 

61 

0.6 

09913 

06991 

04121 

01305 

9S54S 

§5854 

§3228 

§0676 

62 

20701 

17799 

1494S 

12152 

09416 

06741 

04134 

01600 

63 

31436 

28668 

25730 

22957 

20243 

17592 

15C€S 

12496 

64 

i 

42119 

39268 

3846? 

33721 

31033 

28407 

26S49 

23362 

66“ 

0.6 

62749 

49929 

47169 

44443 

41784 

39188 

36669 

34200 

66 

688.^ 

60642 

57806 

55123 

62498 

49935 

47437 

45010 

67 

73S57 

71108 

68409 

65763 

63176 

60647 

58184 

66791 

68 

81627 

78989 

76363 

73814 

71325 

68901 

66545 

69 

94763 

92100 

801S6 

86924 

8441S 

81971 

79587 

77272 

U  -  60“ 

0.7 

06142 

02627 

§9961 

§7446 

01085 

§2584 

90244 

87972 

a  -  68“ 

69“ 

70“ 

71“ 

72“ 

73“ 

74“ 

76“ 
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The  function  Ac(a,  /3) 


a 

=  60“ 

61“ 

62“ 

63“ 

64“ 

65“ 

66“ 

67“ 

60“ 

0.7 

27455 

24554 

21680 

18836 

16024 

13246 

10504 

07802 

61 

37380 

34513 

31694 

28903 

26144 

23419 

20731 

18081 

62 

47190 

44401 

41639 

38906 

36204 

33536 

30904 

28310 

63 

58015 

54217 

51516 

48845 

46204 

43596 

41024 

38490 

64 

66627 

63964 

61329 

58721 

56145 

53601 

51092 

48621 

65“ 

0.7 

76^7 

73644 

71077 

68538 

68029 

63552 

61110 

58704 

66 

85778 

83257 

80762 

78295 

75857 

73451 

71079 

68742 

67 

95251 

92806 

90387 

87994 

85631 

83299 

81000 

78735 

68 

0.8 

04658 

02292 

99952 

97638 

95353 

93097 

90874 

S8685 

69 

14001 

11718 

09460 

07228 

05023 

02848 

00704 

98593 

70“ 

0.8 

2.5283 

21086 

18913 

16765 

14645 

12552 

10490 

08460 

71 

32504 

30397 

28312 

26252 

24219 

22212 

20235 

18289 

72  ■ 

41669 

39654 

37661 1 

35691 

33747 

31829 

29940 

28080 

73 

50780 

48859 

46960 

45084 

43232 

41406 

39606 

37835 

74 

59S37 

58015 

56213 

54433 

52676 

50943 

492.36 

47556 

75“ 

0.8 

6SS46 

67124 

65421 

63740 

62080 

60443 

58831 

57245 

76 

77807 

76188 

74588 

73007 

71447 

69909 

68394 

66903 

77 

86724 

85211 

83715 

82237 

80779 

79342 

77926 

76533 

78 

95600 

94194 

92805 

91432 

90078 

88744 

87429 

86135 

79 

0.9 

04438 

03142 

01860 

00595 

§9347 

98117 

96905 

95713 

80“ 

0.9 

1.3240 

12055 

10884 

09728 

OS^ 

07464 

06357 

05268 

81 

22010 

20938 

19880 

18834 

17803 

16787 

15786 

14802 

82 

30750 

29794 

28849 

27916 

28995 

26088 

25195 

24317 

83 

.39484 

38624 

37794 

36975 

36166 

35370 

34588 

33814 

84 

48155 

47433 

46719 

46014 

45320 

44635 

43080 

43297 

85“ 

0.9 

58826 

56223 

55626 

55038 

54457 

53885 

53321 

52767 

86 

65481 

64997 

64519 

64047 

63581 

63123 

62671 

62227 

87 

74122 

73759 

73400 

73045 

72805 

72351 

72011 

71678 

88 

82754 

82511 

82271 

82035 

81801 

81571 

81345 

81122 

89 

91379 

91257 

91137 

91019 

90902 

90787 

90674 

90562 

^  -  90“ 

1.0 

fHVHVl 

00000 

00000 

00000 

onot'K) 

00000 

00000 

00000 

a  «  60“ 

61“ 

62“ 

63“ 

64“ 

65“ 

66“ 

67“ 

Qooogpoo  QOQOOOOOQO  OiOSOS®®  OJOJOSOi 
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The  function  Ao(a,  fi) 


a  = 

=  68° 

69° 

o 

O 

71° 

72° 

CO 

o 

74° 

75° 

^  =  60° 

0.7 

05142 

02527 

99961 

97446 

94985 

92584 

90244 

§7972 

61 

15473 

12910 

10394 

07929 

05518 

03164 

00872 

98645 

62 

25758 

23249 

20787 

18375 

16016 

13714 

11471 

09293 

63 

35996 

33545 

31140 

28784 

26481 

24232 

22043 

19916 

64 

46189 

43799 

41455 

39158 

36912 

34721 

32587 

30514 

65° 

0.7 

56338 

54012 

51731 

49497 

47312 

45180 

43104 

41089 

66 

66444 

64186 

61971 

59801 

57680 

55611 

53596 

51639 

67 

76508 

74320 

72174 

70073 

68018 

66014 

64062 

62168 

68 

86532 

84417 

82343 

80312 

78327 

76390 

74505 

72674 

69 

96517 

94478 

92478 

90521 

88607 

86740 

84923 

83159 

70° 

0.8 

06464 

04504 

02581 

00699 

98860 

97065 

95319 

93624 

71 

16375 

14496 

12653 

10849 

09086 

07367 

05693 

04069 

72 

26251 

24455 

22695 

20971 

19287 

17645 

16047 

14495 

73 

36094 

34384 

32708 

31067 

29464 

27901 

26380 

24903 

74 

45905 

44283 

42694 

41138 

39619 

38136 

36694 

35294 

75° 

0.8 

55685 

54155 

52654 

51186 

49751 

48352 

46990 

45669 

76 

65438 

64000 

62590 

61210 

59862 

58548 

57270 

56029 

77 

75164 

73820 

72503 

71214 

69955 

68727 

67533 

66374 

78 

84864 

83617 

82394 

81198 

80029 

78890 

77781 

76705 

79 

94542 

93392 

92266 

91163 

90087 

89037 

88015 

87024 

80° 

0.9 

04198 

03148 

02119 

01112 

00129 

99170 

98237 

97332 

81 

13835 

12885 

11955 

11045 

10156 

09290 

08447 

07629 

82 

23453 

22606 

21777 

20965 

20171 

19398 

18646 

17917 

83 

33057 

32313 

31584 

30871 

30175 

29496 

28836 

28196 

84 

42646 

42007 

41^ 

40767 

40169 

39585 

39018 

38467 

QO 

o 

0.9 

52223 

51689 

51166 

50654 

50154 

49667 

49193 

48733 

86 

61790 

61362 

60943 

60533 

60132 

59741 

59361 

58992 

87 

71350 

71028 

70713 

70405 

70104 

69810 

69525 

69248 

88 

80903 

80689 

80478 

80273 

80072 

79876 

79685 

79500 

89 

90453 

90345 

90240 

90137 

90037 

89939 

89843 

89751 

|8  =  90° 

1.0 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

00000 
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The  function  Ao(a,  0) 


a  -  76* 

76“ 

77“ 

78“ 

79“ 

80“ 

81“ 

82“ 

/3  »  0* 

0.0 

00000 

00000 

00000 

00000 

00000 

00000 

■00000 

00000 

1 

11960 

11873 

11789 

11709 

11631 

11557 

11486 

11420 

2 

23919 

23746 

23578 

23416 

23261 

23113 

22972 

22840 

3 

35876 

35616 

35365 

35123 

34890 

34668 

34458 

34260 

4 

47829 

47484 

47150 

46827 

46517 

46222 

45941 

46678 

5* 

0.0 

59779 

59348 

58931 

585^ 

58142 

57773 

67423 

67095 

6 

71724 

71208 

70708 

70226 

69763 

69322 

68903 

68509 

7 

83663 

83062 

82481 

81920 

81381 

80867 

80380 

79922 

8 

95594 

94910 

94247 

93608 

92995 

92409 

91854 

91332 

9 

0.1 

07618 

06761 

06008 

05291 

04603 

03946 

03324 

02739 

10“ 

19433 

18583 

17761 

16967 

16206 

15479 

14790 

14143 

11 

31338 

30407 

29506 

28637 

27803 

27007 

26252 

25543 

12 

43232 

42221 

41242 

40299 

39393 

38528 

37709 

36939 

13 

55114 

54024 

52969 

51952 

50976 

50044 

49161 

48331 

14 

66983 

65816 

64686 

63596 

62551 

61553 

60607 

59718 

15“ 

0.1 

78839 

77596 

76392 

76231 

74117 

73054 

72046 

71099  ' 

16 

90680 

89362 

88086 

86856 

85676 

84548 

83480 

82476  • 

17 

0.2 

02506 

01115 

99768 

98469 

97223 

96033 

94906 

93847 

18 

14316 

12853 

11437 

10071 

08761 

07510 

06325 

05212 

19 

26108 

24576 

23091 

21661 

20288 

18978 

17737 

16570 

20“ 

0.2 

37883 

36282 

34732 

33238 

31804 

30436 

29140 

27922 

21 

49638 

47971 

46357 

44802 

43309 

41885 

40535 

39267 

22 

61375 

59643 

67967 

56352 

54802 

53323 

51922 

50605 

23 

78091 

71297 

69561 

67887 

66282 

64760 

63299 

61935 

24 

84785 

82932 

81138 

79408 

77749 

76167 

74667 

73258 

25“ 

0.2 

96459 

94547 

92697 

90914 

89203 

87571 

86025 

84673 

26 

0.3 

08109 

06142 

04238 

02403 

00643 

98964 

97373 

95879 

27 

19737 

17716 

15761 

13877 

12069 

10345 

08711 

07177 

28 

31341 

29269 

27265 

25333 

23480 

21713 

20039 

18466 

29 

42920 

40800 

38749 

36772 

34876 

33068 

31355 

29746 

/5  -  30“ 

0.3 

54476 

52309 

50213 

48194 

46267 

44410 

42661 

41017 

a  -  75“ 

76“ 

77“ 

78“ 

79“ 

80“ 

81“ 

82“ 
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The  function  Ao(a,  0) 


a  -  83“ 

84“ 

85“ 

1  86“ 

(X 

o 

88“ 

89“ 

90“ 

jS  -  0“ 

0.0 

00000 

COuiM) 

UiAAAl 

00000 

00000 

00000 

1 

11.369 

11303 

11262 

11170 

11140 

11119 

11111 

2 

22718 

22605 

22503 

22414 

22333 

22280 

22239 

22222 

3 

34078 

33907 

33765 

33621 

3359S 

33419 

33358 

33333 

4 

45433 

45208 

4^5 

44828 

41677 

44559 

44478 

44444 

5“ 

0.0 

56789 

56508 

66266 

55818 

55698 

55597 

55556 

6 

68143 

67807 

67605 

67239 

67016 

66838 

66716 

mm 

7 

79496 

79105 

78753 

78444 

78183 

77977 

77836 

8 

90847 

90401 

90000 

89648 

80350 

89116 

iS 

9 

0.1 

02195 

01696 

01246 

00851 

00517 

00254 

00074 

00000 

10“ 

0.1 

13540 

12988 

12490 

12053 

116S4 

11392 

11193 

mil 

11 

24S83 

24278 

23254 

22S19 

22530 

22312 

22222 

12 

36223 

35565 

34973 

34453 

34014 

33668 

33431 

33333 

13 

4765S 

46850 

46212 

45651 

45178 

44805 

44549 

14 

58891 

58132 

57448 

56848 

58341 

55942 

55668 

55556 

15“ 

O’.l 

7021S 

69410 

68682 

68043 

67604 

67078 

66786 

66667 

16 

81542 

80686 

79914 

79237 

78885 

78214 

77905 

77778 

17 

91958 

91143 

90428 

89349 

89023 

88889 

18 

0.2 

04176 

03226 

0k37Q 

01618 

0098  i 

00483 

00141 

00000 

19 

iSiSS 

14490 

13593 

12806 

12142 

11618 

11258 

mil 

20“ 

0.2 

26789 

25750 

24814 

23992 

22751 

22376 

22222 

21 

37006 

36031 

35176 

34153 

33884 

33493 

33333 

22 

49380 

48257 

47246 

46357 

45607 

45016 

44611 

44444 

23 

SGS87 

59504 

58456 

57536 

66764) 

56147 

55728 

55556 

24 

71948 

70746 

69663 

68713 

67911 

67278 

66844 

66667 

26“ 

0.2 

81983 

80867 

79887 

79060 

78408 

77961 

77778 

26 

911S0 

93215 

GSCfSO 

91059 

mom 

89537 

89077 

88889 

27 

0.3 

05760 

04441 

03 '62 

01351 

00665 

00194 

00000 

28 

170C4 

15662 

14454 

13394 

1S4S9 

11793 

11309 

mil 

29 

28‘^70 

26878 

25642 

24557 

22920 

25425 

22222 

/J  -  30“ 

■ 

35718 

34783 

34046 

33541 

33333 

a  -  83“ 

84“ 

85“ 

86“ 

87“ 

88“ 

89“ 

90“ 
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The  function  At(a,  0) 


a  -  76® 

76® 

77® 

o 

00 

79® 

82® 

/»  -  30® 

0.3 

54476 

52309 

50213 

48194 

46257 

44410 

42661 

41017 

31 

63795 

61657 

59598 

57623 

55739 

53955 

52279 

32 

77608 

75257 

73081 

68972 

67054 

65238 

63531 

33 

88984 

86696 

84483 

78355 

76509 

74774 

34 

0.4 

00434 

98111 

95863 

93698 

91622 

S9642 

57768 

56007 

35® 

0.4 

11857 

09500 

07222 

00915 

99014 

97229 

36 

23251 

20865 

18558 

16335 

12173 

10249 

08442 

37 

34618 

32205 

29872 

27624 

23416 

21471 

19644 

38 

45956 

43519 

41163 

38893 

36718 

34644 

32680 

30836 

39 

57266 

54808 

52431 

47948 

45857 

43877 

42018 

40® 

HH 

68546 

66070 

63676 

61371 

59161 

57055 

55061 

53189 

41 

79797 

77306 

74898 

72579 

68238 

66232 

64349 

42 

nm 

88516 

86096 

83766 

81533 

79405 

77390 

75499 

43 

02211 

§9699 

97270 

94932 

92692 

90556 

58535 

56637 

44 

10855 

08421 

01692 

99667 

97765 

45® 

0.5 

24506 

21985 

19548 

14955 

12813' 

10786 

08883 

46 

33087 

30651 

23918 

21891 

19989 

47 

4668^ 

44164 

41730 

39388 

37145 

35007 

32984 

31085 

48 

57725 

55213 

52786 

48212 

46081 

44063 

42169 

49 

68738 

66235 

63818 

61491 

59262 

57139 

55129 

53243 

50® 

0.5 

79721 

77231 

74826 

72511 

68181 

66183 

64307 

61 

88201 

85810 

79209 

77223 

75359 

52 

BWl 

Pofx? 

99144 

967^2 

94489 

90220 

58250 

56401 

53 

12496 

10061 

07710 

01217 

99265 

97433 

54 

23362 

20952 

18625 

16385 

14241 

12199 

10267 

08454 

55® 

31818 

29517 

25184 

23166 

21256 

19464 

56 

42658 

40386 

34118 

32233 

30465 

57 

55791 

53472 

51234 

45055 

43198 

41455 

58 

64263 

62059 

Kwli !] 

55978 

54151 

52436 

59 

77272 

75028 

72863 

68786 

66887 

65091 

63407 

/J  »  60® 

Eii 

85770 

83645 

79645 

77782 

76021 

74368 

a  -  75® 

76® 

77® 

78® 

79® 

80® 

81® 

82® 

TABLES  OF  COMPLETE  ELLIPTIC  INTEGRALS 


193 


The  function  A»(a,  fi) 


a  -  83* 

84* 

00 

o 

86* 

o 

00 

88* 

00 

CO 

o 

90* 

«=  30* 

0.3 

391S9 

38088 

36826 

35718 

34783 

34046 

33541 

33333 

31 

50721 

49292 

4S(MI5 

46876 

45923 

45171 

44656 

44444 

32 

61915 

60490 

59180 

58030 

57060 

56295 

66771 

55556 

33 

73162 

71683 

70351 

69182 

68198 

67418 

fifi885 

66667 

34 

81370 

82869 

81517 

80331 

79330 

78540 

78000 

77778 

35* 

0.3 

95570 

94049 

92679 

91477 

9(14C2 

89662 

89114 

88889 

36 

0.4 

06763 

05223 

03836 

02619 

01692 

00782 

00228 

00000 

37 

17947 

16390 

14988 

13758 

12721 

11902 

11341 

mil 

38 

29122 

27551 

26136 

24894 

23847 

23020 

22454 

22222 

39 

40290 

38705 

37279 

36027 

34971 

34138 

33567 

33333 

40* 

0.4 

51449 

49853 

48417 

47157 

48093 

45255 

44630 

44444 

41 

62,499 

60995 

59550 

58283 

57214 

66370 

5S7S2 

55556 

42 

73741 

72129 

70679 

69406 

67485 

66905 

66667 

43 

84874 

83258 

81802 

80525 

7944S 

78598 

78016 

77778 

44 

94909 

94379 

92921 

91641 

90682 

89711 

89128 

88889 

45* 

0.5 

07114 

05494 

04034 

02754 

01674 

00823 

00239 

00000 

46 

18222 

16602 

15143 

13864 

127S5 

11933 

11.350 

11111 

47 

20320 

27703 

26247 

24970 

2-3303 

23043 

22461 

22222 

48 

40410 

38798 

37346 

36073 

31909 

34151 

33571 

33333 

49 

51491 

49886 

48440 

47172 

46103 

45259 

44681 

44444 

50* 

0.5 

62564 

60967 

59529 

58268 

57205^ 

56366 

65791 

55556 

51 

73628 

72042 

70614 

69361 

essos 

67471 

66901 

66667 

52 

84634 

83110 

81693 

80451 

79103 

78576 

78010 

77778 

53 

95731 

94172 

92768 

91537 

S0499 

89680 

89119 

88889 

54 

0.6 

06770 

05227 

03838 

02620 

01693 

00782 

00228 

00000 

55* 

0.6 

1 

17800 

16276 

14903 

13700 

12685 

11884 

11336 

mil 

56 

28823 

27318 

25964 

24776 

23775 

22985 

22444 

22222 

57 

3983  7 

38355 

37020 

35850 

S4S63 

34085 

33m 

33333 

58 

50844 

49385 

4S072 

46921 

45yK) 

45184 

44659 

59 

61843 

60409 

59119 

57988 

67031 

56282 

55767 

55556 

/3  -  60* 

0.6 

7 2833 

71427 

70162 

69053 

68117 

67379 

66874 

66667 

a  »  83* 

84* 

85* 

86* 

87* 

88* 

89* 

90* 
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The  function  Ae(a,  P) 


a  »  75“ 

76“ 

77“ 

o 

00 

•>4 

CO 

o 

80“ 

81“ 

00 

to 

0 

»  60“ 

0.6 

87972 

85770 

83646 

79645 

77782 

76021 

74368 

61 

98815 

96489 

94407 

88664 

86938 

85320 

62 

0.7 

09293 

07184 

05148 

99532 

97845 

96262 

63 

19916 

17857 

15869 

13958 

12128 

10387 

08740 

07196 

64 

30514 

28507 

26571 

22926 

21229 

19625 

18120 

*.  65“ 

0.7 

410S9 

39137 

37*263 

35442 

32059 

30500 

29036 

66 

51639 

49746 

47917 

44478 

42877 

41364 

39944 

67 

62168 

60333 

58563 

56862 

55233 

53683 

52218 

50844 

68 

70902 

69192 

67548 

65975 

64479 

63063 

61736 

69 

81451 

79804 

76262 

73899 

72620 

70“ 

0.7 

93624 

91983 

90399 

88877 

87421 

86036 

84726 

83497 

71 

0.8* 

04069 

02496 

00979 

99521 

98126 

96799 

95544 

94367 

72 

14495 

12993 

11544 

Pm 

07552 

06354 

05231 

73 

23474 

22095 

20770 

19503 

18297 

17157 

16087 

74 

36294 

33939 

32633 

31377 

30176 

29032 

27951 

26938 

75“ 

0.8 

45669 

44390 

43157 

41972 

40838 

39759 

38739 

37783 

76 

54828 

53669 

52556 

51491 

50478 

49521 

48623 

77 

66374 

65252 

64170 

63130 

62136 

61190 

60296 

59457 

78 

76705 

75664 

74660 

73696 

72773 

71895 

71065 

70287 

79 

86065 

85140 

84252 

83402 

82593 

81829 

81112 

80“ 

0.8 

97332 

96456 

95612 

94800 

94024 

93286 

92588 

91933 

81 

0.9 

07629 

06838 

06074 

05341 

04640 

03973 

03342 

02751 

82 

17917 

17211 

16530 

15875 

15250 

14655 

14092 

13565 

83 

28196 

27676 

26978 

26404 

25855 

25333 

24839 

24376 

84 

37935 

37421 

36927 

36455 

36006 

35582 

35184 

85“ 

0.9 

48733 

48288 

47859 

47446 

47062 

46677 

46323 

45990 

86 

58992 

58636 

58292 

57962 

57646 

57345 

67061 

66795 

87 

68980 

68722 

68474 

68236 

68011 

67797 

67597 

88 

79500 

79322 

79149 

78984 

78825 

78675 

78532 

78399 

89 

89751 

89661 

89676 

89492 

89413 

89338 

89266 

89200 

^  «  90“ 

1.0 

(XXKX) 

00000 

00000 

00000 

00000 

00000 

a  -  75“ 

76“ 

77“ 

78“ 

79“ 

mm 

81“ 

82“ 
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The  function  Ae(a,  $) 


a  - 

=  83" 

84" 

85" 

86" 

O 

00 

88" 

89" 

/3  =  60" 

0.6 

72833 

71427 

70162 

69053 

68117 

67379 

66874 

61 

83817 

82440 

81201 

80114 

79198 

78475 

77981 

62 

94793 

93447 

92235 

91173 

90277 

89571 

89087 

63 

0.7 

05762 

04448 

03266 

02229 

01355 

00666 

00194 

64 

16723 

15444 

14292 

13282 

12431 

11759 

11300 

65" 

0.7 

27678 

26434 

25315 

24333 

23505 

22852  ^2405- 

66 

37419 

36333 

35381 

34578 

33945 

33511 

67 

49568 

48400 

47348 

46426 

45649 

45036 

44617 

68 

59375 

58360 

57470 

56719 

56127 

55722 

69 

71433 

70346 

69368 

68510 

67787 

67217 

66827 

o 

o 

0.7 

82357 

81312 

80373 

79549 

78854 

78307 

77932 

71 

93275 

92274 

91375 

90585 

89920 

89395 

89036 

72 

0.8 

04188 

03232 

02373 

01620 

00984 

00484 

00141 

73 

IS 

14186 

13369 

12652 

12048 

11571 

11245 

74 

25998 

25137 

24362 

23682 

23110 

22658 

22349 

75" 

36083 

35352 

34711 

34171 

33745 

33453 

76 

47026 

46340 

45738 

45231 

44831 

44557 

77 

58679 

57967 

57326 

56764 

56290 

55916 

55660 

78 

69565 

68904 

68309 

67788 

67348 

67001 

66764 

79 

79838 

79290 

78810 

78405 

78086 

77867 

80" 

0.8 

91326 

90770 

90270 

89831 

89462 

89170 

88971 

81 

0.9 

02202 

01700 

01248 

00852 

00518 

00254 

00074 

82 

12627 

12224 

11871 

11573 

11338 

11177 

83 

23946 

23553 

23199 

22889 

22627 

22421 

22280 

84 

34815 

34477 

34173 

33906 

33682 

33504 

33383 

85" 

0.9 

45682 

45400 

45145 

44923 

44735 

44587 

44486 

86 

56547 

56321 

56117 

55939 

55789 

55670 

55589 

87 

67412 

67242 

67089 

66955 

66842 

66753 

66692 

88 

78275 

78161 

78059 

77970 

77895 

77835 

77794 

89 

89138 

89081 

89030 

88985 

88947 

88918 

88897 

/3  »  90" 

1.0 

00000 

00000 

00000 

00000 

00000 

00000 

00000 

a 

=  83" 

84" 

85" 

86" 

87" 

88" 

89" 

90* 


66667 

77778 

88889 

00000 

mil 

22222 

33333 

44444 

55556 

66667 

77778 

88889 

00000 

11111 

22222 

33333 

44444 

55556 

66667 

77778 

88889 

00000 

mil 

22222 

33333 

41414 

55556 

66667 

77778 

88889 

00000 


90" 
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y'LS^3 


The  function  A»(a,  /9) 


a  »= 

0.0° 

0.1° 

0.2° 

o 

CO 

d 

0.4° 

0.5° 

0.6° 

o 

d 

o 

bo 

01 

0.9° 

/5  -  80° 

0.98 

48(« 

4807 

4.K45 

4801 

4796 

4789 

4781 

4771 

4700 

4747 

81 

7688 

7687 

7685 

7681 

7676 

7669 

7661 

7651 

7640 

7627 

82 

0.99 

0288 

0267 

0205 

0261 

0*250 

0249 

0241 

0231 

0220 

0207 

83 

2,518 

2545 

2543 

2539 

2534 

2527 

2519 

2509 

2498 

2485 

84 

4622 

4521 

4519 

4516 

4510 

4504 

1195 

4485 

4474 

4461 

85 

0.99 

6196 

6194 

6192 

6188 

6183 

6176 

6163 

6158 

6147 

6134 

86 

7684 

7563 

7561 

7558 

76.52 

7545 

7637 

7527 

7616 

7503 

87 

8630 

8629 

8027 

8523 

8618 

8611 

8602 

8592 

8581 

8569 

88 

9391 

9390 

93SS 

9^ 

9378 

9372 

0361 

9354 

9344 

9332 

^  »  SS° 

9SiS 

9846 

9843 

9838 

9-833 

9827 

9S20 

9812 

9804 

9795 

a  “ 

2.0° 

2.1° 

2.2° 

2.3° 

2.4° 

2.5° 

2.6° 

2.7° 

2.8° 

2.9° 

5  *=  80- 

0.98 

4511 

4481 

4449 

4416 

4382 

4346 

4309 

4270 

4230 

4189 

81 

7391 

7361 

7329 

7296 

Tm 

7227 

7190 

7152 

7112 

7071 

82 

9971 

9941 

9910 

9877 

9843 

9808 

9771 

9733 

9694 

9654 

83 

0.99 

2*2.50 

2220 

2189 

2156 

2123 

2088 

2051 

2014 

1975 

1935 

84 

42*27 

4198 

4167 

4135 

4102 

4067 

4002 

3995 

3957 

3918 

85 

0.99 

690.8 

5874 

6814 

5813 

5780 

5747 

5712 

6677 

5010 

5603 

86 

7277 

7249 

7221 

7191 

7160 

7129 

7008 

7063 

70*^ 

6993 

87 

8353 

8327 

8300 

8273 

8244 

8215 

8188 

8156 

8125 

8094 

88 

91.39 

9117 

9094 

9071 

9048 

9025 

9001 

8977 

8952 

8927 

/3  =  80° 

96^ 

9646 

9633 

9619 

SC05 

9591 

9576 

9562 

9518 

9533 

o  = 

4.0° 

4.1° 

4. *2° 

4.3° 

4.4° 

4.5° 

4.6° 

4.7° 

4.8° 

4.9° 

(8-80° 

0.98 

36,52 

3596 

3538 

3479 

3420 

3359 

3297 

3233 

3169 

3104 

81 

6639 

6483 

0427 

6369 

6310 

6250 

6189 

6127 

6083 

5999 

82 

9129 

9075 

9019 

8962 

8306 

8846 

8788 

8726 

8684 

8601 

83 

0.99 

1422 

1369 

1315 

1260 

1205 

1148 

1090 

1032 

0972 

0912 

84 

3421 

3370 

3319 

3266 

3213 

3159 

3104 

3048 

29*92 

2935 

85 

0.99 

5130 

5082 

5034 

4985 

4935 

4885 

1834 

4782 

4730 

4677 

86 

6667 

6514 

6470 

6426 

6381 

6336 

8^ 

6244 

619S 

6151 

87 

7717 

7680 

7643 

7606 

75CS 

7530 

7492 

7454 

7416 

7377 

88 

8638 

8611 

8584 

8556 

8629 

8501 

8473 

8445 

8417 

8389 

jS  ■=  89° 

8372 

9357 

9343 

9328 

9313 

9298 

9*284 

9269 

9*254 

9239 
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^ipendix 

As  examples  of  the  use  of  the  tables  we  shall  here  discuss  some  dy¬ 
namical  problems,  where  the  required  quantities  are  expressible  in 
terms  of  the  functions  Ft(a),  Eoia)  and  Ao(a,  0),  and  thus  can  be  com¬ 
puted  numerically  with  the  aid  of  the  present  tables. 

I.  The  spherical  pendulum 

Let  O  be  the  pK)int  of  suspension  and  a  the  length  of  the  string.  The 
bob  A  of  the  pendulum  is  then  constrained  to  move  on  the  surface  of  a 
sphere  with  centre  in  0  and  of  radius  OA  ^  a.  Let  the  lowest  point 
of  this  sphere  be  Z,  the  highest  Z'.  We  consider  the  sphere  as  a  surface 
of  revolution,  whose  meridians  are  the  semicircles  on  ZZ'  as  diameter 
and  whose  parallels  are  horizontal  circles. 

In  the  general  type  of  motion  the  meridian  through  the  bob  turns 
steadily  in  the  same  direction  about  the  vertical  ZZ\  The  rotational 
angle,  counted  from  the  initial  position,  is  called  the  azimuth  and  may 
be  denoted  by  Further  we  denote  by  0  the  angular  distance  ZOA 
from  the  lowest  point  Z  to  the  bob  A.  The  instantaneous  position  of 
the  bob  is  then  determined  by  these  two  angles,  6  and 

While  the  azimuth  ^  steadily  increases,  the  angle  0  varies  between 
two  constant  limits,  0i  >  0 and  0i  >  Ox.  The  bob  then  describes  a 
twisted  curve  on  the  spherical  zone  which  is  bounded  by  the  parallels 
corresponding  to  0  =  0i  and  0=0*.  The  path  touches  alternately 
these  limiting  parallels.  The  points  of  tangency  form  the  apsides  of 
the  path  and  divide  it  into  congruent  arcs.  Between  two  consecutive 
apsides  the  azimuth  ^  increases  by  a  constant  amount,  which  may  be 
called  the  apsidal  angle  and  denoted  by  The  individual  arcs  between 
consecutive  apsides  are  described  in  equal  times.  We  shall  denote  by  T 
the  time  it  takes  for  the  bob  to  move  through  two  such  arcs,  i.e.,  from 
one  apsis  to  the  next  one  on  the  same  level.  Thus  T  is  the  period  for  the 
angle  0,  if  expressed  as  a  function  of  the  time. 

In  such  a  “zonal"  motion  of  the  pendulum,  0i  is  always  <  t/2, 
whereas  0*  may  also  be  >t/2.  Thus  the  lower  limiting  parallel  lies 
always  below  the  point  0,  while  the  upper  one  may  however  lie  above 
this  level.  There  can  then  be  a  possibility  that  the  string  slackens, 
but  we  shall  suppose  this  possibility  eliminated  by  the  convention  that 
in  such  a  case  the  string  is  replaced  by  a  weightless  rod. 

There  is  also  another  condition  for  the  angles  0i  and  0* ,  viz.  that 
01  -}■  0*  <  T,  SO  that  0  <  01  <  0*  <  T  —  01 . 
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The  period  T  and  the  apeidal  angle  ^  can  now  be  expressed  by  the 
functions  Ft(a)  and  Ao(a,  0),  as  follows. 

Instead  of  the  angles  9i ,  0*  we  introduce  their  cosines  putting 

Zi  =  cos  01 ,  Zt  =  cos  0j . 

Here  *i  is  then  always  >0,  whereas  2*  can  be  >,  =  or  <0.  Further 
we  have  2i  +  2*  >  0,  so  that  1  >  21  >  2*  >  —zi . 

Let  «i ,  be  the  positive  square  roots  of 

«i  =  1  —  2*,  9*  “  1  +  2ziZt  -1-  2*, 

«*  =  1  —  Z*,  9l  =  1  +  22i2*  -|-  z*. 

We  then  define  the  two  angles  a  and  ^  by  the  formulas 

cos  a  =  — ,  0  <  a  <  t/2,  cos  0  =  ,  0  <  /3  <  t. 

91  9i 

If  2i  <  0,  then  t/2  <  <  t,  and  we  have  then,  according  to  §8,  A«(a,  0) 

=  2  —  Ao(o,  T  —  $). 

The  period  T  has  the  value 

r  «  F,(a).T  where  /  -  ^-L+?*.2a, 

y  9  9i 

and  the  apeidal  angle'!'  is  determined  by  the  expression 

We  shall  here  consider  particularly  the  latter  fimction.  With  the 
aid  of  the  tables  of  Fo{a)  and  Ao(a,  0)  it  has  been  possible  to  computed 
for  a  great  number  of  chosen  values  of  the  two  variables  Zi ,  2t ,  and  in 
this  way  investigate,  how  ^  varies  with  them.  The  result  is  most  easily 
depicted  by  a  diagram.  We  interpret  zi  and  zt  as  Cartesian  codrdinates 
of  the  points  in  a  plane  and  in  this  plane  we  plot  curves =  constant, 
for  a  suitable  sequence  of  values  of  the  constant.  In  consequence  of 
the  conditions  on  z\  and  2s ,  mentioned  above,  the  points  corresponding 
to  zonal  motion  must  lie  in  the  interior  of  the  isosceles  triangle  bounded 
by  the  lines  21  «  l,  «  z,  and  21  =  —2s . 

Fig.  3  shows  such  a  diagram,  in  which  several  'i'-curves  have  been 
plotted.  The  positive  direction  of  the  21-axis  is  vertically  downwards, 
the  positive  direction  of  the  2s-axis  is  horizontally  to  the  right,  and  the 
origin  is  at  the  top  vertex  of  the  triangle. 
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For  the  motion  in  question  Puiseux  and  Halphen  have  shown,  that 
90°  <if  <  180°,  and  this  fact  is  also  confirmed  by  the  diagram. 

For  given  values  of  ti  and  zt  one  can  obtain  an  approximate  value  of 
the  corresponding  apsidal  angle  from  this  diagram.  Thus  for  Zt  =  0.8, 
Zt  =  0.6  we  findi'  ~  113°.  More  accurate  computation  gives  113.21.° 
While  every  point  in  the  interior  of  the  triangle  represents  a  sonal 
motion,  the  points  on  the  sides  correspond  to  certain  limiting  cases,  in 
which  the  path  is  a  plane  curve,  hence  a  circle  or  a  circular  arc.  A 
point  on  the  line  Zi  =  1  represents  oscillations  in  a  vertical  plane,  in 
which  d  varies  between  $i  =  0  and  6t  (simple  pendulum).  A  point  on 
the  line  Zi  —  Zt  represents  rotation  in  a  horizontal  circle,  in  which  0  is 


constant  (conical  pendulum).  The  case  Zi  »  —Zt  corresponds  to 
motion  in  a  great  Circle,  but,  ii  di  ^  0,  this  motion  cannot  be  realized 
physically,  since  it  implies  infinitely  large  velocity.  If  the  velocity  of 
the  bob  is  very  large,  the  tension  in  the  string  or  the  rod  will  also  be  very 
large  and  the  influence  of  gravity  on  the  motion  will  be  relatively  small. 
If  this  influence  can  be  completely  neglected,  the  path  becomes  a  geo¬ 
desic  upon  the  sphere,  i.e.,  a  great  circle,  and  hence  dt  •=  v  —  8i  and 

Z|  -  — Zi  . 

In  the  above  formula  for  the  apsidal  angle,  Zi  »  1  gives  'If  «  r/2 
and  Zi  =»  — Zt  gives  ♦  “  *■.  These  results  have  obvious  interpretations 
in  the  corresponding  motions.  It  follows  that  the  base  line  Zi  ~  1 
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and  the  left  side  Zi  <■  — Zt  are  themselves  members  of  the  curve  system 
^  =  constant.  On  the  other  hand,  Zi  »  Z|  gives  the  variable  value 
SI'  (1  -|-  3z!)~^ir.  Since  the  path  in  this  case  is  a  horizontal  circle, 
there  are  no  apsides.  However,  if  we  consider  this  motion  as  a  limiting 
case  of  a  zonal  motion,  it  is  eaeily  shown,  that  the  apsidal  angle  tends  to 
this  particular  value,  when  the  upper  limiting  circle  tends  to  coincide 
with  the  lower. 

The  diagram  can  also  be  used  for  the  purpose  of  deriving  approximate 
formulas  for’P,  which,  however,  must  be  omitted  here. 

(Cf.  C.  Heuman,  Bidrag  till  teorien  fdr  sferiska  pendeln,  in  “Skrifter 
utgivna  av  Tekniska  H^kolan,”  Stockholm  1918.) 


■II..  Motion  on  certain  surfaces 


The  problem  of  the  motion  of  the  spherical  pendulum  is  a  special 
case  of  a  more  general  problem,  that  of  the  motion  of  a  particle  on  a 
smooth  surface  of  revolution  with  vertical  axis,  under  the  influence  of 
gravity  and  the  reaction  of  the  surface  only.  Under  certain  assumptions 
this  motion  becomes  completely  analogous  to  that  of  the  spherical 
pendulum.  The  particle  will  move  on  a  zone  between  two  fixed  parallels, 
which  the  path  touches  alternately.  The  points  of  tangency  are 
apsides  of  the  path  and  divide  it  into  congruent  arcs,  which  are  described 
in  equal  times.  The  period  T  and  the  apsidal  angle  ^  can  then  be 
defined  as  in  the  case  of  the  spherical  pendulum. 

Now  there  are  certain  special  surfaces  on  which  T  and  'F  can  be  ex¬ 
pressed  in  terms  of  complete  elliptic  integrals.  The  integrals  of  the 
third  kind  which  appear  in  these  cases  belong  always  to  the  circular 
class  and  are  consequently  expressible  in  terms  of  Ao(a,  /9). 

The  simplest  of  these  surfaces  are,  next  to  the  sphere,  the  cone  and 
the  paraboloid  of  revolution,  and  we  shall  here  give  the  corresponding 
formulas. 

We  consider  first  the  motion  on  a  cone  with  vertical  axis  and  denote 
by  <  the  angle  which  the  generatrices  form  with  the  axis.  Zonal  motion 
can  occur  only  on  that  sheet  which  is  located  above  the  vertex.  If  the 
limiting  parallels  are  at  the  heights  h  and  XA  above  the  vertex,  where 
0  <  X  <  1,  then 


T 


X 

1  +  2X 


sm  e 


A*(a,  0), 
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a  and  0  being  angles  in  the  interval  (0,  ir/2)  determined  by 


sin*  a 


1  -  X* 

1  +  2X’ 


sin*  j8 


1 

2  +  X' 


K 

On  a  paraboloid  of^evolution  with  vertical  axis  zonal  motion  is  possible 
only  if  the  surface  lies  above  the  tangent  plane  at  the  vertex.  If  the 
focus  is  at  the  height  a  and  the  limiting  parallels  are  at  the  heights 
fia  and  va  above  this  plane,  where  m  >  **  >  0,  then 


7’  =  T[(l+M)-y]*-B«(«), 

Here  a  and  0  are  angles  in  the  interval  (0,  r/2)  determined  by 


sin*  a 


I  +  m’ 


sin*^  = 


1 

1  +  r' 


III.  The  gyroscopic  pendulum 

This  p>endulum  consists  of  a  spindle  and  a  symmetric  flywheel,  which 
can  rotate  without  friction  about  the  spindle.  One  end  of  the  spindle 
is  suspended  at  a  fixed  point  0  in  such  a  way  that  it  is  freely  movable 
about  0. 

Let  the  other  end-point  of  the  spindle  be  8.  If  the  spindle  is  released 
from  any  leaning  position,  with  or  without  an  initial  velocity,  while  the 
wheel  rotates  about  OS,  the  point  8  will  describe  a  certain  path,  located 
on  the  sphere  to  which  the  point  is  bound.  It  is  this  path  that  we  shall 
consider  here  in  a  certain  special  case. 

In  order  to  indicate  the  instantaneous  position  of  the  point  8  we  use 
here  the  same  angles,  6  and  as  in  the  case  of  the  spherical  pendulum. 

The  centre  of  grhvity  of  the  wheel  lies  on  the  line  OS,  we  suppose 
between  0  and  8,  at  the  distance  a  from  0.  Further  we  denote  by  m 
the  mass  of  the  wheel,  by  C  its  moment  of  inertia  about  the  axis  OS 
and  by  A  its  moment  of  inertia  about  an  arbitrary  axis  through  0  and 
perpendicular  to  OS.  It  is  assumed  that  the  mass  of  the  spindle  can 
be  neglected. 

With  different  initial  conditions  the  path  of  the  point  in  question 
will  present  very  different  shapes.  Here  we  restrict  ourselves  to  con¬ 
sidering  the  following  case.  We  suppose  that  the  axis  08  at  the  first 
moment  is  at  rest  in  such  a  position  that  6  ^  6o,  while  the  wheel  rotates 
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about  OS  with  a  given  angular  velocity  dio .  From  this  position  the 
spindle  is  released  without  initial  velocity. 

The  path  of  S  then  has  the  shape  indicated  in  fig.  4.  It  is  located 
between  two  parallel  circles,  of  which  the  upper  one  passes  through  the 
initial  position  St .  On  this  parallel  the  path  has  a  sequence  of  cusps, 
St ,  St ,  St  ,  where  the  tangent  is  perpendicular  to  the  circle.  On 
the  other  hand,  on  the  lower  limiting  parallel  the  path  has  a  sequence  of 
points,  St,  St,  •••  ,  where  it  is  touched  by  this  circle.  The  individual 
arcs  StSi ,  SiSt ,  •  •  •  •  ,  are  all  congruent  to  each  other.  If  we  denote 
by  (0ii  I  ^»)  the  angular  coordinates  of  ,  we  have  then  =  0n 
and  ^  constant.  This  constant  is  the  apsidal  angle  i'. 

Further  we  put  0o  —  0i  0  and  call  6  the  zonal  angle. 


The  shape  of  the  path  is  essentially  characterised  by  the  two  angles 
6  and^'.  These  in  their  turn  are  functions  of  two  independent  variables. 
So  and  M-  The  former  is,  as  already  mentioned,  the  initial  value  of  S; 
the  latter  is  the  ratio 

^  4Aamg* 


which  has  the  dimension  sero.  Here  0  <  do  <  t  and  m  >  0. 
ber  M  may  be  called  the  coefficient  of  eiabtlity. 

If  X  is  the  positive  square  root  of 

X*  “  1  +  M*  "I"  cos  So , 


Thenum- 
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then  the  position  of  the  lower  limiting  parallel  is  given  by  cos  \  —  n, 
0  <  $1  <  $0.  Since  6  »  0o  —  ,  the  relation  between  the  zonal  angle 

6  and  the  variables  (0s  >  m)  is  elementary. 

On  the  other  hand,  the  apsidal  angled  is  expressed  in  terms  of  elliptic 
int^rals: 

**  |As(a,  $)  —  0o*^o(«)^  •  2  • 

Here  a  is  the  angle  in  the  interval  (0,  r/2)  for  which 

X  sin  2a  =  sin  00  »  X  cos  2a  =■  m  +  cos  0o . 

Further,  0  *  x/2  —  0i,  so  that  0  lies  in  the  interval  (— t/2,  t/2).  For 
negative  values  of  0  we  have,  according  to  §8,  Ao(a,  0)  —  —  As(a,  —  0). 

From  these  formulas  and  with  aid  of  the  tables  it  has  been  possible 
to  compute  and  construct  a  couple  of  diagrams,  which  represent  the 
angles  0  and  Si'  as  functions  of  the  independent  variables  0o  and  fi. 
The  figures  5  and  6  show  these  diagrams.  The  variables  0o  and  m  have 
been  interpreted  as  Cartesian  coordinates  of  the  points  in  a  plane  and 
in  this  plane  curves  have  been  plotted,  which  correspond  to  a  sequence 
of  constant  values  of  6  (fig.  5)  and  ^  (fig.  6)  respectively.  It  was  of 
course  necessary  to  restrict  to  a  bounded  range,  0  <  m  ^  M*  •  In 
the  figures  »  6. 

To  these  diagrams  could  be  attached  a  discussion  of  the  motion  in 
different  cases,  but  such  particulars  must  be  omitted  here. 

(Cf.  C.  Heuman,  Bidrag  till  teorien  fdr  pendelgyroskopet,  in  “Skrifter 
utgivna  av  Tekniska  Hdgskolan,”  Stockholm  1927.) 


ON  SPACE  CLOSURE  OF  PERIODIC  ORBITS  IN  THE 
FIELD  OF  A  MAGNETIC  DIPOLE* 

Bt  O.  OoOABTt 


1.  Importance  of  periodic  orbits. 


The  motion  of  charged  particles  in  the  field  of  a  magnetic  dipole  has 
great  importance  for  the  theory  of  cosmic  radiation  and  aurora  polaris. 
Stdrmer  [1]  has  reduced  this  problem  to  a  dynamical  system  with  two 
degrees  of  freedom  in  the  meridian  plane  and  one  quadrature  for  the 
motion  of  the  meridian  plane. 

The  dynamical  system  can  be  written  in  the  Hamiltonian  form  with 
the  constant  of  energy  always  vanishing; 


fil-, 

(e~*  cos  X - 

1. 

Liar! 

V  cos  X/ 

J 

(1) 


where  is  an  integration  constant,  ^  the  distance  to  the  dipole  and 


X  the  latitude  of  the  particle^  Ps  ^  Px  t-  where  v  is  proportional 

da  da 

to  the  time. 

If  we  write  p  for  the  longitude,  the  quadrature  is: 


dip 

da 


OOB*  X 


(2) 


The  dynamical  system  (1)  does  not  seem  to  be  int^prable  by  ordinary 
functions.  Then  the  periodic  orbits  seem  to  be  singular  [2]  and  follow¬ 
ing  the  statement  of  Poincar4  [3],  they  are  “la  seule  brhche  par  oh  nous 
puissions  essayer  de  p4n^trer  dans  une  place  jusqu’id  r^put4e 
inabordable.” 

The  solutions  of  (1)  are  continuous  functions  of  the  initial  values  of 
the  canonical  variables  wherever  the  partial  derivates 

dx*  dxdy  dx* 

are  continuous,  but  this  property  holds  only  in  a  finite  range  of  varia- 


*  Publication  in  part  financed  by  a  grant  from  the  Committee  on  Cosmic  Ray 
Research  of  the  Carnegie  Institution  of  Washington. 
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tion  of  the  functions  and  of  the  independent  variable.  Thus  when  we 
change  infinitely  slightly  the  initial  conditions,  the  integrals  will  be 
modified  by  infinitesimal  quantities.  This  is  still  valid  for  the  periodic 
orbits,  but  these  orbits  are  singular  and  the  neighboring  orbits  are  then 
no  longer  periodic.  When  the  time  increases  indefinitely,  the  previous 
theorem  will  break  down  and  the  infinitely  near  orbit  can  be  at  in¬ 
finitely  great  distance  from  the  periodic  orbit  which  remains  at  finite 
distance.  ,  . 

As  a  consequence,  the  periodic  orbits  will  be  a  kind  of  discontinuity 
among  the  different  bundles  of  same  qualitative  character.  The  orbits 
asymptotic  to  the  periodic  orbits  remaining  at  finite  distance  when 
the  time  increases  indefinitely  will  play  the  same  role.  The  knowledge 
of  the  periodic  and  as3miptotic  orbits  will  give  us  the  qualitative  solu¬ 
tion  of  the  problem.  ■' 

2.  Analytical  continuation. 

If  the  Hamiltonian  depends  on  a  parameter,  and  if  for  a  given  value 
of  this  parameter,  a  point  of  equilibrium  or  a  periodic  trajectory  is  a 
solution  of  the  equations,  Poincar^  [4]  has  proved  that  periodic  orbits 
still  exist  in  the  infinitesimal  neighborhood,  under  certain  conditions. 
Birkhoff  [5]  proved  it  for  a  longer  range  of  the  parameter  when  the 
Hamiltonian  is  also  function  of  the  time..  If  the  Hamiltonian  is  not  a 
function  of  the  time  and  has  a  point  of  equilibrium  or  a  periodic  solu¬ 
tion,  it  is  always  possible  to  reduce  the  problem  to  dynamical  system 
of  one  less  degree  of  freedom,  but  with  an  Hamiltonian  which  is  a  peri¬ 
odic  function  of  the  time. 

When  the  starting  orbit  is  periodic,  we  can  proceed  as  Birkhoff  [6] 
but  without  assigning  a  particular  value  to  the  parameter.  If  we  know 
a  point  of  eqmlibrium  where  the  parameter  a  is  equal  to  oo  and  the 
canonical  codrdinates  have  the  values  (t  =  1,  •  •  •  m  where  m  is 

the  number  of  degrees  of  freedom),  we  may  change  the  variables 

Pi’"  Pi  +  Pi  ?<  =  ?<  +  Qi  (3) 

If  we  neglect  the  square  of  p< ,  qt  we  obtain  linear  differential  equa¬ 
tions;  let  us  call  Qi  the  coefficients  of  the  exponential  solutions  of  these 
equations.  To  have  still  periodic  orbits,  one  among  the  Q/s,  which 
we  shall  call  Q,  must  be  imaginary.  It  is  possible  [7]  by  contact  trans¬ 
formation  to  have  among  the  canonical  variables  two  variables  p  and  q 
such  that  the  vibrations  around  the  point  of  equilibrium  are  expressed 
hy  p  "  ce^\  q  »  de~°*  where  c  and  d  are  constant  and  t  is  the  time. 
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Let  us  make  the  contact  transformation: 

/2K 

p  =  y/iti2K  sin  T  9  =  ^  cos  t  (4) 

The  Hamiltonian  in  the  new  variables  K,  r  is  periodic  in  r  of  period 
2ir.  Solving  H  =  hfnr  K,  we  can  decrease  by  one,  as' for  the  periodic 
orbits  [6],  the  number  of  degrees  of  freedom,  taking  K  as  new  Hamil¬ 
tonian  and  r  as  new  time. 

Let  us  choose  a  dynamical  system  with  one  degree  of  freedom,  noting 
that  there  is  no  essential  difference  if  the  system  has  ihore.  The 
Hamiltonian  K,  periodic  function  of  r  of  period  2x  and  function  of  a 
parameter  a,  has  for  a  =  Oo  a  point  of  equilibrium  given  by  the  canonical 
variables  P  =  0,  Q  »  0.  The  general  solution  can  be  written 

Q  ~  Qi^*o  >^0,^,0)  P  =  P{P 0 ,  Qo )  T,  a) 

where  Po ,  Qo  are  the  values  of  P,  Q  when  t  *  0.  If  the  solution  is 
periodic 

Q(Po  ,  Qo  ,  2t,  a)  =■  Qo  P(Po  ,  Qo  ,  2t,  a)  =»  Po  (5) 

In  order  that  Po ,  Qo  can  be  found  to  satisfy  these  relations  Poincar4 
[4]  and  after  him  Birkhoff  [5]  proved  that  the  variational  equations  near 
the  point  of  equilibrium  have  for  a  =  Oo  no  characteristic  expK>nent 
vanishing  or  equal  to  \/—U  Moreover,  Birkhoff  [6]  proved  that  the 
*  analytical  continuation  of  the  periodic  orbits  is  possible  until  the  value 
of  a  is  reached  for  which  the  characteristic  exponent  vanishes. 

If  we  eliminate  between  the  two  equations  one  variable,  for  example 
Po ,  we  obtain 

TOo,a)  =  0  (6) 

To  each  value  of  o,  there  correspond  in  (6)  a  certain  number  of  roots 
of  Qo ,  each  of  them  being  the  initial  value  of  a  periodic  orbit.  When 
a  varies,  the  number  of  roots  changes  but  the  roots  disappear  in  pairs 
and  therefore  also  the  periodic  orbits.  When  the  characteristic  ex¬ 
ponent  vanishes,  we  cannot  continue  any  more  our  expansion;  this 
’  means  that  for  this  value  of  the  parameter  at  least  two  periodic  orbits 
coincide  before  disappearing.  For  this  value  of  a,  a*;  the  equation  (6) 
has  a  multiple  root. 

Let  us  suppose  that  the  root  Qo  is  of  the  order  of  multiplicity  n.  Then 
following  Poincar^  [8]  we  can  find  convergent  solutions  of  (6)  called  of 
index  p  ^ 

Qo  -  Q*  =  +  ait  (a  -  a*)*"  ....  (p  inte^) 
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where  c  is  a  root  of  unity  and  the  a’s  are  constant.  If  we  have 
q,  groups  of  this  form,  pq,  «  n. 

9 

In  the  case  n  «  2,  we  have  the  two  expansions: 

Qo  -  Qo  *  ai(a  -  o*)*  +  oi(a  -  a*)  . .  • 

Qo  -  Qt  “  -a, (a  -  a*)*  +  a,(a  -  a*)  •  •  •  (7) 

All  the  other  parameters  of  the  periodic  orbits  will  be  expanded  in  the 
same  way. 


3.  Forms  of  expansion  of  periodic  and  neighboring  orbits. 

Let  us  apply  these  theorems  to  our  problem.  The  equations  (1) 
admit  for  71  =  1  a  point  of  equilibrium  x  log  2,  X  =  0.  The  vibra- 

a/ITS 

tion  around  this  point  of  equilibrium  has  an  imaginary  Q,  —  and 

£ 

we  shall  have  a  family  of  periodic  orbits  for  other  values  of  71  or  a  » 
until  the  characteristic  exponent  vanishes;  for  this  value  of  71, 

lD7i 

at  least  one  other  family  of  periodic  orbits  will  coincide  with  the  first 
one,  and  all  the  parameters  of  the  periodic  orbits  can  be  expanded  in 
power  series  of  (o  — 

Lemattre  [9]  has  developed  a  method  of  calculating  the  periodic 
orbits  with  great  precision,  for  a  given  71 ,  and  actually  computed  two 
of  them.  The  author  [10]  following  Lemaltre’s  method  has  computed 
some  orbits  of  the  first  family  and  in  particular  the  limiting  one.  Bafios 
and  his  collaborators  [11]  using  a  method  of  numerical  integration  similar 
to  the  method  previously  devised  by  Stdrmer  [12]  have  computed  the 
orbits  of  the  other  branch  for  the  same  71  we  were  concerned  with. 
The  periodic  orbits  are  expressed  as  Fourier’s  series; 


X  —  Xt  i\-  Xt  cos  2b»r  +  X4  cos  Anav  +  Xa  cos  Quo  •  •  • 

X  »  Xi  sin  wff  -|-  X|  sin  3w(r  -|-  Xt  sin  Quo 

Lemaltre  foimd  [9]  for  the  first  branch  that  X  can  be  expressed  by 

sin  X  =»  v^zi  sin  [«<r  +  4^1  sin  2w<r  +  sin  4uo  •  •  •  ]  (9) 

and  that  was  negligible  to  6  decimals. 

We  found  that  the  other  branch  can  be  expressed  in  the  same  way 
but  ^  is  no  longer  negligible.  We  have  then  computed  by  harmonic 
analysis  Zi  ,4'it  for  the  orbits  studied  by  Bafios  and  his  collaborators. 
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To  know  the  orbits  in  space,  we  must  still  compute  the  longitude  ^ 
by  the  quadrature  (2);  we  write 

ifi  —  C  ^  ipoua  +  sin  2o)a  +  (pt  sin  4<ao  •  •  •  (10) 

where  C  is  a  constant  of  integration  and  ^  ^ ,  ^4  *  •  *  constants.  We 
have  computed  ^  for  all  the  orbits  studied.  All  the  coefficients  of  the 
periodic  orbits  are  given  in  Tables  I  and  II. 


TABLE  I  (unstable) 


n 

.0 

.01 

.02 

.03 

.04 

.05 

.06 

.067,551 

71 

1 

.964,953 

.920,898 

.895,050 

.860,846 

.828,2^ 

.790,908 

.788,541 

M 

1 

.913,378 

.817,600 

.709,708 

.584,751 

.433,313 

.232,786 

0 

r# 

1 

.973,854 

.945,000 

.912,620 

.875,311 

.830,479 

.772,002 

.705,495 

.866,025 

.879,678 

.892,772 

.904,745 

.014,181 

.918,451 

.910,633 

.881,517 

»i 

.046,5^ 

.002,712 

.138,364 

.183,159 

.226,301 

.266,149 

.289,332 

-2,293 

-5,040 

-8,470 

-12,880 

-15,873 

-28,151 

-40,510 

.693,147 

.632,910 

.567,971 

.497,734 

.420,667 

.334,581 

.234,787 

.141,779 

Xt 

-1,933 

-4,063 

-6,896 

-10,547 

-15,878 

-23,729 

-35,047 

X4 

3 

4 

5 

16 

SI 

.216,7-^ 

.307,351 

.377,126 

.435,596 

.485,733 

.527,162 

.547,847 

s« 

=677 

-2,018 

-3,933 

-6,477 

-9,813 

-14,310 

-19,174 

St 

3 

24 

72 

163 

317 

570 

877 

ST 

-2 

-6 

—15 

-27 

-60 

St 

1 

2 

5 

St 

.5n,360 

.560,443 

.5^,918 

.518,075 

.490,463 

.455,693 

.408,046 

.351,688 

St 

-14,450 

-29,881 

-46,593 

-64,857 

-85,2^ 

-108,877 

-.131,001 

S4 

99 

419 

1,009 

1,930 

3,269 

5,145 

7,040 

St 

-2 

-7 

-30 

-80 

-177 

-350 

-564 

St 

1 

3 

11 

30 

51 

Q 

.707,107 

.702,31 

.691,96 

.673,19 

.640,51 

.580,55 

.451,89 

0 

These  orbits  are  closed  in  the  plane  x,  X  but  are  not  necessarily  closed 
in  the  space  (x,  X,  To  be  closed  ^  must  be  a  commensurable 

number  —  [13].  In  this  case  when  u  increases  by  2m,  the  orbit  closes 
n 

on  itself  and  the  particle  will  have  turned  tn  times  around  the  dipole 
before  closure  takes  place.  Then  we  shall  get  a  single  infinity  of 
periodic  orbits  for  this  value  of  the  parameter  because  all  the  values 

that  the  constant  C  can  take  between  0  and  —  give  us  distinct  periodic 

n 

orbits. 

When  ^  is  incommensurable,  the  orbit  will  never  close  on  itself  and 
for  this  value  of  the  parameter  we  obtain  in  space  one  and  only  one 
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quad-periodic  orbit  which  will  fill  all  the  surface  of  revolution  having 
as  meridian  section  the  plane  periodic  orbit  (x,  X). 

When  yi  varies  continuously,  ^  varies  also  continuously  and  the 
values  of  yi  for  which  we  have  closed  periodic  orbits  will  form  a  set  of 
measure  aero.  ...  v  )••  • 

.  As  we  have  seen  before,  it  is  possible  to  expand  all  the  coefficients  of 
the  periodic  orbits  in  powers  of  (o  —  a*y*  where  a*  is  the  limiting  value 


TABLE  II  (aUble) 


7i 

.964,953 

.929,898 

.895,050 

.828,245 

M 

-1. 

-.913,378 

-.584,751 

-.433,313 

r» 

.451,806 

.492,881 

.518,615 

.641,268 

.665,459 

.698,316 

.736,166 

.833,377 

.177,245 

.188,613 

.210,458 

.232,541 

.254,358 

-95,993 

‘--I 

-76,329 

-66,885 

-54,348 

ft 

-1,-381 

-737 

-417 

-364 

-188 

-63 

4,894 

5,521 

9,176 

17,918 

35,986 

74,356 

Xt 

-.091,545 

-.048,576 

Xi 

-1,317 

-974 

-675 

-426 

-227 

-84 

Xt 

-48 

-33 

-22 

-13 

-7 

-4 

-1 

Ml 

.385,599 

.422,446 

.448,966 

.544,396 

M« 

-25,864 

-26,515 

-26,573 

-25,565 

-23,164 

Mt 

755 

882 

1,019 

1,126 

1,199 

1,212 

1,115 

MT 

-51 

-61 

-72 

-81 

-80 

-91 

-82 

Ml 

4 

5 

6 

7 

8 

8 

’  7 

Vt 

: 145,974 

.175,866 

.195,353 

.219,738 

.251,355 

.296,441 

VI 

-.168,062 

-.167,742 

-.166,923 

-.165,368 

-.162,513 

-.157,834 

-.147,474 

V4 

5,114 

6,153 

7,849 

8,180 

-453 

-518 

-596 

-664 

-721 

-756 

-716 

VI 

31 

40 

51 

62 

73 

60 

VII 

-I 

-4 

-7 

-7 

-•  -8 

-7 

. 

of  a.  The  consideration  of  periodic  orbits  very  near  the  limiting  one 
has  shown  that  p  ^  2.  We  have  chosen  the  positive  root  for  the  first 
branch  having  the  point  of  equilibrium.  The  coefficients  of  the  solu¬ 
tions  of  the  variiftional  equations  can  also  be  expressed  in  power  series 
of  the  same  parameter. 

Let  us  write  I*,  i\  for  x,  X  on  the  periodic  orbit,  a  and  /3  for  the  two 

direction  cosines  of  the  periodic  orbit;  u  1/ (^ )  (^y 

gehtial  distance  of  a  neighboring  orbit  and  tc  for  the  normal  distance; 
we  have: 


r  +  ^  tt  +  |3w 

11  +  —  aw 

09 


(10) 
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The  variational  equations  become 
•  •  •  ’  <fw 


do* 


+  0u>  «  0 


du  2w 
do  R 


(11) 

(12) 


where  6  and  =  are  fimctions  of  the  periodic  orbit.  Let  us  write 
K 


0  *  +  2di  cos  2(00  +  2$i  cos  4mo  •  •  •  (13) 

Each  6sn  is  a  function  of  the  coefScients  of  the  periodic  orbit.  If  we 
replace  them  by  their  expansion  in  (a  —  a*)*,  we  can  express  in 
power  series  of  (a  —  a*)*. 

The  solution  of  (11)  can  be  written 

w  =  e^'i'Wo  +  2wi  cos  2(00  •  •  •) 

We  may  carry  out  the  calculations  of  Wo,  toi  •  •  •  by  identification 
introducing  w  in  the  equations  and  equating  to  zero  the  coefficients  of 
the  different  harmonics  cos  2n<oo.  We  get  then  an  infinite  number  of 
homogeneous  equations  in  ,  u>i  •  •  •  and  the  condition  of  their  com¬ 
patibility  gives  the  value  of  Q.  Following  Hill’s  method  [14]  we  have 
shown  [10]  that 


sin*  J  -  1  »  sin*  J  V ffo*Ai(0)  (14) 

2  (o  2 

where  Ai(0)  can  be  expanded  as  an  integral  fimction  of  all  the  coefficients 
and  0*/«*  in  power  series  of  (a  —  o*)*.  The  coefficients  w*, ,  solu¬ 
tions  of  the  homogeneous  equations,  can  also  be  expressed  in  the  form 
of  an  infinite  convergent  determinant  function  of  the  9i»’s  and  D*/(d* 
and  then  can  also  be  expanded  in  power  series  of  (a  —  a*)^ 

By  quadrature  u  will  be  expressed  in  the  same  way  and  then  also  x 
and  X  very  near  the  periodic  orbit. 

If  we  consider  now  the  general  formal  solutions  for  the  vicinity  of 
the  periodic  orbits  as  were  developed  by  Birkhoff,  [15],'  the  different 
terms  of  the  formal  series  being  essentially  solutions  of  the  same  linear 
differential  equations  (11,  12)  with  a  second  member  depending  on  the 
previous  terms  of  the  formal  series,  then  by  recurrence  they  will  be 
expanded  in  the  same  way  as  the  first  approximation  w  and  u  in  power 
series  of  (a  —  o*)*. 
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The  general  solutions  near  the  periodic  orbits  are  of  the  form 
X  =  [xo  +  (xo.iC^  +  Xo.-iC  **)  +  (x6.ic*^  +  Xo.-ie~**0  *  •  *1 

+  [xi  +  (Xf.ie^  +  Xi._ie  ^  +  xt.-ae~**^  •  •  •]  cos  2uc  •  •  • 


are 


and  similarly  for  the  other  variables,  where  ,  Xo ,  Xe.i  •  •  • 

parameters  depending  also  on  constants  of  integration  and  developable 
in  power  series  of  (a  —  o*)*. 

In  particular,  the  asymptotic  orbit  can  be  expanded  in  the  same  way. 
4.  Computations  imd  results. 

In  the  computation  instead  of  using  —  a*,  it  seemed  advantageous 
to  use  M  =  which  can  be  expanded  in  convergent  power 

series  of  (a  —  a*)*. 

We  know  from  the  previous  computations  [10,  11]  the  development 
of  the  periodic  orbits  for  several  values  of  m,  it  will  then  be  possible  by 
interpolation  to  have  all  the  expansions  of  the  different  coefficients. 
We  write  the  polar  coordinates  in  the  form: 


e*  — •#»+ —  •in*  t«<*+ —  ilB* 

—  =s  rnC  V  »*  »*  / 


O  -  '■»« 

•  271 

sin  X  =  \/il  sin  |^( 
fp  —  C  —  +  •Pi  sin  2caK7’  4"  ^4!  sin  4««t  -f* 


i^sii 


u<T  -{•  tff I  [  sin  2ua  +  —  sin  4&»<r 
n 


)] 


I  sin  4««t  +  —  ( si 

<«4  \ 


sin  6ci><r  +  —  sin  8«<r 
<f>i 

We  obtain  correct  to  5  decimals: 

r*  «  0.70550  +  fi  0.28090  +  0.02000  -  m*  0.00655  +  m*  0.00015 

X,  =  -0.03605  -f  M  0.05364  -  m*  0.02054  -  m*  0.00010 

+  0.00216 

X4/X,  =  0.000996  (1  -  n)*  +  0.000700  (m*  -  1) 
x,/x,  «  0.000013  (1  -  m)‘ 

zi  =  0.28933  -  M  0.04956  -  m*  0.20677  -  m*  0.03262  +  m*  0.00106 

-  0.00146 

^1  *  -0.04061  4-  M  0.06731  -  m*  0.01294  -  m*  0.00696 

-  M*  0.00310 


)] 
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-  0.000083  (1  -  n)* 

^  -  0.35169  +  M  0.24079  +  m*  0.00998  -  m*  0.02830  +  n*  0.00320 
-VH  =  0.13100  -  M  0.08403  -  M*  0.04697 

+  nil  -  m*)[0.00105  -  M  0.00617  -  m*  0.00035 

-I-  M*  0.00116] 

^4  «  0.00704  -  M  0.00201  -  m*  0.00503 

-  m(1  -  m*)[0.00478  +  M  0.00210  -  m*  0.00041 

-  n  0.00051] 

-iPtU*  =  0.08000  -  M  0.05650  -  0.02350  +  nil  -  m*)[0.017o6 

+  n  0.01800] 

=  0.1 


Let  us  suppose  now  that  we  wish  to  compute  the  orbit  closing  on 
itself  after  n  oscillations  and  turning  m  times  around  the  dipole;  then 

—  ^  <fio.  In  the  tables  I  and  II  giving  ipo  for  certain  values  of  Mi  ^  to 
n 

correspond  to  a  periodic  orbit  of  the  family  studied  must  lie  between 
two  ipo  of  the  table  ipo.i  <  fn/n  <  <po.» ;  tpo.i  corresponding  to  and 
^.s  to  .  By  linear  interpolation  we  may  find  an  approximate  value 
of  the  no .  A  second  approximation  will  be  given  by 


If  we  continue  by  iteration,  we  are  able  to  know  the  exact  value  of 
no  and  then  all  the  elements  of  the  periodic  orbit. 

We  have  taken  as  an  example  n  =  3,  m  ^  1  and  we  found  n  = 
—  .076,524,  7i  =  .789,779.  Two  orthogonal  projections  of  the  periodic 
orbit,  one  on  the  equatorial  plane  and  another  on  one  meridian  plane, 
are  drawn  in  Fig.  1. 

We  have  also  computed  the  expansion  of  —  in  series  of  n  by  interpola- 

w 

tion  between  -  computed  [10]  for  the  first  branch  of  the  periodic 

b) 

orbits  n  >  0. 


a 

a 


'!"'l 

4' 

I  I 


1 


I 


j 


J 


Vm  (.816,50  +  (1  -  m)[.305,00  -  n  -139,4  +  n'  -048]] 
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We  can  then  by  extrapolation  get  an  approximate  value  of  —  for  the 

*  ‘  I  ^ 

other  branch.  But  this  value  is  quite  uncertain;  we  have  for  n  ^ 
.232.79;  Q  «  .596t;  whereas  Balios  [11]  has  obtained  .630t. 


•075  -0.5  -025  0  0.2  5  0.5  075 


Fio.  1.  Plan  and  Elevation  of  Periodic  Orbit  with  one  Turn  and  Three  Oscillations 


(m  1,  n  B  3).  Scale  in  StOrmer  Units 
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ON  A  CLASS  OF  SINGULAR  INTEGRAL  EQUATIONS 
Bt  Ebic  Rsissncb 

1.  Statement  of  the  Problem.  In  this  note  the  solution  of  the 
integral  equation 

fix)  =  hix)  +  kix-  y)fiy)dy  (0  <  x  <  «)  (1) 

is  given,  subject  to  the  restrictions 

e^**'A:(x)  in  L*(—  «,  «>)  for  all  X  <  1  (2) 

hix)  =  0,  X  <  0;  hix)  =  0(6**),  0  <  x,  a  <  1  (3) 

The  homogeneous  equation  corresponding  to  (1)  and  (2)  has  been 
solved  by  Wiener  and  Hopf'  and  it  is  shown  here  that  their  method  may 
be  extended  to  give  the  solution  of  the  more  general  problem. 

Since  the  procedure  employed  is  based  on  Wiener  and  Hopf’s  work, 
their  solution  of  the  homogeneous  problem  is  outlined  first.  It  is  then 
shown  that  the  argument  can  be  generalized  to  the  case  of  the  non- 
homogeneous  equation  (1).  * 

2.  The  Homogeneous  Equation.  In  addition  to  (2)  it  is  assumed  that 


fix)  =  0(e‘'*'),  0  <  c  <  1;  hix)  =  0.  (4) 

Then  the  modified  equation 

gix)  =  fix)  -  kix  -  y)fiy)  dy  ^  (6) 

is  considered  where 

fix)  =  0,  X  <  0;  gix)  =*  0,  0  <  x.  (6) 

It  follows  from  (5),  (4)  and  (2)  that 

gix)  =  0(6*),  X  <  0.  (7) 


>  N.  Wiener  and  E.  Hopf,  Ber.  Berlin  Akad.  Wibs.  (1931)  696-706.  See  also 
PaUy  and  Wiener,  Fourier  Transforms  in  the  Complex  Domain,  Chap.  IV  and 
Tilehtnareh’e  Theory  of  Fourier  Integrals,  p.  339. 
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Writing 


/(i)  « 

gix)  -  G(.w)e*'^  dw 

jfc(x)  =  K{w)e***dw 


(8) 


we  have  formally 


FM  -  ^ 

gix)e-*^dx 

II 

kix)e-*^dx 

(9) 


It  now  follows  from  (2),  (4),  (7)  that  the  functions  F,  0,  K  are  regular 
and  bounded  in  the  following  r^ons  of  a  complex  w  =*  (u  -f  it;)-plane: 


Fint;<  —  c  —  t 
Gin— l  +  e<v 
K  in  —I  +  f  <  V  <  1  — 


(10) 


Substituting  from  the  expressions  (8)  into  the  integral  equation  (5),  we 
obtain  formally  the  following  equation  involving  the  Fourier  transforms 
(9): 

G(tr)  =  F(u>)[l  -  2irKiw)].  (11) 

Since  F,  G,  K  have  a  common  region  of  regularity  given  by 

-1  +  «  <  V  <  -c  -  ^  (12) 

the  process  which  led  to  (11)  is  justified,  and  this  equation,  therefore, 
subject  to  the  regularity  conditions  (10),  determines  F  and  G.  Eq.  (11) 
may  be  written  in  the  form 


log  =  log  [1  -  2rK{w)], 


(13) 


where  the  right  side  is  regular  in  the  strip  Sit) :  — l  +  e<v<— 1  —  € 
except  at  the  zeros  of  (1  —  2rK).  Denoting  these  zeros  by  loi ,  •  •  •  , 
tr„ ,  we  obtain  a  relation  between  regular  functions  by  writing 
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I  Oiw) _ 1 _ 

F(w)  (to  -  toi)  •  •  •  (u>  -  to,) 


log 


1  -  2rK{w) 

(to  —  tOi)  •  •  •  (to  —  to,)  ’ 


(14) 


In  order  to  make  the  real  parts  of  the  logarithms  vanish  for  m  — »  db  <» , 
a  term  log  (to*  +  1)"^*  is  added  to  both  sides.  To  make  the  imaginary 
parts  vanish  also  for  u  — »  db  <» ,  a  term  log  [(to  —  t)/(w  +  0]"  is  added 
with  m  determined  such  that 


log^ 


[1  -  2irKiw)](w'  +  l)"^*(to  +  i)" 
(to  —  toi)  •  •  •  (to  —  to,)(to  —  t)" 


0  as  ti  — »  ±  00  (15) 


in  the  strip  S{t).  Next,  it  can  be  shown  that  |  log  ^  |  belongs  to  L*  in 
S{«).  We  may  therefore  write 


log  ^(z)  _ 1_  log  ^(z)  ^ 

z  —  to  2irt  Jir-^  z  —  to 


=  xt(to)  -  x»(w)i  say.  (16) 

It  is  evident  that  xi  is  regular  in  —y  <  v  and  xi  in  v  <  7-  If  we  write 
(14)  in  the  form 

log  G(w)(w  +  t)^"'*’'"'"  -  log  F(to)(to  -  t)""‘"'*’ 

(to  -  toi )  . . .  (to  -  to,)  =  xi(w>)  -  xi(to)  (17) 

corresponding  terms  on  both  sides  of  the  equation  have  equal  domains 
of  regularity.  Writing  for  (17) 

G(to)(to  +  ^  F(to)(to-toi).-.(to-to,)  .  . 

exp  (xi)  “  exp  (xt)(to  - 1)(»«)-«  ’ 

both  sides  are  regular  in  their  respective  domains.  Since  there  is  a  com¬ 
mon  region  of  r^larity  —1+  t  <  v  <  — c—  «for  the  functions 
concerned,  it  follows  that  both  sides  are  regular  in  the  entire  to-plane 
and  each  side  must,  therefore,  be  equal  to  a  polynomial.  An  upper 
bound  for  the  degree  of  the  polynomial  is  obtained  by  taking  into  con¬ 
sideration  the  fact  that  G,  F,  xi  and  x*  are  bounded  in  their  respective 
regions  of  regularity,  and  we  see  that  both  sides  of  (18)  can  be  of  degree 

^  +  m  at  most.  Hence  we  have 

A 


Giw) 

F{tv) 


P(,/l)4*(^) 

(it)  -h  i)"/*+* 

(U)  —  Uh)  •  •  •  (u)  -  u>,) 


(19) 
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where  xi  and  xj  are  defined  by  (16)  and  (15).  Substituting  from  (19)  into 
(8)  we  obtain  the  solution  of  the  homogeneous  problem. 


3.  The  Non-Homogeneous  Equation.  It  will  be  sufficient  to  find^ne 
particular  integral  fp  of  (1),  since  the  difference  of  two  solutions  must 


satisfy  the  homogeneous  equation.  Instead  of  (1),  we  now  write 

Opix)  =  f,{x)  -  hix)  -  ^  k(x  -  y)fp(y)  dy,  (20) 

where  g,  and  f,  satisfy  (6)  and  (7)  and  h  satisfies  (3).  In  addition  to 
(8)  and  (9),  we  assume  that 

hix)  =  Hiw)e*”  dw  (21) 

and  because  of  (3),  in  t;  <  —a  —  c 

H(w)^^j^"hix)e-*^dx.  (22) 

When  (8)  and  (21)  are  introduced  into  (20),  we  obtain  that 

Gpiw)  =  F,(u>)[l  -  2irKiw)]  -  Hiw).  (23) 

Since  H  is  regular  and  bounded  in  v  <  —a  —  t,  Fp'm.  v  <  —c  —  t  t 


and  Gin— l-|-e<i>  these  three  functions  have  a  common  domain  of  , 
regularity  given  by 


-1  +  €  <  <  -c  -  €.  (24) 

To  solve  Eq.  (23)  a  process  is  employed  which  is  in  part  suggested  by 
the  method  of  variation  of  parameters  for  non-homogeneous  linear 
differential  equations.  A  suitable  assumption  is  made  concerning  the 
polynomial  Pnn+m  in  the  solution  (19)  of  the  homogeneous  equation  and 
then  G  and  F  are^nnultiplied  by  factors  to  be  determined  by  ("23).  We 
write 


Pinn^Uw)  ^iw  + 
Gpiw)  =  r(ti>)e*‘‘-’ 

Fpiw)  =  0(u;)c»‘’'> 


(26) 

(26) 


(u>  —  tct)  •  •  •  iw  —  Wn)iw  —  t)"] 
Substituting  from  (26)  into  (23)  it  follows  from  (19)  and  (11)  that 

r(u>)  =  ihiw)  -  Hiw)e~^^^"\  (27) 
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Now  He  is  bounded,  regular  and  belongs  to  L*  in  the  strip  (24),  and 
we  may  therefore  write 

2irt  z  —  w 

_  J_  g(z)exp(-xi(g))  . 

2x1  z  —  w 

=  4>i{w)  —  say  (28) 

where 


-1  +  e  <  a'  <  «"  <  -c  -  €.  (29) 

Plainly  is  bounded  and  regular  in  6'  <  v,  and  in  w  <  S”.  Setting 
r(u>)  =  ii{w),  <l>iw)  =  Mw),  (30) 


we  see  that  Gp  is  bounded  and  regular  in  —  1  -f  «  <  v  and  Fp  in 
V  <  —c  —  e,  except  at  the  zeros  w,  of  (1  —  2rK)  which  lie  in  the  strip 
—  1  -f  e  <  v  <  — c  —  €.  ItfoUowe  therefore  that 


1  r**-* 

Fpiw)  = 


Hjz)  exp  (-xi(z)) 
2xt  Jit’-w  z  —  w 

{w'  +  l)-'*(u;  +  »)" 


dz 


{W  —  W\)  {W  —  1Vn)(t0  —  t)" 

H(z)  exp  (-xi(z)) 


Jn’-m 


Z  —  W 


dz 


,  (31) 


where  xi  owd  xi  are  defined  by  (16)  and  (18),  a'  and  b”  by  (28)  and  H  by 
(22).  Finally 


Mx)  = 


is  the  required  particular  solution  of  the  non-homogeneous  equation  (1). 
Mabsachttsktts  Inbtitutk  or  Tschnoloot. 
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SOURCES  TO  NUMEROUS  LOCALITIES 


Bt  Frank  L.  Hitchcock 

1.  Statement  of  the  problem.  When  several  factories  supply  a  prod¬ 
uct  to  a  number  of  cities  we  desire  the  least  costly  manner  of  distribu¬ 
tion.  Due  to  freight  rates  and  other  matters  the  cost  of  a  ton  of  product 
to  a  particular  city  will  vary  according  to  which  factory  supplies  it, 
and  will  also  vary  from  city  to  city. 

Denote  the  cost  of  one  ton  of  product  from  the  »***  factory  to  the  j*** 
city  by  a,-,-  and  the  number  of  tons  shipped  in  each  case  by  .  The 
total  cost  y  will  then  be 

J/  “  23  aaXii  (1) 

summed  for  t  =  1,  2,  •  •  •  ,  m  and  j  =*  1,2,  •  •  •  ,  n  if  there  are  m  factories 
and  n  cities. 

Let  the  total  product  shipped  from  the  i*^  factory  to  the  n  cities  be 
fi ;  this  means  we  have  the  equations 

Xn  +  Xa  +  -  +  Xin  =  fi 

Xfi  -h  x*j  +  •  •  •  +  Xj,  «  /j  (F) 


Xml  "1"  Xml  ^  ^  Xmn  “  fm 

which  may  be  called  the  F-equations  for  convenience. 

Let  also  the  total  product  consumed  by  the  j*^  city  be  C/  tons;  this 
means  we  have  the  equations 

1  Xii  -f  Xii  -f  •  •  •  +  Xml  “  Cl 

Xu  +  Xm  -b  •  •  •  +  Xm*  =  c,  (C) 

Xiu  Xfn  ^  Xmn  “  Cn 

which  may  be  called  the  C-equations. 

The  F-equations  and  the  C-equations  taken  together  form  a  system 
of  m  -I-  n  equations  which  must  be  satisfied  by  the  mn  unknowns  x,-,- . 
But  since  the  total  shipped  by  factories  equals  total  consumed  by  cities 
the  sum  of  the  F-equations  equals  the  sum  of  the  C-equations  whence 
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the  equations  are  not  independent.  It  can  easily  be  shown  that  any 
one  equation  may  be  omitted  and  the  rest  solved  for  a  properly  chosen 
set  of  m  +  n  —  1  of  the  x’s  in  terms  of  the  other  x’s  as  parameters.  If 
the  results  are  substituted  in  (1)  we  sliall  have  an  expression  for  y  in  terms 
of  mn  —  fm  -j-  n  —  1)  parameters. 

From  the  nature  of  the  problem  none  of  the  unknowns  x^y  can  be 
n^ative,  and  no  x,y  can  exceed  the  smaller  of  the  two  numbers  /y  and  c,- . 

2.  Geometrical  interpretation.  A  geometrical  picture  will  be  helpful. 
If  the  mn  unknowns  Xyy  are  rectangular  coordinates  in  mn  dimensions, 
then  since  we  have  m  +  n  —  1  independent  equations  relating  these 
variables,  the  region  corresponding  to  possible  values  of  the  x’s  will  be 
of  mn  —  (m  +  n  —  1)  dimensions  in  agreement  with  the  number  of 
parameters  found  above.  Since  the  possible  values  of  the  x’s  are 
bounded,  on  the  one  hand  by  zero,  on  the  other  by  /y  or  Cy  whichever  is 
smaller,  the  region  of  possibilities  is  a  closed  region  in  the  space  of  mn 
dimensions.  This  region  in  which  meaningful  values  of  the  x’s  occur 
will  be  called  for  brevity  the  X-region. 

The  cost  y  is,  by  (1),  a  linear  function  of  position  in  the  X-region. 
The  least  value  of  y  will  occur  at  some  point  on  the  boundary  of  the 
X-region,  since  a  linear  function  cannot  attain  its  least  value  in  free 
space. 

At  any  point  on  the  boundary  of  the  X-region  at  least  one  of  the  x’s 
must  be  zero.  For  at  least  one  of  the  x’s  must  have  one  of  its  extreme 
values,  otherwise  the  point  would  not  be  on  the  boundary.  And  if  one 
of  the  x’s  has  its  maximum  value  one  or  more  other  x’s  must  be  zero, 
by  the  form  of  the  F-equations  and  C-equations. 

Since  the  X-region  is  of  dimensions  mn  —  m  —  n  -|-  1,  a  portion  of  its 
boundary  over  which  one  of  the  x’s  is  zero  will  be  of  dimensions 
mn  —  m  —  n.  Taking  a  point  on  this  part  of  the  boundary  of  the  X-region 
we  may  move  in  a  direction  of  diminishing  y  until  we  come  to  a  point 
where  some  other  x  reaches  a  limiting  value,  and  there  at  least  one 
other  X  must  be  zero.  The  region  where  two  x’s  are  zero  will  be  of 
dimensions  mn  —  m  —  n  —  1.  Proceeding  in  this  way  we  shall  even¬ 
tually  reach  a  ix)int  where  mn  —  m  —  n  -H  1  of  the  x’s  are  zero,  i.e.  a 
fixed  point  on  the  boundary  of  the  X-region  which  may  be  called  a 
vertex. 

The  value  of  p  at  a  vertex  is  not  necessarily  its  least  value,  but  the 
least  value  must  occur  at  some  vertex,  which  may  be  called  conveniently 
a  best  vertex.  If  the  particular  set  of  mn  —  m  —  n  +  1  x's  which  are 
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zero  at  a  vertex  are  taken  as  parameters  and  the  other  x’s  eliminated 
from  (1),  the  expression  for  y  will  take  the  form 

y  =  M  +  ^kx  (2) 

where  M  is  a  constant  and  ^  kx  denotes  a  linear  combination  of  the 
parametric  x’s.  If  none  of  the  coefficients  k  in  this  result  is  negative  the 
vertex  is  a  “best  vertex"  and  M  is  the  required  minimum  cost.  For  y  ^  M 
at  the  vertex,  and  if  any  parametric  x  is  different  from  zero  the  cost  y 
is  increased. 

The  method  will  be  to  find  a  vertex  and  form  the  expression  for  y  in 
terms  of  the  x’s  which  are  zero  at  this  vertex.  It  can  be  seen  by  inspec¬ 
tion  whether  we  have  a  “best  vertex’’.  If  not,  we  can  always  pass 
easily  to  a  better  vertex,  i.e.  one  giving  a  smaller  value  of  y,  and  continue 
in  this  way  until  we  have  a  best  vertex. 

3.  Finding  a  vertex.  A  vertex  can  always  be  quickly  found  in  the 
following  manner.  Let  the  F-equations  and  the  C-equations,  taken 
together,  be  condensed  in  form  according  to  the  scheme 


Xu 

Xu  .  < 

•  •  Xm 

/i 

Xtl 

Xm  • 

••  Xin 

ft 

Xml 

• 

\ 

*  •  ^mn 

/- 

Cl 

Cl  •• 

.  C, 

wherein  the  sum  of  the  x’s  in  a  row  equals  the /on  the  right  and  the  sum 
of  the  x’s  in  a  column  equals  the  c  at  the  bottom.  We  may  suppose 
the  factories  and  the  cities  to  be  so  numbered  that  no  /  is  less  than 
any  /  above  it,  and  no  c  is  less  than  any  c  on  its  left.  We  now  set  all 
the  x’s  of  the  first  row  equal  to  zero  except  Xu  which  then  equals  /i  ; 
or  else  we  take  all,  x’s  of  the  first  column  zero  except  x*i  which  then 
equals  Ci .  One  of  these  two  procedures  is  always  possible.  Suppose 
the  first  case,  i.e.  Xm  =  fi .  We  now  discard  the  first  row,  replacing 
c«  at  the  bottom  by  c,  —  fi  assumed  to  be  positive.  If  this  quantity  is 
negative  the  first  procedure  is  impossible  and  instead  we  take  x*i  = 
Cl ,  drop  the  first  colunm,  and  replace/,.  by/«  —  Ci  which  is  surely  not 
negative  if  c,  —  /i  is  negative  as  is  easily  seen. 

We  have  thus  reduced  the  original  array  to  a  smaller  array,  cor¬ 
responding  to  one  less  factory  or  else  one  less  city,  as  the  case  may 
be.  We  then  continue  in  just  the  same  way  until  we  have  made 
mn  —  m  —  n  +  I  of  the  x’s  zero  and  so  have  a  vertex. 
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To  illustrate,  take  an  example  of  four  cities  and  three  factories  with 
the  array 

Xn  Xa  Xu  Xu  25 

Zii  Xtt  Xu  xt4  25 

Xji  Xa  Xa  Xa  50 

15  20  30  35. 

Either  of  the  procedures  mentioned  above  is  possible.  Adopting  the 
first  we  set  Xu  =  Xu  =  Xu  *  0,  xu  =  25,  drop  the  first  row  and  replace 
35  at  the  bottom  by  35  —  25  or  10.  This  gives  an  array  like  that  for  two 
factories  and  four  cities,  namely 

Xti  Xn  Xu  Xu  25 

Xti  Xa  Xa  Xa  50 

15  20  30  10. 

Since  the  largest  number  at  the  bottom  is  30,  the  third  column  will  now 
play  the  part  of  a  right  hand  column  but  it  is  hardly  necessary  to  re¬ 
write  the  array.  We  merely  set  xji  =  xa  =  Xa  =  0,  Xa  =  25.  This 
entails  Xa  =  15,  Xa  =  20,  Xa  =  5,  and  Xa  =  10.  The  whole  process 
may  be  carried  out  on  the  original  array  (3), 

(xu)0  (xu)0  (xu)0  (xi4)25  25 

IXfijO  (xa]0  [xa]25  [xalO  25 

Xii  Xa  Xa  Xa  50 

15  20  (30]5  (35)10 

where,  in  the  first  row,  the  values  to  the  right  of  each  x  are  those  to  be 
used,  the  parentheses  referring  to  the  first  step  of  the  process.  In  the 
second  row  also,  the  values  to  the  right  of  each  x  are  to  be  used,  and  the 
brackets  refer  to  the  second  stage  of  the  work.  Finally  the  values  re¬ 
maining  at  the  bottom  are  those  of  the  x's  of  the  last  row.  The  whole 
clearly  checks,  as  is  seen  by  adding  rows  and  columns.  The  method  is 
perfectly  general  and  may  be  used  in  any  case  to  find  a  vertex. 

We  now  choose  the  x’s  which  were  set  equal  to  zero  to  be  parameters, 
express  the  other  x’s  in  terms  of  these,  and  substitute  in  the  cost  expres¬ 
sion  (1).  This  is  a  simple  calculation  and  we  find 


Xi4  —  25  —  Xii  Xu  —  Xu 


(4) 
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Zn  *= 

25  - 

-  Xu 

- 

Xn 

— 

Xm 

(5) 

X|i  = 

15  - 

-  Xu 

- 

Xu 

(6) 

Xu  = 

20  - 

-  Xu 

- 

Xn 

(7) 

Xu  = 

5  - 

-  Xu 

+ 

Xu 

+ 

Xn 

+  Xt4 

(8) 

X»4  = 

10  - 

-  XJ4 

+ 

Xu 

+ 

Xu 

+  Xu 

(9) 

equations  which  show  by  their  form  that  a  vertex  is  obtained  when  the 
z’s  on  the  right  are  zero,  since  the  others  are  left  with  possible  values. 
The  configuration  of  the  X-region  and  the  number  of  its  vertices  depend 
on  the  constants  /  and  c,  not  on  the  costs  a,/ . 

Suppose  now  the  respective  costs  to  be 


Oil  = 

10, 

Ou  *  5, 

Ou  =  6, 

Oi4  *  7, 

Ou  = 

8. 

On  “  2, 

On  *=  7, 

0*4  =  6, 

Oil  = 

9, 

On  “  3, 

On  =*  4, 

0*4  =  8. 

Substituting  from  (4)-(10)  into  the  cost  expression  (1)  we  find 

y  =  645  +  2xu  +  3zu  +  3xu  —  4zji  —  4i»  —  5x*4  (11) 

showing  a  cost  645  at  the  vertex  where  the  six  parametric  x’s  are  zero, 
not  a  best  vertex  since  the  z’s  with  negative  coefficients  might  be  given 
positive  values. 

4.  Finding  a  better  vertex.  We  may  now  let  xti  increase  from  zero 
to  its  maximum  value  15,  keeping  the  other  five  parameters  zero.  In¬ 
spection  of  (6)  shows  then  Zsi  =  0,  i.e.  we  pass  along  an  edge  of  the 
X-region  to  a  new  vertex  where  Xn  is  zero  instead  of  z*i .  Eliminating 


Zfi  by  aid  of  (6)  we  obtain  the  new  system 

Zi4  »  25  -  Zii  -  Zu  -  Xu  (12) 

Xu  —  10  —  Xn  —  z*4  -|-  Zii  -|-  Zii  (13) 

zii  =  15  —  Xu  —  Xu  (14) 

Za  =  20  —  Zu  —  Xu  (15) 

Xm  =»  20  —  Xu  -  Xu  —  Xii  -b  xtj  -I-  zm  (16) 

z*4  =  10  —  Z|4  -|-  Zu  +  Xu  -b  Xu  (17) 

y  *=  585  -f-  6xu  "t"  3xu  3xu  "t"  4zii  —  4zji  —  5x*4  (18) 


and 
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showing  that  at  the  new  vertex  the  cost  is  585  or  60  less  than  at  the 
first  vertex. 

Continuing  in  the  same  way  we  next  eliminate  xn  and  introduce  xu 
as  parameter,  using  (13).  At  the  same  time,  for  brevity,  we  can 


eliminate  x»4  and  introduce  Xu ,  using  (17).  We  obtain 

Xi4  =  25  -  In  -  Xu  —  Xu  (19) 

X|j  =  Xii  +  X|4  —  Xu  ~  Xu  ~  Xu  (20) 

xji  =  15  -  xii  -  xii  (21) 

Xu  =  20  -  Xn  -  Xi4  +  Xu  +  Xn  (22) 

Xa  =  30  -  Xm  -  Xu  (23) 

Xj4  =  10  —  Xa  +  Xu  +  Xu  +  Xu  (24) 

and  1/  =  535  +  Xu  +  2xu  +  2xu  +  4xa  +  xa .  (25) 


The  absence  of  negative  signs  in  the  last  equation  shows  that  we  have 
a  “best  vertex”  by  setting  the  parametric  x’s  equal  to  zero,  and  the  re¬ 
quired  minimum  cost  is  535.  The  problem  is  therefore  solved. 

The  method  is  quite  general  and  can  always  be  used  in  such  problems. 
This  example,  however,  presents  some  interesting  features.  First  we 
note  the  absence  of  the  parameter  Xn  from  the  cost  expression  (25).  It 
follows  that  there  is  some  latitude  in  the  manner  of  distribution.  For, 
keeping  the  other  five  parameters  zero,  we  can  vary  Xm  from  zero  to  its 
maximum  15,  with  consequent  changes  in  xn  t  xu ,  and  xn ,  seen  from 
(20),  (21),  and  (22),  without  altering  the  cost  from  535.  The  cost  is 
constant  all  along  an  edge  of  the  X-region. 

Moreover  setting  Xji  =  15,  still  keeping  the  other  five  parameters 
zero,  will  entail  Xji  =  0,  by  (21).  We  have  arrived  at  an  extremity  of 
the  edge  along  which  y  is  constant,  and  have  another  “best  vertex” 
with,  of  course,  the  same  cost.  That  is  to  say,  a  “best  vertex”  need  not 
be  unique. 

Another  interesting  feature  of  this  example  is  that,  setting  the  six 
parametric  x’s  of  (19)-(25)  equal  to  zero  we  also  have  x*j  =  0,  that  is  we 
have  seven  of  the  x’s  zero  at  this  best  vertex.  Since  any  six  of  these 
could  be  used  as  parameters,  we  have  various  ways  for  expressing  y  at 
this  vertex.  Suppose  we  decide  to  use  xn  as  parameter  instead  of  xu , 
which  we  can  eliminate  by  aid  of  (20).  We  get 

y  =  535  -f-  Xu  -|-  3xu  +  3xu  -b  5xii  +  x**  —  Xn  .  (26) 
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We  might  at  first  think  that,  by  giving  to  Xn  a  positive  value,  we  could 
obtain  a  cost  less  than  535,  contradicting  previous  results.  But  if  the 
other  five  parameters  in  (26)  are  kept  zero  we  cannot  increase  x«  be¬ 
cause  by  (20),  this  would  entail  a  n^ative  value  for  xu  •  In  other  words 
the  absence  of  negative  .signs  in  the  expression  for  y  &  vertex  is  sure 
sign  of  a  “best  vertex”  but  the  -presence  of  a  negative  is  not  sure  proof 
of  the  contraiy'.  The  test,  as  just  illustrated,  is  whether  we  are  able 
to  increase  a  parameter  having  a  negative  coeflBcient. 


A  METHOD  OF  SUCCESSIVE  APPROXIMATIONS  OF 
EVALUATING  THE  REAL  AND  COMPLEX  ROOTS  OF 
CUBIC  AND  HIGHER-ORDER  EQUATIONS 

Bt  Shih-Nok  Lin 
Introduction 

In  the  study  of  the  differential  equations  determining  the  stability  of 
the  disturbed  motions  due  to  gusts  in  aeronautics,  it  is  required  to  solve 
the  real  and  complex  roots  of  algebraic  equations  of  quartic  and  higher 
order  (1),  (2),  (3).  Zimmerman  (4)  suggested  a  semigraphical  method 
which  can  solve  the  quartic  equation  without  knowing  the  nature  of 
the  roots.  The  method,  though  reasonably  convenient  for  solving 
quartic  equations,  is  not  applicable  for  higher  order  ones. 

Lyon  (5),  and  Ku  (6)  have  presented  practical  methods  for  evaluating 
the  complex  roots  of  quartic  equations,  and  Woodruff  (7)  extended  the 
method  to  solve  sextic  and  higher  order  equations.  There  are  also  the 
well  known  Graeffe’s  (8)  root  squaring  method  and  the  Homer-G.  C.  D. 
method  by  Hitchcock  (9). 

The  following  method  is  applicable,  in  many  cases  for  evaluating  both 
real  and  complex  roots  of  algebraic  equations  of  any  order.  The  process 
involved  in  reaching  solutions  within  engineering  accuracy  by  using  an 
ordinary  slide  rule  is,  when  applicable,  usually  less  laborious  than  the 
previous  methods  known. 

Principle 

For  an  algebraic  equation  of  the  nth  order, 

x"  -I-  aix"“‘  -f  . . .  a,_jx*  +  Un-iX  +  a,  =  0  (1) 

if  n  is  odd,  there  is  at  least  one  real  root  which  can  usually  be  solved  by 
Homer-Newton's  method  without  much  difficulty.  Thereby,  the  equa¬ 
tion  can  be  reduced  to  one  of  even  order.  If  an  equation  of  even  order 
can  be  factored  into  quadratic  factors,  the  roots,  either  real  or  complex, 
can  be  easily  obtained. 

The  process  of  successive  approximations  is  composed  of  repeated 
divisions  designed  to  .separate  the  given  equation  into  quadratic  factors. 
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If  one  pair  of  roots,  real  or  complex,  is  small  in  absolute  magnitude 
compared  with  the  other  pairs,  then, 

X*  +  cx  +  d  =  0  (2) 

with 

c  »=  o,^i/o,_i 


d  =  o,/a,_4 


can  be  taken  as  a  first  approximation  for  the  factorization  of  (1)  by  the 
process  of  division.  Assume  that  (1)  is  factored,  in  general,  into, 

(x"  *  +  6»x"~*  +  •  •  •  +  bn-ix  4-  bn)(x*  +  cx  +  d)  +  Px  +  Q  0  (3) 


with  Px  +  Q  as  the  remainder.  If  the  remainder  of  the  above  division 
is  zero,  the  factorization  of  (1)  is  then  successful.  However,  the  re¬ 
mainder  is,  in  general,  not  even  nearly  zero,  unless  c  and  d  are  extremely 
small  compared  with  6, ,  6»_i  and  so  on.  However,  by  repeating  the 
factorization  of  (1)  using  the  factor 

(x*  CiX  -b  di) 

where 

Cl  =  (a,_i  —  d>bn-l)/bn 
d\  =  Gn/bn 

instead  of 

(x*  +  cx  +  d), 


it  is  found  that  the  remainder  is  nearer  to  zero  than  before.  The  process 
is  then  said  to  be  ‘‘convergent”  and  can  be  repeated  as  many  times  as 
is  necessary  to  make  the  remainder  nearly  zero  within  allowable  per¬ 
centage  of  error. 

If  the  process  is  divergent,  that  is,  the  remainder  is  further  away  from 
being  zero,  the  given  equation  should  then,  be  transformed  either  by 
Graeffe’s  root  squaring  method  or  by  Homer’s  root  diminishing  process 
so  that  the  new  equation  can  then  be  factored  by  the  above  process  with 
convergency. 


Illustrative  Examples 

In  order  to  show  the  superiority  of  this  method  over  the  previous 
processes  known  and  to  illustrate  the  correct  steps  in  obtaining  the  solu¬ 
tions,  the  following  examples  are  worked  out. 
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Example  1.  Take  the  quartic  equation, 

X*  10.65X*  -I-  89a:*  +  15.5i  +  27  =  0. 

For  first  approximation,  assume  the  factor, 

X*  4-  cx  +  d 

with 

c  »  15.5/89  =  0.174 
d  =  27/89  =  0.304 

as  the  trial  divisor  for  the  factorization  of  the  given  equation.  The 
process  of  division  is  then  carried  out  in  the  usual  manner  as  follows, 

divisor  |  given  equation 

1  +  .174  -h  .304  1  1  -I-  10.65  +  89.0  +  15.5  +  27.0 

1 1  +  .174  +  .304 

10.476  +  88.696  +  15.5 
10.476  -t-  1.8  +  3.18 

86.9  +  12.32  -I-  27.0 

86.9  +  15.10  +  26.4 
-2.78+  0.6 

Thus,  the  given  equation  is  factored  into, 

(x*  +  10.476X  +  86.9)(x*  +  .174x  +  .304)  -  2.78x  +  .60  =  0 
with 

bn-i  =  10.476 

bn  —  86.9  andd-5«_i  =  3.18  and  On-i  —  =  12.32. 

For  second  approximation,  using  the  factor, 

X*  +  cix  +  di 


where 
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as  the  trial  divisor.  The  reason  is  obvious  as  we  see  that  if  5,  remains 
to  be  86.9,  the  remainder  would  then  be  zero.  Repeating  the  division 
in  a  briefer  form  as  follows, 

divisor  |  given  equation 

1  -f  .142  +  .311  I  1  +  10.65  +  89.0  4*  16.5  +  27.0 

.142  +  .311 

10.61  +  88.69  +  16.5 
1.49  +  3.27 
87.2  -f  12.23  +  27.0 
12.36  -I-  27.1 
-.13  -  0.10 

It  is  seen  that  the  remainder  is  —  .13x  —  0.10  which  is  very  nearly  equal 
to  zero,  (within  one  per  cent  of  15.5x  4-  27).  The  given  equation  can 
then  be  considered  to  be  factored  into, 

(x*  4-  10.51X  4-  87.2)(x*  4-  .142i  4-  .311)  =  0 


within  one  per  cent  of  error.  For  still  closer  approximation,  the  process 
can  be  repeated  by  using  the  divisor. 


with 


X*  4-  cix  4-  df 


ct  =  12.23/87.2  =  .1405 


dt  =  27/87.2  =  .310 


1  4-  .1405  4-  .310 


1  4-  10.65  4-  89.0  4-  15.5  4-  27.0 

1  4-  .1405  4-  .310 


10.5095  4-  88.69  4-  15.5 
1.48  4-  3.26 
87.21  4-  12.24  4-  27.0 
12.3  4-  27.0 


-.06  4~  0.0 


Therefore,  the  remainder  is  even  closer  to  zero  than  before.  And  the 
solution  which  gives  two  pairs  of  complex  roots  within  probably  .5%  of 
error  can  be  obtained  from  the  factored  quadratics, 

(x*  4-  10.5095X  4-  87.21)(x*  4-  .1405x  4-  .310)  =  0 
as  —5.255  ±  7.72t  and  —0.07025  ±  .552t. 
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It  is  seen  that  as  the  remainder  is  nearer  to  zero  in  the  successive 
divisions,  the  trial  divisors  become  closer  to  each  other.  Therefore, 
without  checking  the  remainder  in  each  step,  the  convergency  can  be 
obtained  by  examining  the  successive  trial  divisors. 

Example  2.  Take  the  equation, 

X*  -I-  10.65X*  +  129x*  +  203.5X  -|-  70  =  0. 

Following  exactly  the  same  process  as  illustrated  in  Example  1, 

trial  divisors 
(z*  -I-  cx  -I-  d) 

No.  of  approximations  c  d 


first 

1.58 

.543 

second 

1.74 

.613 

third 

1.755 

.620 

fourth 

1.755 

.620 

Therefore,  the  given  quartic  is  nearly  exactly  factored  into, 

(x*  4-  8.91x  +  112.9)(x*  +  1.755X  +  .620)  =  0 

which  gives  one  pair  of  complex  roots,  —4.455  ±  9.65t  and  one  pair 
of  real  roots,  —1.3775,  and  —.3776. 

This  shows  that  the  method  can  be  used  to  find  real  roots  as  well  as 
complex  ones. 

Example  3.  Take  Woodruff’s  example  (reference  7), 
x‘  -  22x‘  +  10,521x'  -  140,628x‘  -|-  3,920,868x*  +  27,391, 840x 

+  65,104,000  =  0. 

As  an  ordinary  slide  rule  is  to  be  used,  it  is  advisable  to  keep  only 
four  significant  figures  of  the  coefficients  of  the  given  equation.  And 
to  save  space,  the  roots  of  the  given  equation  are  divided  by  10,  giving 

x*  -  2.2x‘  +  105.2x‘  -  140.6X*  -|-  392.  lx*  +  273.9x  4-65.1  =  0. 

Following  the  process  as  described  before,  we  get. 


Approximations 

c 

d 

first 

.698 

.166 

second 

.590 

.124 

third 

.599 

.130 

The  fourth  and  final  approximation  factors  the  equation  into, 
(x*  -  2.8x*  4-  107x*  -  204.4X  4-  500.9)  (x*  4-  .60x  4-  .13)  =  0.  The 
quartic  factor  is  then  again  factored,  as  before  (after  three  approxima- 
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tions)  giving  the  final  solution  as  (x*  —  2z  +  4.99)(x*  —  ,80x  +  100.4) 
.(x*  +  .60x  +  .13)  =  0.  Multipl3ring  back  the  roots  by  ten,  we  have 

(x*  -  20x  +  499)(x*  -  8x  +  10040)(x*  +  6x  +  13)  *  0. 
Comparing  with  the  exact  solution, 

(x*  -  20x  +  500)(x*  -  8x  +  10016)(x*  +  6x  +  13)  =  0 

it  is  noted  that  neglecting  the  less  important  significant  figures  in  the 
given  equation  introduces  only  very  slight  difference  in  the  final  solution. 
EIxample  4.  Take  the  equation  in  Lyon’s  example  (reference  5) 

X*  -  6x*  +  47x*  -  18x  +  290  =  0. 


Following  the  previous  process,  we  find, 


Approximations 

c 

d 

1st 

-.383 

6.17 

2nd 

.422 

7.50 

3rd 

.713 

6.86 

4th 

.626 

6.46 

5th 

.542 

6.34 

6th 

.530 

6.56 

7th 

.565 

6.60 

8th 

.573 

6.58 

9th 

.570 

6.56 

10th 

.567 

6.56 

nth 

.568 

6.56 

12th 

.566 

6.56 

13th  and  final 

.566 

6.56 

The  equation  is  then  factored  into. 

(x*  -  6.566X  +  44.16)(x 

*  -1-  .566x  +  6.56)  =  0. 

This  example  illustrates  the  case  of  a  slowly  convergent  process.  How¬ 
ever,  if  the  givea  equation  is  transformed  by  Graeffe’s  root  squaring 

process  only  once,  giving  the  new  equation  as. 

X*  -  68x*  -1-  2573x*  - 

26936X  +  84100  =  0. 

The  new  equation  can  then  be  factored  as  before. 

Approximations 

e 

d 

first 

-10.45 

32.70 

second 

-12.50 

41.10 

third 

-12.80 

42.80 

fourth  and  final 

-12.81 

43.10 
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giving  the  solution  as 

(x*  -  45.19X  +  1950.9)  (x*  -  12.81x  +  43.10)  =  0. 

Using  the  reverse  process  of  root-squaring  for  each  one  of  the  quad¬ 
ratic  factors,  we  obtain  the  solution  for  the  given  equation  as, 
(x*  -b  ox  -f-  6)(x*  -f-  cx  +  d)  =0  where  a,  b,  c,  d  can  be  determined  as 
follows, 

a*  -  25  =  -46.19  and  6*  =  1950.9 

c*  -  2d  =  -12.81  and  d*  =  43.10. 

Thus,  h  =  \/l950.9  =  +44.15  d  =  ViS^IO  =  +6.56 

a*  »=  25  —  45.19,  giving  a  =  —6.56, 

c*  =  2d  —  12.81,  giving  c  =  +.557. 

5  and  d  must  be  positive  in  order  that  a  and  c  be  real.  The  sign  of 
a  and  c  is  determined  by  noting  that  a  +  c  must  be  equal  to  —6.0,  the 
coefficient  of  x*  of  the  given  equation.  Thus  the  root-squaring  process 
improves  the  convergency  of  the  successive  approximations. 

Example  5.  Take  Hitchcock’s  example  (reference  9), 

X*  -  3.012x^  +  3.225x‘  +  1.021x‘  +  6.986x*  -  21.887x* 

+  8.110X*  +  5.901X  +  23.889  =  0. 

Assume  that  the  given  equation  can  be  factored  into 

(x*  +  Bx*  +  Cx*  +  Z)x  +  E){x*  +  5x*  +  cx*  +  dx  +  e)  »  0. 

If  the  coefficients  5,  c,  d  and  e  are  comparatively  smaller  than 
B,  C,  D  and  E,  we  divide  the  given  equation  by  the  trial  divisor 


X*  +  5x*  +  cx*  +  dx  +  e  with. 

5  =  Ob-i/Ob— 4  = 

-21.89/6.99  = 

-3.13 

c  =  On-t/cin-*  = 

8.11/6.99  = 

1.162 

d  =  an-l/On-A  = 

5.90/6.99  = 

.845 

e  —  On/an-i  = 

23.89/6.99  = 

3.42 

we  have, 

1  -  3.13  +  1.162  +  .845  +  3.42 


238 


SHIH-NGE  LIN 


as  a  trial  divisor.  Performing  the  division  as  follows, 


1  -  3.012  +  3.225  +  1.012  -|-  6.990  - 
1  -  3.127  +  1.162  +  0.845  +  3.42 

21.89  +  8.11  + 

5.90  +  23.89 

.115  +  2.063  +  0.176  +  3.57  - 

21.89 

-.360  +  .134  +  .97  + 

.39 

2.423  +  .042  +  2.60  - 

22.28  +  8.11 

-7.60 

+  2.82  + 

2.05  +  8.29 

7.642 

t  -  .22  - 

24.33  - 

.18  + 

5.90 

-23.90  + 

8.89  +  6.45  +  26.1 

23.68  - 

33.22  -  ( 

5.63  +  20.2 

+  23.89 

For  second  approximation  we  use, 

6  =  - 

33.22/23.68 

=  -1.4, 

c  =  ■ 

-6.63/23.68 

=  -.28 

d  =  - 

20.2/23.68 

=  -.85 

e  = 

23.89/23.68 

=  1.01 

as  trial  divisor,  repeating  the  same  process,  we 

obtain  the 

following 

results. 

Approximationa 

6 

e 

d 

e 

1st 

-3.13 

1.162  • 

.845 

3.42 

2nd 

-1.14 

-.28 

-.85 

1.01 

3rd 

-1.95 

1.01 

.287 

2.54 

4th 

-2.45 

.82 

.07 

2.75 

5th 

-1.81 

.385 

-.375 

1.83 

6th 

-2.06 

.805 

.03 

2.39 

7th 

-2.13 

.67 

-.107 

2.32 

8th 

-2.02 

.634 

-.132 

2.20 

9th  < 

-2.05 

.685 

-.089 

2.26 

10th 

-2.11 

.69 

-.073 

2.31 

11th 

-2.06 

.65 

-.108 

2.24 

12th 

-2.07 

.675 

-.081 

2.28 

13  th 

-2.09 

.675 

-.087 

2.30 

14  th 

-2.07 

.665 

-.095 

2.27 

15th 

-2.08 

.670 

-.087 

2.29 

16th  obtained 

-2.075 

.670 

-.090 

2.28 

by  using  average 
of  14th  and  15th 
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Therefore,  the  given  equation  is  factored  into 
(x*  -  .937z*  -I-  .613x*  +  3.01X  +  10.466) 

(x*  -  2.075X*  +  .668x*  -  .091x  +  2.28)  =  0. 

The  two  quartics  can  then  be  easily  solved  either  by  the  method  of 
root  squaring  and  then  using  successive  approximations  as  illustrated 
in  Example  4,  or  by  the  following  root  diminishing  transformations. 
(A)  To  factor  the  quartic  x*  —  2.075  +  .668x*  —  .091x  +  2.28  =  0. 

The  factorization  by  successive  approximations  without  transforming 
the  equation  is  unsuccessful  as  the  process  is  divergent.  However,  if 
the  equation  is  transformed  so  that  its  roots  are  diminished  by  2  by 
Homer’s  method,  we  get  the  new  equation 

X*  +  5.925X*  4-  12.22X*  +  9.68x  +  4.17  =  0 
the  process  of  successive  approximations  is  then  convergent, 


Approximations 

c 

d 

1st 

.79 

.34 

2nd 

1.01 

.53 

3rd 

1.06 

.62 

4th 

1.036 

.65 

6th 

.97 

.63 

6th  and  final 

.97 

.616 

The  transformed  equation  is  then  factored  into 

(x*  +  .97x  +  .616)(x*  +  4.96x  +  6.795)  =  0. 

Increasing  back  the  roots  of  each  factor  by  two  we  get 

(x*  -  3.03X  -I-  2.675) (x*  +  .96x  +  .876)  =  0 

giving  two  pairs  of  complex  roots,  1.515  ±  .618t  and  —.48  d:  .804f  as 
the  solution. 

(B)  The  remaining  quartic  x*  —  .937x*  +  .613x*  +  3.01x  +  10.47  =  0 
can  be  solved  in  a  similar  way  by  first  being  transformed  into 
a  new  equation  by  increasing  the  roots  by  2,  giving, 

X*  -  8.94x‘  +  30.24X*  -  42.69x  +  30.39  =  0 

which  can  be  factored  into, 

(x*  -  1.92x  +  2.08)(x’  -  7.02X  +  14.68)  =  0. 


L 
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Diminishing  the  roots  back  by  2,  we  have 

(x*  +  2.08X  +  2.24)(x*  -  3.02x  +  4.68)  -  0 

giving  another  two  pairs  of  complex  roots,  —1.04  rb  l.OSt  and 
1.51  d:  1.55t  as  the  solution.  It  is  interesting  to  note  that  one  pair  of 
the  roots  found  by  Hitchcock  is, 

-1.042869  ±  1.0709711 

I 

as  comi)a'red  with 

:>  •;  -1.04±1.08t,  • 

the  error  is  less  than  one  per  cent  despite  so  many  transformations  made. 

It  is  interesting  to  note  that  the  given  equation  can  also  be  solved  by 
factoring  into  a  sextic  and  a  quadratic  factor  as  follows.  After  squaring 
the  roots  of  the  given  equation,  we  get 

X*  +  2.61x"  +  3().52x*  +  71.62x‘  +  229.2x‘  +  224.8x* 

+  668.2X*  -  352x  +  573  =  0. 

After  nine  approximations,  the  equation  can  be  factored  into, 

(x*  +  3.43x‘  +  32.6X*  +  95.8x*  +  283.7x*  +  386.6  +  775.6) 

(x*  -  .82x  +  .738)  =  0. 

The  quadratic  factor,  after  the  reverse  process  of  root-squaring  gives 
X*  4-  .95x  -f  .86  =  0  which  is  the  pair  of  roots  having  the  smallest 
absolute  magnitude. 


Discussions  and  Conclusions 

From  the  previous  examples  solved,  it  is  seen  that  the  method  of 
successive  approximations  can  be  used  to  solve  various  types  of  algebraic 
equations  of  higher  orders.  For  cases  where  the  process  is  moderately 
convergent,  this  method  is  more  rapid  than  previous  methods  known. 
For  cases,  where  suitable  transformations  are  necessary,  the  speed  in 
arriving  at  the  Anal  solution  depends  somewhat  on  the  experience  of 
the  investigator.  Even  for  an  extremely  difficult  case,  such  as  that  of 
Example  5,  an  experienced  investigator  could  still  solve  the  equation 
faster  than  by  previous  known  methods. 

The  skill  in  transforming  the  given  equation  into  a  new  one  which 
is  convergent  for  the  process,  is  not  so  hard  to  obtain  as  it  might  seem 
to  be;  for  the  convergency  of  the  process  depends  largely  upon  the  single 
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fact  that  bn  in  (3)  for  successive  divisions  should  not  vary  too  much. 
With  this  fact  in  mind,  the  given  equation  can  then  be  transformed  to 
suit  the  purpose.  In  general,  transformation  by  Homer’s  rOOt  dimin¬ 
ishing  process  is  easier  to  perform  than  Graeffe’s  root  squaring  process 
but  requires  more  experience  to  make  correct  judgment.  In  any  case, 
the  convergency  of  the  process  can  be  obtained  by  squaring  the  roots 
of  the  given  equation  three  or  four  times,  but  long  before  the  roots  are 
“separated”  as  required  by  Graefife’s  method. 
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Editor’s  note.  In  a  letter  from  Chengtu,  China,  Dr.  Lin  suggests  an 
improvement  which  is  in  substance  as  follows.  Let  a  trial  divisor  be 
X*  -f  dix  -f-  do  and  write 

x"  +  a,,_ix"  *  -|-  •  •  •  -f  ciix  +  Go 

=  (x"~*  +  g„-»x"~*  +  ...  +  gix  -f  go)(x*  +  dix  +  do)  +  ux  +  ro .  (1) 
In  the  above  paper  we  would  take  for  a  new  divisor 

x’  +  "■  ~  (g) 

go  go 

if,  however,  we  use,  instead  of  do  in  the  numerator  of  the  coefficient  of  x, 

the  new  value  - ,  the  convergence  is  much  improved.  Thus  the  new 
g» 

divisor  is 

Oi  -  ^ 

X*  +  X  +  -  (3) 

go  go 

instead  of  (2).  A  similar  improvement  can  be  made  when  we  use  a 
trial  divisor  of  higher  degree. 
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A  CJOMPARISON  OF  METHODS  FOR  EVALUATING  THE 
COMPLEX  ROOTS  OF  QUARTIC  EQUATIONS 

Bt  Hsnbt  S.  Shabp 

The  study  of  damped  vibrations  in  electrical  and  mechanical  systems 
leads  to  linear  differential  equations  of  high  even  order.  The  associated 
algebraic  equations  have  only  complex  roots.  This  paper  is  an  effort 
to  collect  in  one  place  all  the  practical  methods  for  the  solution  of  fourth 
degree  equations  of  this  kind.  Such  a  survey  will  permit  a  comparison 
of  relative  merit  and  facilitate  the  choice  of  the  most  eflBcient  method 
for  a  particular  problem. 

The  explicit  solution  of  Ludovici  Ferrari  given  in  most  texts  on  the 
theory  of  equations  will  not  be  considered  here;  for  the  complete  accu¬ 
racy,  which  is  its  only  advantage,  is  usually  not  required,  or,  in  any 
case,  is  scarcely  worth  the  great  labor  involved. 

Notation.  The  general  quartic  equation  with  real  coefficients  will  be 
indicated  by; 

X*  +  Bx'  +  Cx D  =  0  (1) 

/ 

Its  roots  will  be  represented  as  convenient  by  either  or  both  of  the 
equivalent  forms: 

=  Ml  +  tVi  =  ri  (cos  ^1  +  t  sin 

xj  =  Ml  —  ivi  =  ri  (cos  ^1  —  i  sin 

xi  =  Ml  -I-  tVi  =  r,  (cos  -H  t  sin 

Xi  =  Ut  —  ivt  =  ri  (cos  —  t  sin 

where  i  * 

The  quadratic  factors  of  (1)  will  be  represented  by: 

(x*  -I-  oix  -f  ti)(x*  -I-  oix  -H  6*)  =  0  (2) 

So  that: 

fli  =  —  2mi  ,  Oj  =  —  2mj  ,  bi  =*  Ml  -|-  Wi ,  6*  =  Mj  -|-  Wj 
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The  relations  between  the  coefficients  and  the  roots  will  be  numbered 
for  reference  as  follows: 


A  = 

-2(tti  -1-  ut) 

(3) 

B  = 

+(uj  +  vj)  +  4u,ui  -f  (uj  -H  vj) 

(4) 

= 

-f-rj  -f-  4uiUt  +  rj 

c  = 

—2ui(ui  +  Vi)  —  2ut(ut  +  t;J) 

(5) 

= 

-2(uir5  +  u*rj) 

D  = 

+(tti  +  +  v\) 

+rlr\ 

(6) 

Types  of  Solutions.  The  methods  of  evaluating  the  complex  roots  of 
equation  (1)  may  be  broadly  classified  into  four  t3rpe8,  defined  as  follows: 

Type  I.  Methods  devised  to  evaluate  the  absolute  values  (ri ,  ft) 
and  the  amplitudes  (^t ,  0i)  directly. 

Type  II.  Methods  devised  to  find  the  coefficients  ai,  ot,  bi,  and  bt 
so  that  the  complex  roots  may  be  found  by  the  quadratic  formula. 

Type  III.  A  method  of  determining  Ui ,  ut »  Vi ,  and  directly. 

Type  IV.  Methods  of  approximate  solution  depending  on  the  rela¬ 
tive  magnitude  or  other  special  characteristics  of  the  roots,  followed  by 
an  improvement  or  correction  of  the  approximation. 

Typel 

The  Method  of  Graeffe.  For  an  exposition  of  the  theory  behind 
Graeffe’s  method  see  “Vorlesungen  Uber  Numerisches  Rechnen,”  by 
C.  Runge  and  H.  Kdnig.  In  brief,  the  method  as  applied  to  the  quartic 
equation  is  this:  if  the  equation: 

z*  +  A'z*  +  B'z*  +  C'z  +  D'  -  0  (7) 

is  derived  from  the  coefficients  of  equation  (1)  by  the  formulae 
A'  -  A*  -  2B 
B'  =  B*  -  2AC  +  2D 
C'  «  C*  -  2BD 
ly  ~  I^ 
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then  the  roots  of  (7)  are  the  squares  of  the  roots  of  (1).  If  the  roots  of 
(1)  differ  in  absolute  value,  the  roots  of  equation  (7)  must  differ  by  a 
greater  amount.  (The  case  of  roots  with  equal  absolute  values  is  easily 
detected  and  solution  is  possible  by  a  modification  of  Graeffe’s  method 
or,  more  easily,  in  another  way  to  be  considered  later.) 

If  the  transformation  of  equation  (1)  into  equation  (7)  is  repeated  on 
equation  (7),  an  equation  will  result  with  roots  that  are  the  fourth 
power  of  the  roots  of  (1).  Continuing  in  this  way,  an  equation  may  be 
found  with  roots  that  differ  in  absolute  value  as  greatly  as  may  be 
desired.  It  can  be  seen  from  equation  (4)  that  when  the  absolute  value 
of  one  root  of  an  equation  is  very  much  greater  than  the  absolute  value 
of  the  other,  the  coefiScient  of  x*  will  be  nearly  the  square  of  the  absolute 
value  of  the  larger  root.  When,  by  Graeffe’s  process,  an  equation  has 
been  obtained  with  roots  that  are  the  2nth  power  of  the  roots  of  the 
given  equation,  the  coefficient  of  x*  is  nearly  the  4nth  power  of  the  abso¬ 
lute  value  of  the  larger  root  of  the  given  equation.  The  greater  the 
number  n  the  more  nearly  this  is  true. 

The  number  n,  i.e.,  the  number  of  times  the  root  squaring  process  is 
performed,  depends  on  the  particular  equation  and  the  accuracy  desired. 
The  root  squaring  is  terminated  when  the  coefficient  of  x*  in  the  last 
derived  equation  is  equal  to  the  square  of  the  coefficient  of  x*  in  the 
previous  step  to  the  number  of  significant  figures  desired. 

Having  found  in  this  manner  the  4nth  power  of  the  larger  absolute 
value  the  square  of  the  absolute  value  can  be  found  most  easily  by  the 
use  of  logarithms.  Then  equation  (6)  gives  the  squats  of  the  absolute 
value  of  the  smaller  root.  Having  these  values,  equations  (3)  and  (5) 
become  a  pair  of  linear  equations  for  the  determination  of  Ui  and  ut . 
Then  the  relation  v*  =  r*  —  u*  determines  the  imaginary  parts. 

While  Graeffe’s  method  is  simple  in  theory  it  is  subject  td  certain 
practical  limitations.  There  is  no  accurate  way  of  determining  before¬ 
hand  how  much  the  roots  differ  in  absolute  value, ;  and,  eonsequently, 
no  way  of  telling  how  many  times  the  root  squaring  process  will  have  to 
be  repeated.  There  is  a  loss  in  accuracy  of  about  one  significant  figure 
for  each  two  repetitions  of  the  root  sqmiring.  Hence  the  process  must 
be  started  with  several  more  significant  figures  than  are  needed  in  the 
final  result.  Just  how  many  more  can  not  be  accurately  determined. 
Another  disadvantage  of  the  method  is  that  an  error  in  the  early  steps 
is  increased  many  times  and  there  is  no  means  of  checking  for  such 
errors  until  the  final  calculations  have  been  made.  Since  the  root 
squaring  process  is  a  matter  of  substitution  and  resubstitution  with 
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changes  in  algebraic  sigas  and  a  rather  tricky  shifting  of  decimal  points, 
there  is  every  opportunity  for  numerical  error. 


The  Method  of  W.  V.  Lyon.  Another  method  of  Type  I  is  due  to 
W.  V.  Lyon  and  is  published  in  the  “Journal  of  Mathematics  and 
Physics,"  April  1924,  No.  3,  Vol.  III.  The  derivation  of  this  method 
depends  on  the  treatment  of  a  complex  root  as  a  vector  in  a  real  plane. 
In  this  sense  the  quartic  equation  is  a  statement  that  a  certain  vector 
sum  is  zero.  By  separately  equating  to  zero  the  sums  of  the  components 
parallel  and  perpendicular  to  the  middle  vector,  two  equations  are  ob¬ 
tained  which  must  be  satisfied  by  r  and  For  the  quartic  equation 
the  direction  of  the  middle  vector  is  the  direction  of  the  vector:  r*/20. 

In  substance  the  method  as  applied  to  equation  (1)  is  this:  if  m  is  the 
positive  real  root  of  the  cubic  equation 

m*  -  Bm'  +  (AC  -  4D)m  -  (A'D  -  4BD  -|-  C*)  =  0 


the  roots  of  equation  (1)  can  be  found  from 

»  _  m  ±  \/m*  —  4D 
“  2 


cos  ^ 


r(Ar*  -  O 
2(Z)  -  r*) 


(8) 

(9) 


Equation  (8)  gives  two  values  ri  and  rj  with  which  ^  and  ^  can  be  found 
from  (9)  and  the  real  and  imaginary  parts  may  then  be  computed. 

It  is  evident  from  equations  (6)  and  (8)  that  the  quantity  m  is 


m  =  rj  +  r J 


and  that  when  the  two  absolute  values  are  somewhat  different  in  magni¬ 
tude,  equation  (8)  requires  the  subtraction  of  two  nearly  equal  numbers. 
This  means  that^one  value  of  r  will  be  obtained  with  more  accuracy 
than  the  other.  A  similar  situation  will  frequently  arise  in  the  nu¬ 
merator  of  the  right  side  of  equation  (9).  For  that  reason  m  must  be 
found  from  the  cubic  with  two  or  three  more  significant  figures  than 
are  desired  in  the  final  result. 

The  method  of  W.  V.  Lyon  has  several  advantages  over  the  method 
of  Graeffe,  especially  for  the  quartic  equation.  The  advantage  lies  prin¬ 
cipally  in  the  simplicity  of  the  coefficients  of  the  resolved  cubic  and  in 
the  fact  that  the  real  root  of  this  equation  can  be  found  by  Homer’s 
method.  Any  method  wherein  a  considerable  part  of  the  calculation 
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can  be  performed  by  synthetic  division  is  to  be  preferred  over  a  method 
which  does  not  lend  itself  to  this  very  efficient  process. 

The  method  has  the  disadvantage  inherent  in  Type  I,  that  consider¬ 
able  computation  is  required  after  the  determination  of  ri  and  r* .  In 
practice  it  is  the  numerical  values  of  the  real  and  imaginary  parts  that 
is  desired. 

The  forgoing  are  the  only  methods  of  Type  I  that  this  writer  has 
been  able  to  find.  There  are  several  related  methods  which  determine 
the  absolute  values  and  amplitudes,  but  these  rightly  come  under  Type 
IV  because  of  the  nature  of  the  process  employed. 


Type  n 

The  Method  of  Y.  H.  Ku.  In  the  “Journal  of  Mathematics  and 
Physics,”  February  1926,  No.  2,  Vol.  V,  an  article  of  Y.  H.  Ku  describes 
a  method  of  determining  the  coefficients  of  the  quadratic  factors  of 
equation  (2).  This  method  depends  upon  the  same  resolved  cubic  as 
does  the  method  of  W.  V.  Lyon. 

Since  m  =  rj  -f  rj ,  it  is  evident  that  the  two  values  of  r*  obtained 
from  equation  (8)  are  the  coefficients  bi  and  of  equation  (2).  Mr.  Ku 
then  finds  Oi  and  Oj  from  two  equations  that  are  most  easily  derived 
from  equations  (3)  and  (4).  They  are 


at  = 


A  +  y/ A*  —  4B  +  4m 
2 


The  roots  are  then  found  by  applying  the  quadratic  formula  to  the 
quadratic  factors. 

The  two  methods  are  identical  for  practical  purposes.  If  there  is  an 
advantage  one  way  or  the  other,  it  lies  with  the  method  of  W.  V.  Lyon; 
for  the  labor  of  computing  «tn  and  is  no  more  than  that  of  computing 
Oi  and  ot ,  and  the  subsequent  calculation  of  the  real  and  imaginary 
parts  of  the  roots  is  certainly  easier  than  using  the  quadratic  formula 
on  the  large  numbers  involved.  Mr.  Ku,  in  the  article  cited,  shows  that 
his  method  is  applicable  to  quartic  equations  with  complex  coefficients 
and  extends  the  method  to  sixth  order  equations. 

There  are  two  other  methods  of  resolving  a  quartic  equation  into 
quadratic  factors,  one  due  to  Ferrari  and  the  other  to  Descartes.  (See 
Chapt.  VI,  “Theory  of  Ekjuations,”  by  W.  S.  Burnside  and  A.  W. 
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Panton.)  These  methods  also  depend  on  the  solution  of  a  resolved 
cubic,  but  a  cubic  with  exceedingly  complicated  coeflScients,  so  that 
neither  method  is  at  all  satisfactory  for  practical  use. 


A  New  Method.  A  method  of  Type  II  was  discovered  by  this  writer 
in  the  course  of  another  investigation.  It  is  of  little  practical  importance 
and  is  included  here  mostly  as  a  matter  of  record. 

If  equation  (1)  has  the  quadratic  factor: 

X*  +  ax  b 


the  remainder  after  division  must  be  identically  zero.  This  leads  to 
two  equations  which  must  be  satisfied  by  the  coefficients  a  and  b,  namely: 

6*  -  (a*  -  Aa  +  B)6  +  D  =  0  (10) 

.  o*  —  Ao*  Ba  —  C 


2a-  A 


(11) 


If  b  is  eliminated  between  these  two  equations,  there  results: 
a*  -  3Aa‘  +  (3A*  +  2B)a*  -  A(A*  +  4B)a* 

+  (2A*B  +  AC  +  B*  -  4Z))a*  -  A(AC  +  B*  -  4D)a  (12) 

-  (A*Z)  -  ABC  +  C*)  =  0 

This  equation  is  too  much  for  easy  application;  but  if  the  given  equation 
is  first  reduced  to  the  form: 

z*  +  B'z'  +  C'z  +  B'  -  0  (13) 

by  the  substitution: 


which  can  be  most  easily  accomplished  by  using  Homer’s  method  to 
reduce  the  roots  of  equation  (1)  by  —A/4;  and  if  we  write: 

p  =  o* 

then  equation  (12)  becomes: 

p*  +  2By  +  (B'*  -  4Z)')p  -  C'*  =  0  (14)  ‘ 

The  positive  real  root  of  this  cubic  gives  two  values  of  a.  Then  the 
equation 

b  =  (a*  +  B'a  -  C0/2o  (16) 
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will  furnish  the  corresponding  values  of  h.  We  then  have  the  two  quad¬ 
ratic  factors  of  equation  (13).  Solving  these  by  the  quadratic  formula, 
the  roots  of  (1)  are  found  from 


The  main  utility  of  this  method  is  that  it  illustrates  two  principles, 
(1)  that  the  remainder  when  (1)  is  divided  by  one  of  its  quadratic 
factors  must  be  identically  zero,  and  (2)  that  (13)  may  be  derived  from 
(1)  by  Homer’s  method  of  root  reduction;  both  of  which  will  be  used 
later. 

Type  m 

The  single  method  of  Type  III  is  the  direct  or,  perhaps,  the  natural 
method;  for  it  determines  the  real  and  imaginary  parts  of  the  complex 
roots  directly.  It  was  developed  by  this  writer  as  an  adaptation  of 
Sylvester’s  “Dialytic  Method  of  Elimination”  particularly  suited  to  the 
solution  of  quartic  equations  with  only  complex  roots. 

If  equation  (1)  has  a  complex  root:  x  —  u  iv  then  substitution  of 
this  value  in  (1)  followed  by  equating  real  and  imaginary  parts  to  zero, 
produces  two  equations  which  must  be  satisfied  by  u  and  v,  namely: 

V*  -  (6m*  +  ZAu  +  B)v*  -H  \u*  +  Au*  +  Bu*  +  Cu  +  D)  =  0  (16) 

(4m  -I-  A)v*  -  (4m*  -I-  3^m*  -f  2Bm  -H  C)  =  0  (17) 

If  V  is  eliminated  between  (16)  and  (17)  a  sixth  degree  equation  results. 
But  this  sixth  degree  equation  will  become  a  cubic  in  m*  if  we  use  the 
procedure  of  the  last  Type  II  example. 

That  is,  we  transform  equation  (1)  to  equation  (13)  by  the  substitu¬ 
tion:  a:  =  2  —  A/4]  using  Homer’s  process  for  reducing  the  roots  of  (1) 
by  —A/4.  It  is  then  apparent  that  equations  (16)  and  (17)  become: 

v*  -  (6m*  +  B')v'  +  (m*  +  B'u'  -I-  C'u  -1-  Z)’)  =  0  (18) 

v'  =  (4m*  -f-  2B'u  +  C)/4u  (19) 

And  now  v  is  eliminated  from  (18)  and  (19)  to  obtain  the  cubic 

64p*  4-  32B'p*  -I-  4(5'*  -  4Z)')p  -  C'*  =  0  (20) 


where: 


p  =  M 
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The  procedure  is,  in  brief: 

1)  Transform  the  given  equation  (1)  to  the  form  (13),  thus  obtaining 
the  coefficients:  B',  C',  and  D'. 

2)  Compute  the  coefficients  of  equation  (20). 

3)  Solve  (20)  for  p,  using  Homer’s  method,  to  the  desired  degree  of 
accuracy. 

4)  Extract  the  square  root  of  p  to  obtain  two  values  of  u  and  use  these 
in  (19)  to  obtain  the  corresponding  values  of  v.  Synthetic  division 
aids  in  the  substitution  of  u  in  (19). 

5)  The  two  values  of  u  -|-  iv  which  may  now  be  formed  are  the  roots  of 
(13).  Add  —A/A.  to  them  to  obtain  the  two  roots  of  equation  (1). 
The  conjugate  roots  are  found  in  the  same  way  from  u  —  iv. 

This  method  may,  at  first  glance,  seem  somewhat  complicated,  but 
steps  1,  3,  and  4  may  all  be  done  by  synthetic  division  and  steps  2  and  5 
are  not  particularly  difficult  unless  very  large  numbers  are  involved. 
Because  synthetic  division  can  be  used  for  most  of  the  calculations  the 
method  just  described  is  the  least  laborious  so  far  considered. 

To  test  the  possibilities  of  the  method  the  roots  of  the  equation 

X*  +  8.490X*  +  24.50X*  +  3.385x  +  0.9170  =  0  (21) 

were  computed  to  be 

-0.065411390411077  ±  0.18698774222604\/~1 

-4.179588609588923  ±  2.428642661994181 

correct  to  the  figures  shown,  without  the  use  of  a  calculating  machine. 
The  computation  required  about  six  hours.  The  most  difficult  opera¬ 
tion  was  found  to  be  the  extraction  of  the  square  root  of  p.  For  large 
numbers  the  ordinary  root  extraction  process  is  extremely  difficult. 
The  labor  was  considerably  reduced  by  using  Homer’s  method  to  solve 
the  equation  u*  —  »p.  For  a  particular  degree  of  accuracy  decided  upon 
in  advance  this  method  of  root  extraction  becomes  progressively  easier. 

A  disadvantage  of  the  method  is  that  in  general  the  roots  are  obtained 
to  the  same  number  of  decimal  places  and,  hence,  to  a  different  number 
of  significant  figures.  This  occurs  when  the  real  part  of  one  root  is 
somewhat  smaller  than  that  of  the  other.  But  in  this  situation  an 
approximate  solution  by  a  method  to  be  described  later  can  be  used  to 
give  a  clue  to  the  number  of  significant  figures  to  carry  through  the 
solution  in  order  to  obtain  a  particular  minimum  number  of  significant 
figures  in  the  result. 
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Type  IV 

The  methods  to  be  here  described  depend  for  their  effectiveness  upon 
there  being  some  exceptional  relation  between  the  roots.  By  excep¬ 
tional  relation  is  meant,  for  example,  two  very  nearly  equal  roots,  or  the 
most  commonly  encountered  situation  of  the  two  absolute  values  being 
considerably  different  in  magnitude.  In  only  a  few  cases  will  it  be 
possible  to  determine  beforehand  whether  or  not  the  roots  are  related 
in  some  way.  In  general  a  convenient  assumption  is  made  and  an 
approximate  solution  obtained  on  that  assumption.  The  approximate 
solution  thus  obtained  is  then  corrected  by  trial  and  error  or  by  one  of 
the  methods  of  correction  to  be  described  later. 

The  Method  of  Two  Qtudratics.  Suppose  that  the  absolute  value  of 
one  root  of  a  quartic  is  very  much  smaller  than  the  absolute  value  of  the 
other.  Let  ri  be  this  small  absolute  value.  Assume  further  that  the 
real  part  Ui  is  very  much  smaller  than  the  other  real  part.  In  this 
situation  equations  (3)  through  (6)  show  that 

A  =  — 2ui  B  **  r J  C  **  — 2uirJ  D  =  rjrj 

to  a  first  approximation.  There  does  not  seem  to  Jse  any  reliable  criteria 
for  determining  whether  or  not  a  given  equation  is  of  this  type.  In 
fact,  the  only  excuse  for  this  method  is  that  it  does  sometimes  give 
fairly  good  results. 

From  the  above  expressions  for  the  coefficients  it  appears  that  the 
roots  of  the  quadratic  equations 

Bx*  -T”  Cx  B  »  0  (mi  ±  ivi) 

X*  -f  Ax  -|-  B  =  0  ’  («*  ±  ivt) 

are  approximately  the  roots  of  equation  (1).  The  second  quadratic 
should  give  a  better  approximation  than  the  first.  As  an  example,  the 
roots  of  equation  (21)  obtained  by  this  method  are; 

-0.06908  ±  0.1807 

-4.246  ±  2.646  y/^l 

The  errors  in  the  four  numbers  involved  vary  from  1.6%  to  5.6%  with 
a  ratio  between  the  absolute  values  of  0.041. 

When  this  method  fails  because  the  absolute  values  do  not  differ 
greatly,  one  or  two  applications  of  Graeffe’s  root  squaring  process  should 
separate  the  roots  sufficiently  to  make  the  above  method  applicable. 
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Approximate  solutions  obtained  as  above  can  be  improved  by  either 
of  two  methods  to  be  described  later. 

Special  Cases.  There  are  other  special  relations  between  the  roots 
that  permit  approximate  solutions  to  be  made  easily.  There  are  at 
least  four  such  cases  for  which  a  relation  exists  among  the  coefficients 
of  the  quartic  which  may  be  used  as  a  test  for  the  existence  of  the  rela¬ 
tion.  If  the  test  equation  is  nearly  satisfied  by  the  coefficients  of  a  given 
equation,  then  the  roots  may  be  found  approximately  by  the  formulae 
for  that  case.  This  follows  from  the  fact  that  the  roots  of  an  algebraic 
equation  are  continuous  functions  of  the  coefficients.  (See:  Weber’s 
“Algebra,”  Vol.  I,  Art.  44.) 

Case  1.  The  given  equation  has  a  pure  imaginary  root.  Setting 
«  0  in  equations  (3)  through  (6): 

A  *  — 2ui  B  =  r J  -f-  rj  C  *  —2r\ui  D  **  rjrj 

Test  equation: 

A'D  -  ABC  -f-  C*  -  0 

Solution: 

rj  =  C/A  rl  »  AD/C 
Ut  »=  —A/2 

*=  ±ri  vt  =  ±Vr*  -  u| 

Case  g.  The  real  parts  of  the  roots  of  the  given  equation  are  equal. 
Setting  Ui  =  tit  —  u  in  equations  (3)  through  (6) : 

A  “  — 4u  5  ■=  rj  -|-  4tt*  -4-  rj  C  “  — 2u(ri  4"  ^*)  D  =  fiff 

Test  equation:  , 

A(A*  -  4B)  +  8C  =  0 

Solution: 

^  _  C±y_(?^A>D  ^ 

A 

lit  =  til  =  —A/4 

t>i  =  ±  y/ r*  —  ti*  Wi  =  ±  y/ri  —  tit 
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Case  S.  The  absolute  values  of  the  roots  of  the  given  equation  are 
equal.  Setting  ri  »  ri  »  r  in  equations  (3)  through  (6) : 

A  =*  — 2(mi  +  t«j)  C  =  -2r*(Mi  4-  «,) 

B  =*  2(r*  -H  2uiUt)  D  ^  r* 

Test  equation: 

A*D  -  C  =  0 

Solution: 

ti  =  — i  ±  iy/A*  —  4B  +  SC /A  =  Ml  and  ut 

r  -  +y/^ 

Vi  =  ±\/ r*  —  mJ  t>i  =  zjzy/ r*  —  m{ 

Case  4-  The  real  parts  of  the  roots  are  ni  merically  equal  but  opposite 
in  sign.  Let  the  absolute  value  of  the  real  p.\rt8  be  m.  Then  equations 
(3)  through  (6)  give: 

=  0  B  =  r J  —  4m*  +  rj  C  =  2M(ri  —  rj)  D  =  rirj 

In  this  case  the  only  test  is  A  *=  0.  There  is  no  simple  solution  as  in 
the  other  two  cases,  but  the  method  of  T3rpe  III  is  particularly  easy  to 
apply. 

Use  of  the  Special  Cases.  These  special  cases  may  be  used  in  two 
ways,  either  as  the  basis  of  a  method  of  approximate  solution,  or  they 
may  furnish  an  exact  solution  in  a  situation  where  another  method  fails. 

A  method  of  finding  complex  roots  of  algebraic  equations  devised  by 
F.  L.  Hitchcock  and  published  in  the  “Journal  of  Mathematics  and 
Physics,"  June  1938,  No.  2,  Vol.  XVII,  is  applicable,  as  developed  by 
Dr.  Hitchcock,  to  any  algebraic  equation;  but  when  adapted  especially 
for  quartic  equations,  it  becomes  an  application  of  Case  1. 

The  Method  of  F.  L.  Hitchcock.  The  roots  of  the  given  equation  are 
reduced  successively,  by  convenient  increments,  via  Homer’s  method. 
The  test  quantity  (A*D  —  ABC  +  C*)  is  computed  for  each  step  from 
the  coeflScients  of  the  resulting  equation.  A  change  of  sign  of  this 
quantity  between  consecutive  root  reductions  indicates  that  the  real 
part  of  one  root  lies  between  the  root  reductions  for  those  two  steps. 
By  interpolation  and  repeated  trial,  the  interval  including  the  change 
in  sign  may  be  made  as  small  as  desired;  thus  determining  the  real  part 
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of  the  root  to  any  desired  degree  of  accuracy.  The  equation  with  re¬ 
duced  roots  obtained  at  the  last  step  may  then  be  solved  by  the  formulae 
of  Case  1  to  obtain  the  imaginary  parts. 

Because  this  method  is  quite  general  and  is  very  efficient  when  three 
or  four  figure  accuracy  is  desired  an  example  in  detail  is  in  order. 
Equation  (21)  will  be  solved.  In  tabular  form  the  work  is  as  follows: 


Roots 

reduced 

by: 

A 

Coefficients: 

B  C 

D 

A*D 

-ABC 

+  c* 

0 

-1-8.49 

-1-24.50 

-b3.385 

-fO.917 

-628 

-1 

-1-4.49 

-1-5.03 

-24.145 

+  14.542 

+  1421 

-2 

-1-0.49 

-2.44 

-24.735 

+40.227 

+593 

-3 

-3.51 

-1-2.09 

-22.385 

+63.032 

+  1114 

-4 

-7.51 

-1-18.62 

-41.095 

+92.017 

+  1140 

-5 

-11.51 

-1-47.15 

- 104.865 

+  160.242 

-24600 

-4.1 

-7.91 

-f  20.93 

-45.048 

+96.320 

+600 

-4.2 

-8.31 

-1-23.37 

-49.476 

+  101.042 

-190 

-4.18 

-8.23 

-1-22.87 

-48.551 

+  100.062 

-4 

From  the  first  six  lines  of  the  table  it  appears  that  the  real  parts  of 
the  roots  lie  between  0  and  —1,  and  between  —4  and  —5.  We  choose 
to  approximate  the  latter.  By  interpolation  between  -1-1140  and 

—  24600,  we  obtain  —4.1  for  the  next  trial.  The  resulting  -|-600  indi¬ 
cates  —4.2  for  the  next  trial.  Then  interpolation  between  -|-600  and 

—  190  gives  —4.18  as  a  closer  approximation.  For  —4.18  the  result 
that  A^D  —  ABC  -j-  C*  =  —4  shows  the  real  part  of  this  root  to  be  very 
nearly  —4.180,  and  we  accept  this  as  sufficiently  accurate.  From  the 
formulae  of  Case  1 : 


-48.55 

-8.230 


-I-  5.899 


=t\/5.899  =  ±  2.429 


So  that  the  root  is  approximately: 

-4.180  ±  2.429V^ 

This  approximation  can  be  improved  by  continuing  the  process  used  in 
hnding  —4.180  or,  more  easily  by  a  special  method  of  correction  to  be 
described  later. 

The  foregoing  method  will  prove  troublesome  if  the  real  parts  of  the 
two  roots  are  nearly  equal.  Hence  before  starting  the  solution  it  would 
be  well  to  apply  the  test  of  Case  2.  If  ^4(^4*  —  4fl)  -f  8C  is  compara¬ 
tively  small  the  real  parts  are  nearly  equal  and  their  mean  value  is  —^4/4. 
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It  would  seem  that  Case  3  would  be  used  for  a  similar  method  of 
successive  approximation  but  such  a  method  would  prove  difficult  for 
the  test  quantity  A'D  —  C*  changes  sign  when  cos*  and  cos*  ^  are 
equal  as  well  as  when  the  absolute  values  are  equal. 

A  New  Method.  The  method  to  be  now  described  occurred  to  the 
writer  during  the  study  that  led  to  the  four  si)ecial  cases.  It  follows 
from  the  relations  between  the  roots  and  the  coefficients  in  equations 
(3)  through  (6).  Consider  equations  (4)  and  (6): 

B  =  rj  +  4miMj  +  ri  (4) 

D  =  r\r\  (6) 

In  most  cases  4Miti*  will  be  smaller  numerically  than  r J  -|-  rj ,  being 
negligible  when  either  Ui  or  tij  is  nearly  zero.  In  any  case  when  either 
or  ut  is  comparatively  small  the  equation 

z'  -  Bx*  +  £)  -  0  (22) 


has  roots  that  are  fair  approximations  to  r*  and  rt ,  the  closeness  of  the 
approximation  depending  on  Ui  and  Ut .  Solving  equations  (3)  and  (5) 
simultaneously,  we  obtain 


Ml 


Arl-C  _  ,  Ar\-C 

2(^  -  rj)  2(r!  -  r{) 


(23) 


If  approximate  values  of  ri,and  rl  are  found  from  (22)  and  substituted 
in  (23),  the  resulting  values  of  Ui  and  itt  will  give  an  approximation  to 
4uitii  and  this  may  then  be  subtracted  from  the  given  B  to  obtain  a 
better  approximation  to  rj  -|-  r*  ;  that  is,  we  may  now  solve 

X*  —  {B  —  4Mii4)x*  -b  £>  =  0 

where  ui  and  ui  are  the  values  found  from  (23),  to  obtain  a  better 
approximation  to  rj  and  rj .  These  may  be  used  in  (23)  and  a  closer 
approximation  to  4uiUt  obtained,  whence  a  better  approximation  to  the 
coefficient  of  x*;  and  so  on  to  any  desired  degree  of  accuracy.  The  solu¬ 
tion  of  equation  (21)  by  this  process  is  obtained  quite  easily  as  follows: 


Coeff. 
of  ** 

r! 

rl 

«i 

-24.50 

0.0375 

24.46 

-0.0628 

-4.14 

-23.46 

0.0390 

23.42 

-0.06531 

-4.177 

-23.409 

0.03924 

23.37 

-0.06541 

-4.179 

-23.407 

0.03924 

23.368 

-0.06541 

-4.1796 

t»i  =  ±V0.03924  -  0.00428  =  ±0.1870 
V,  =  ±%/23.368  -  17.4^  =  ±2.429 
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And  the  roote  are: 

-0.06541  ±0.1870V^ 

-4.1796  ±2.429  V~1 

From  equations  (23)  it  is  evident  that  this  method  will  fail  when  the 
absolute  values  of  the  roots  are  equal,  and  will  be  rather  inefficient  if 
the  absolute  values  are  nearly  equal.  It  is  well,  then,  before  starting 
a  solution  by  this  method,  to  apply  the  test  of  Special  Case  3.  If  the 
test  shows  that  the  absolute  values  are  nearly  equal,  the  formulae  of 
Case  3  will  give  a  good  approximation  to  the  roots.  The  values  of  Ui 
and  ut  found  from  these  formulae  may  then  be  used  in  the  process  just 
described  to  obtain  a  better  approximation. 

Methods  for  Improving  Approximate  Roots.  The  last  two  methods  of 
Type  IV  have  the  property  that  an  improvement  of  an  approximation 
can  be  made  by  a  repetition  of  the  process  by  means  of  which  the 
approximation  was  derived.  Either  of  these  two  methods  may  of 
course  be  used  to  improve  an  approximation  found  by  other  means. 
There  are  two  other  methods  designed  particularly  for  the  improvement 
of  an  approximate  root  which  merit  some  attention  here. 

Method  of  E.  B.  Wilson.  In  the  publication  ' ‘Theory  of  an  Aeroplane 
Encountering  Gusts,”  E.  B.  WUson,  S.  Doc.  268,  64th  Cong.  1st  Sees., 
equation  (21)  is  solved  by  the  method  of  two  quadratics  and  the  approxi¬ 
mate  value 

-4.245  ±  2.545\/^ 

is  found.  This  value  is  then  corrected  by  an  adaptation  of  Newton’s 
method  for  real  roots.  That  is,  if  r  is  an  approximate  root  of  f{x)  »  0, 
then 


is  a  better  approximation,  where  f'{x)  is  the  derivative  of  fix).  The 
amount  of  computation  needed  in  carrying  out  an  improvement  of  an 
approximation  by  this  method  is  considerable  and  the  inherent  weakness 
of  Newton’s  method  when  multiple  or  nearly  equal  roots  are  present 
will  in  some  cases  lead  to  a  loss  of  accuracy  instead  of  an  improvement 
of  the  approximation.  Hence  caution  must  be  used  in  the  application 
of  this  method  and  a  check  by  actual  substitution  made  to  determine 
whether  or  not  the  approximate  root  has  actually  been  improved. 

Method  of  F.  L.  Hitchcock.  The  article  by  F.  L.  Hitchcock  in  the 
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“Journal  of  Mathematics  and  Physics,”  June  1938,  No.  2,  mentioned 
before  describee  a  method  of  improving  an  approximation  to  a  complex 
root  of  an  equation  of  any  d^ee.  It  is  particularly  efficient  when  used 
on  quartic  equations. 

The  procedure  is  briefly  this:  if  u  +  ii;  is  an  approximate  root  of 
/(x)  =  0,  we  can  reduce  the  roots  of  /(x)  =  0,  using  Homer’s  method, 
by  the  amount  u,  to  obtain  an  equation  g{x)  «  0  in  which  the  root 
u'  -+■  w,  corresponding  to  u  -|-  tv,  is  nearly  pure  imaginary.  That  is, 
u'  is  a  small  quantity.  Then  from  the  first  two  terms  of  the  Taylor’s 
expansion  for  g(u'  +  iv)  we  have: 

g(u'  4-  tV)  =  g(tv)  +  u!g'{iv)  =  0 

Whence: 


u' 


g(w) 

g\w) 


The  quantity  u’  will,  in  general,  be  complex.  It  is  the  correction  to  be 
added  to  the  approximate  root  u  +  iv.  For  ease  in  evaluating  u'  Dr. 
Hitchcock  gives  a  set  of  formulas  for  the  real  and  imaginary  parts  of 
g(iv)  and  g'(iv).  They  are: 

Re  g(iv)  ^  O'  -  B'v*  +  v*  Re  g'{iv)  =  C  -  3A'v 

Im  giiv)  =*  t>(C'  —  A'v*)  Im  g'iiv)  *  2i;(R’  —  2v) 

Where  A',  B\  C,  and  D'  are  the  coefficients  of  x*,  x*,  x‘,  and  x®,  respec¬ 
tively,  in  the  equation  g{x)  »  0.  , 

As  an  example  of  this  method,  suppose  equation  (21)  has  been  solved 
for  the  approximate  root 

-4.245  +  2.546\/^ 


Equation  (21)  with  roots  reduced  by  —4.245  is: 

^(x)  =  X®  -  8.490X*  +  24.50X*  -  61.63x  -|-  103.3  -  0 


The  formulas  with  v  =  2.546  then  give: 


13.5  -  8.66  V-1 
113  +  58.7 


4-0.063  -  0.109  V-1 


So  that  the  corrected  value  of  the  root  is: 


-4.182  -I-  2.437  V^ 
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which  is  correct  to  three  significant  figures.  A  repetition  of  the  process 
will  give  four  figures.  The  efficiency  of  the  method  lies  in  the  fact  that 
the  correction  u'  is  certain  to  be  small  and  that  the  greater  part  of  the 
computation  is  done  by  synthetic  division,  the  remainder  by  slide  rule. 

A  third  method  for  the  improvement  of  an  approximate  root  is  de¬ 
scribed  in  “Vorlesungen  Uber  Numerisches  Rechnen,”  Runge  und 
Kdnig,  Art.  55,  but  it  is  of  only  academic  interest  for  it  gives  an  accurate 
correction  only  when  the  approximate  root  is  already  accurate  beyond 
practical  requirements. 
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1.  Introduction 

1.1  Scalar  Wave  Equation.  It  is  known  that  the  wave  equation* 

*  The  most  complete  account  of  earlier  researches  on  the  subject  matter  of 
this  paper  is  contained  in  a  monograph  by  M.  J.  O.  Strutt,  *‘Lam5sche, 
Mathieusche,  und  verwandte  Funktionen  in  Physik  und  Technik,”  Springer, 
1932.  An  extensive  bibliography  is  included. 
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T*W  +  JfcV  =  0  (1) 

may  be  separated  in  spheroidal  coordinates  obtained  from  the 

cylindrical  coordinates  r,  tp,  z  through  the  transformation 

^  *  /V ({*  ^  1)(1  —  if),  <p  ^  <p,  *  =*  (2) 

the  upper  or  lower  sign  being  chosen  according  as  the  coordinates  are  of 
prolate  or  oblate  type.  The  factors  of  the  resulting  Lam4  product  are 
then 

TT  =  (f*  qp  1)^  umi  -  r,')^  V(r,)Hv)  (3) 

and  satisfy  the  ordinary  equations 

=  0,  (4) 

if  ^  l)f/"  +  2(m  +  inU'  -  (6  -  fk*f)U  =  0,  (6) 

(1  -  -  2(m  +  1),F'  +  ib  qP  AN*)V  =  0,  (6) 

where  &  is  a  separation  constant  to  be  determined  from  conditions  of 
finiteness  and  periodicity  over  the  surface  of  a  spheroid.  Both  (5)  and 
(6)  can  be  reduced  to  the  standard  form 

(1  -  z*)U"  -  2(a  +  l)zU'  +  (6  -  c*z*)U  =  0.  (7) 

The  coordinates  of  the  elliptic  cylinder  are  expressed  in  terms  of  rec¬ 
tangular  coordinates  by  the  transformation 

V  =  fy/ie  -  1)(1  - 1?*),  (8) 

In  this  system  the  scalar  wave  equation  (1)  separates  into  the  factors 
w  -  Umiv)Ziz)  (9) 

satisfying  the  ordinary  equations 

,  Z"  -f  y'Z  -  0,  (10) 

if  -  l)t7"  +  {17'  -  [6  -  fik*  -  y*)f]U  -  0  (11) 

.  (1  -  f)V"  -  nr  +  [b-  fik*  -  y*)n']V  -  0.  (12) 

Equations  (11)  and  (12)  are  obviously  special  cases  of  (7)  for  a  =  —  §. 
Their  solutions  are  known  generally  as  Mathieu  functions. 

To  visualize  the  geometrical  significance  of  certain  limiting  cases  the 
following  will  prove  helpful.  The  eccentricity  of  an  ellipse  {  =  constant 
is  e  s  l/{.  Let  I  be  the  length  of  a  semi-major  axis.  Then  the  coordi¬ 
nate  {  of  an  ellipse  is 
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{  -  i//  =  1/e,  (13) 

thus  appearing  to  be  a  pure  number,  the  ratio  of  semi-major  axis  to 
semi-focal  distance,  or  reciprocal  of  the  eccentricity.  The  limiting  case 
of  a  circle  occurs  when  /  — »  0,  f  -+  «  such  that  the  product  {/  remains 
finite  and  equal  to  the  limiting  radius  1.  Identical  relations  hold  for  the 
spheroids  obtained  by  rotating  an  ellipse  about  a  principal  axis. 

1.2  Vector  Wave  Equation.  In  the  theory  of  elasticity,  as  well  as 
in  electromagnetic  theory,  one  must  deal  frequently  with  vector  rather 
than  scalar  wave  functions.  Thus  the  equation  governing  the  propaga¬ 
tion  of  elastic  waves  in  a  homogeneous,  isotropic  medium  is 

V*V*8-  (X  +  2m)TV.8-|-p^-0,  (14) 

where  8  is  the  relative  displacement  of  a  point  in  the  medium,  p  is  the 
density  and  X  and  p  are  elastic  constants.  Likewise  an  electromagnetic 
field  whose  angular  frequency  is  a  can  be  derived  from  the  Hertz  vectors 
n  and  n*  according  to  the  rules* 

E  =  ik*n  -I-  -  topv  *  n*  (15) 

H  -  (toe  -1-  «r)V  *  n  -I-  k*n*  +  v^*,  (16) 

k*  *  pew*  —  tppw,  (17) 

where  p,  e,  9  are  respectively  permeability,  dielectric  constant,  and 
conductivity  in  rationalized  m.k.s.  units.  The  electric  and  magnetic 
Hertzian  vectors  n  and  11*  are  independent  and  satisfy 

-V*  v*n -f  ifc*n -H  -  0.  (18) 

The  scalars  i  and  \(>*  are  likewise  independent.  Usually  they  are  placed 
equal  to  the  divergence  of  the  corresponding  Hertz  vector,  but  any  solu¬ 
tion  of  a  homogeneous  scalar  wave  equation  nuiy  be  employed. 

Solutions  of  vector  equations  such  as  (14)  and  (18)  can  be  constructed 
from  solutions  of  the  scalar  wave  equation.*  Thus  any  rectangular 
component  of  a  Hertzian  vector  satisfies  (1).  The  differential  operators 
may  be  expressed  in  terms  of  curvilinear  coordinates  and  upon  carrying 
out  the  operations  indicated  in  (15)  and  (16)  an  electromagnetic  field 
is  obtained  in  a  curvilinear  system  of  coordinates.  Such  fields  must 

*  J.  A.  Stratton,  "Electromagnetic  Theory,”  pp.  2S-32,  McGraw-Hill,  1941. 
*J.  A.  Stratton,  loc.  cit.,  pp.  349-364,  392-399,  414-420. 
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eventually  be  supeiposed  to  satisfy  boundary  conditions  on  a  prescribed 
surface.  In  place  of  a  rectangular  component  it  may  be  shown  that  the 
spherical  function  Um/R  is  also  a  solution  of  the  scalar  wave  equation, 
where  !!«  is  a  radial  component.  The  held  derived  from  a  single  com¬ 
ponent  n«  has  no  radial  component  of  H;  that  derived  from  n«  has  no 
radial  component  of  E.  Unfortunately  a  vector  held  satisfying  boun¬ 
dary  conditions  on  a  spheroid  cannot  be  obtained  in  the  same  way  from 
Hertz  vectors  which  are  everywhere  normal  to  the  surface  of  the 
spheroid.  Such  helds  must  be  constructed  by  superposition  of  partial 
helds  derived  in  the  manner  just  described. 

1.3  Gegenbauer  Functions.  The  standard  equation  (7)  is  charac¬ 
terized  by  regular  singularities  at  z  =  ±1  and  an  irr^ular  point  at 
inhnity.  The  object  of  this  investigation  is  to  obtain  independent  solu¬ 
tions  in  the  neighborhood  of  each  singularity  reduced  to  a  form  suitable 
for  numerical  calculations  and  to  discuss  their  analytic  continuation 
over  the  entire  complex  plane  of  z. 

From  (13)  we  note  that  if  /  — »  0,  {  — »  «  in  such  a  way  that/{  — »  R, 
the  spheroid  reduces  to  a  sphere  of  radius  R.  In  this  limit  (7)  is  re¬ 
placed  by 

z'U^'  +  2(a  +  l)zU'  -h  (cV  -  b)U  =  0,  (19) 

an  equation  satisfied  by  half-order  Bessel  functions.  For  this  reason 
the  spheroidal  functions  will  be  represented  in  the  neighborhood  of  the 
essential  singularity  at  infinity  by  expansions  in  Bessel  functions. 

If,  on  the  other  hand,  we  place  c  =  0,  (7)  reduces  to 

(1  -  z*)U"  -  2(a  -I-  l)z(7'  +  hU  =  0.  (20) 

This  is  essentially  the  Gegenbauer  equation,  a  hypergeometric  equation 
with  three  regular  singularities.*  Since  the  spheroidal  functions  will  be 
expressed  in  terms  of  the  solutions  of  (20),  we  shall  give  a  brief  account 
of  their  properties. 

The  functions  7^(z)  and  2^(z)  are  defined  for  all  values  of  a,  n,  and 
z  by 

nw  =  (z*  -  (21) 

r.(z)  -  (z*  -  (22) 

where  P“^+^{z)  and  Q^+«(z)  are  the  associated  I.«gendre  functions  of  the 

*  Whitaker  and  Watson,  “Modem  Analysis,”  p.  329,  4th  ed.,  Cambridge  Uni¬ 
versity  Press. 
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first  and  second  kinds.  Definitions  of  the  Legendre  functions  differ  in 
the  literature  with  regard  to  phase,  or  the  location  of  the  cut  in  the 
z-plane.  Accordingly,  we  shall  adhere  to  the  definitions  given  by 
Hobson.* 


K{z)  = 


4*  g)! 

4t  sin  nx  2"n!  ' 


X  (t'-  l)"(t  - 

•'c 


QTniz)  = 


*'  c  "**(n  +  g)  1 
4  sin  nx  2"nl  ' 


dl  (23) 


X  (f*-  l)-(f-2)— -‘df.  (24) 

*c 


The  functions  7^  and  differ  slightly  from  those  defined  originally 
by  G^enbauer.  They  satisfy  the  equation 

(z*  —  \)w”  +  2(a  +  \)zw'  —  n(n  -|-  2a  +  l)w  =  0.  (25) 

But  (25)  is  satisfied  likewise  by  each  of  the  following  eight  functions: 

n ,  ,  (2*  -  i)"*7^ ,  {z'  -  i)-T=:_, , 

Tn  ,  ,  (z*  -  iy“T:Ua  ,  (z*  -  . 

Since  the  second  order  equation  (25)  admits  only  two  independent  solu¬ 
tions,  certain  linear  relations  must  exist  between  the  eight  functions 
above.  These  follow  directly  from  the  theory  of  the  hypergeometric 
function,  and  they  are  readily  deduced  from  corresponding  expressions 
for  the  Legendre  functions  given  by  Hobson. 

r.  =  r.n-u-i  (26) 

=  T^n-i  (27) 

z:  =  e*-"  (a*  _  (28) 

n! 


r_..  =  «-■  (**  -  irr::-.  (m) 

-awi 

T\  =  - - — i — ^  [sin  (n  +  2a)x  It  -  sin  nx  (30) 

X  cos  (n  -h  a)x 

'  E.  W.  Hobson,  "Spheroidal  and  Ellipsoidal  Harmonics,"  pp.  188  and  195, 
Cambridge  University  Press,  1931. 
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•-<4s 


T  coe  (n  +  a)T 


[sin  nv  —  sin  (n  +  2o)t  5Zi_i] 


n  -  g"*(^  +  2a)!8in(n  +  2a)T  _  j- _j 

Tn!  cos  (n  -j-  a)T 


(*’  -  D-TT+u 


‘nl  sin  nr 


r{n  +  2o)lcoe  (n  +  o)ir 


ir.  - 


(31) 

(32) 

(33) 


?e-^'*8in axr.  =  T.  -  (z*  -  D-^T^u  (34) 

T  ni 

?e-'*8in  ax  -  n  -  (-n-  1)1  ^35^ 

T  (—  n  —  2a  —  1)! 

The  factorial  has  been  employed  in  place  of  the  gamma  function  for 
non-integral  as  well  as  integral  values  of  the  argument,  so  that 
a!  -  r(a  -1-  1). 

In  addition  to  these  formulas  connecting  the  various  solutions  of  (25) 
frequent  use  will  be  made  of  the  recurrence  relations 


zT\  ^  I  1)^+1  +  (»  +  2o)  2^_i]  (36) 


(«’-l)^r.-(n+l)r;+i-(n  +  2a+l)»r.  (3?)  ' 

» 

which  apply  also  to  . 

From  (21)  and  (22)  and  the  known  properties  of  Legendre  functions 
the  solutions  of  (25)  can  be  expressed  in  terms  of  hypergeometric  func¬ 
tions.  Thus  for  1 1  —  z  1  <  2, 

r.  »  (z  -  1)-f(-  n  -  o,n  -I-  a  -f  1;  1  -  o;  (38) 


while  for  I  z  I  >  1 ' 
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Through  the  transformations  of  the  hypergeometric  fimction  and  the 
relations  (26)-(35)  one  may  establish  series  expansions  for  the  functions 
T  and  X  for  the  entire  complex  domain  of  z. 

1 .4  Gegenbauer  Functions  for  Integer  Values  of  a.  Spheroidal  wave 
functions  associated  with  a  complete  spheroidal  surface  must  be  periodic 
in  the  equatorial  angle  <p.  In  this  case  a  is  a  positive  integer  or  zero 
and  will  be  designated  by  the  letter  m.  The  relations  between  the 
functions  defined  in  Sec.  1.3  then  reduce  as  follows.  For  all  values  of  n 
we  have 


(41) 

•I  n-fSm  “  1 

(42) 

Hi 

(43) 

i:  (i*  -  D^snii. 

ni 

(44) 

•  (w  "1“  2m)  I  f  t  ^  cf—m 

“  ,  1.Z  —  i; 

n! 

(45) 

(46) 

.  *■ 


Numerical  values  of  these  functions  in  various  regions  of  the  z-plane 
may  be  obtained  from  the  following  hypergeometric  series: 

For  I  z  I  >  1, 


X^ 


(— 2)^V^  (n  ±  2m)  I 
(n  ±  m  +  i) !  (2z)"+‘ 


(-2)^V^(n=fa2m)l 
(n  ±  m  +  i) !  (2z)*=^*^‘ 


(47) 


X  F 


e- 


±2m  +  2  n±2m+l 


;  n  ±  m  -J- 


2’zV 


For  I  1  —  z  I  <  2, 
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IT  -  J  r:  [in  -  <r(»)  -  a(n  +  2ni)]  -  ^  [(.  -  1)’ 


r! 

_L  '^(-n  +  r-  1)!  (n  +  2m  +  r)! 

«  r!(m4-r)! 


C^)' 


(49) 


+  (_l)-(jL+^’(,+  1)- 

n! 

n  — m  +  r— l)l(n  +  m  +  r)!  ,  .  . 

7^  rl  (r  +  m)! 

wherein  n  ^  0  and 


W] 


/  N  1  .  1  _l_  1 

'W-I  +  2+"'J' 


(SO) 


For  I  z  I  <  1  and  /m(z)  ^  0, 


"(i) 


/n  4”  2m  4-  1  ^ .  1 .  _i\ 

\  2  ’  2’2’V 


^  /n4-2m4-2  l-n.3.  A 

- 2 - '2'V’ 


(61) 


7T 


e-i-o 

(- 

2^  cos  ^  — 


4-  2m  - 


/ 

/  r/n 


4- 2m  4-1  l.,A 

V~~2  ’  T’2’ V 


/n  4-  2mY 

2-+‘  sin^  A  2 

2  /-  /n  -  1\.  V 


(52) 


4-  2m  4-  2  1  - 


1  -  n  3 
’  2  ’2’^/ 


Usually  we  shall  have  to  deal  with  functions  for  which  n  as  well  as  m 
is  a  positive  integer.  In  this  case  some  of  the  above  series  break  o£f 
and  hence  are  finite  for  all  finite  values  of  z.  Thus  when  both  n  and  m 


n  «n.i 
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are  positive  integers  the  various  solutions  fall  into  two  classes:  a  set  of 
integral  functions,  and  a  set  characterized  by  singularities  at  z  =  dbl 
as  well  as  at  infinity. 


»— In— 1 
*— In— 1 


TABLE  I 


n  and  m  'positive  integers 


(z*  - 

(z*  - 1)-^ 

(z*  _  D-iir-iJ 
(z*  - 


no  singularities  in  the  z-plane  other  than 
at  z  “  00 

singularities  at  z  »  1  and  z  » 


If  n  is  a  positive  or  negative  integer  becomes  infinite  when  n  ^ 
—  2m  —  1  in  virtue  of  the  factor  (n  -|-  2m)!  in  the  numerator.  It  is 
finite  if  n  >  —2m  —  1.  Likewise  7^  is  zero  when  — 2m  —  1  <  n  <  0. 
It  is  finite  for  all  other  values  of  n. 


1.5  Gegenbauer  Functions  for  a  »  —  Comparable  in  importance 
to  the  case  o  »  m  is  that  in  which  a  *  —  §.  We  have  seen  that  this 
leads  to  the  Mathieu  functions.  If  we  let  z  ==  cosh  Eq.  (20)  reduces 
for  a  *  —  §  to 

^-bU~0  (53) 

satisfied  by  hyperbolic  functions.  From  the  definitions  of  7^  and  Tt 
it  can  be  shown  that 


(54) 

(I*  -  l)*lL. 

(55) 

(56) 

77*  ”  -  a/^  sinh 

(57) 

n  y  r 

(z*  -  1)*  rt-i  »  cosh  n4f 

(58) 

for  all  values  of  n.  The  relations  between  the  functions  reduce  to 


(58) 
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=  nt 

(69) 

I;*  -  --(2*-  i)*2:Ui 
n 

(60) 

T 

(61) 

(z*-i)*r‘_,  .-(sc;*-!!*) 

T 

(62) 

sc;*  -  ^  [tT*  -  ^  («’  -  l)*T*_ij 

(63) 

These  are  all  integral  functions,  having  no  singularities  other  than  at 

Z  ™  00. 

n.  General  Spheroidal  Functions 

2.1  Definition.  In  Sec.  1.3  it  was  noted  that  Eq.  (7)  reduces  to  (19) 
when  zy>  1  and  c  — »  0,  and  is  then  satisfied  by 

U  -  (c*)-^Zh^*(cz)  (64) 

where  Z,(cz)  is  any  Bessel  function  of  order  p  and  argument  cz.  Like¬ 
wise  when  c  — ►  0  Eq.  (7)  reduces  to  (20)  and  is  satisfied  by  T?  or  It 
provided  6  has  the  characteristic  value  l{l  +  2a  +  1).  In  general  we 
shall  express  b  in  the  form 

6  =  f(f  -f-  2o  -h  1)  +  «i(o,  c)  (65) 

where  ci  is  a  function  of  the  parameters  I,  a  and  c,  and  vanishes  with  c. 
A  circle  drawn  about  the  origin  as  a  center  and  passing  through  the 
singular  points  at  z  =  ±1  divides  the  z-plane  into  two  domains  and 
limits  the  convergence  of  most  series  representations.  We  consider  two 
systems  of  solutions.  Those  solutions  of  (7)  that  are  valid  in  the  neigh¬ 
borhood  of  the  essential  singularity  at  infinity  we  designate  by  U.  They 
shall  be  represented  in  terms  of  the  Bessel  functions  (64).  Those  solu¬ 
tions  about  the  ordinary  point  z  =  0  and  converging  at  least  within 
a  circle  of  unit  radius  are  to  be  designated  by  V,  and  will  be  repre¬ 
sented  by  expansions  in  Gegenbauer  functions.  These  representations 
are  remarkable  in  that  only  one  set  of  expansion  coefficients  need  be 
determined.  The  problems  of  numerical  computations  and  of  deter¬ 
mining  the  connections  linking  the  solutions  in  one  domain  with  those 
in  another  are  thus  vastly  simplified. 
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2.2  r/-Fimctions.  The  solutions  of  (7)  valid  when  s  ^  1  will  be 
defined  by  the  expansion 

U{a,  c;  z)  =  (cz)~*~*  X  o»Z*+^j(cz),  (55) 

where  n  is  an  integer  and  0  ^  p  <  1.  Upon  introducing  this  series 
into  (7)  and  applying  the  recurrence  relations  for  Bessel  functions  it  is 
found  that  the  coefficients  a.  satisfy  the  three  term  recursion  formula 

_ -t~  P  -H  l)(w  +  p  -h  2) _ 

(2n  2p  +  2a  4-  3)(2n  +  2p  +  2o  +  5) 

,  (n  4*  p  +  2a  —  l)(n  4-  p  4"  2a) 

(2n  4-  2p  4-  2a  -  3)(2n  4-  2p  4-  2a  -  1) 

^  (67) 

^  p  -  (n  4-  p)(n  4-  p  4-  2q  4-  1) 

_  2(n  4~  p)*  4-  2(n  4~  p)(2a  4-  1)  4-  2a  —  1~|  _  ^  q 
(2n  4-  2p  4-  2a  -  l)(2n  4-  2p  4-  2a  4-  3)  J  ^  “ 

When  c  — »  0  there  remains  in  the  limit  only 

(6  —  (n  4"  p)(w  4-  p  4-  2a  4-  I)]®*  =“  0. 

If  then  we  choose 

6  =  (1  4"  p){l  4"  p  4*  2a  4"  l)i 

where  I  is  either  an  even  or  an  odd  int^er,  it  is  apparent  that 
a,  -♦0,  for  n  ^  1 

and  U  reduces  to  a  single  term  of  order  1  4-  p  4-  4-  i-  When  c  differs 

from  zero  the  summation  extends  from  —  qo  to  4-  <» .  As  the  subscripts 
of  a.  in  (67)  differ  always  by  an  even  number,  the  even  and  odd  series 
are  distinct:  the  summation  extends  over  even  values  of  n  when  I  is 
even,  over  odd  values  when  I  is  odd. 

In  order  that  (66)  shall  be  an  analytic  representation  of  a  solution  it 
is  necessary  that  the  series  converge  for  cz  >  1.  The  maximum  absolute 
magnitude  of  a  Bessel  function  is  independent  of  its  order  when  cz  — »  «o . 
The  coefficients  a.  must  therefore  converge  in  both  directions  from  ai , 
the  dominant  term.  This  condition,  in  turn,  restricts  the  separation 
constant  6  to  a  set  of  characteristic  values  6| . 

The  quantity  p  plays  a  role  analogous  to  the  roots  of  an  indicial  equa¬ 
tion  in  the  power  series  solution  of  a  differential  equation.  By  proper 
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choice  of  p  it  is  possible  to  terminate  a  certain  number  of  the  expansions 
at  n  =  0  and  thus  to  restrict  the  summation  to  positive  values  of  n. 
However,  this  is  untrue  in  other  cases  and  in  general  the  summation 
must  be  extended  from  —  <x>  to  +  » ,  over  either  even  or  odd  values  of  n. 
An  earlier  paper*  failed  to  take  this  into  account  and  the  conclusions 
drawn  there  must  be  modified  accordingly. 

If  now  we  let 

U{a,c;z)  =  (z*-  1)-X(a,  c,  z),’  (68) 

it  is  apparent  that  X  must  satisfy  the  equation 

(r*  -  1)A"  +  2(1  -  a)zX'  +  (cV  -  b  -  2a)X  =  0  (69) 


and  X  can  be  represented  by  expansions  of  the  form 

Xia,  c;  z)  =  (cz)-*  Y,  a', .  Z..^+,(cz),  (70) 

II  ' 

where  the  satisfy  the  recursion  formula 

(n'  +  l)(n'  +  2)  / 

(2n'  -  2a  +  3)(2n'  -  2o  +  5) 

in'  —  2a  —  l)(n'  —  2a)  r 

(2n'  -  2a  -  3)(2n'  -  2a  -  1) 

'  '  (71) 

'  -j_  r ^  2a  —  (n^  —  2a  -h  l)n^ 

2n'*  +  2n'(l  -2a)-2a-l1  , 

(2n'  -  2a  +  3)(2n'  -  2a  -  1)J 

Upon  comparing  (71)  with  the  recursion  formula  (67)  we  observe  that 
the  two  are  identical  if 


n'  =  n  +  p  +  2a, 


(n  +  p)  1 

(n  +  p  +  2a)! 


Can, 


(72) 


where  C  is  any  constant.  Since  the  Bessel  functions  of  negative  order 
satisfy  the  same  relations  as  those  of  positive  order,  further  solutions 
of  (7)  are  obtained  involving  the  same  coefficients  a. . 

We  shall  define  a  set  of  eight  spheroidal  functions  as  follows  in  terms 
of  the  Bessel  functions  of  the  first  and  second  kinds.  The  normaliza¬ 
tion  of  the  coefficients  will  be  discussed  later. 

f/i(a,  c;  z)  »  (cz)"“"^  YJ  anJn+^+\icz)  (73) 

II 


*  J.  A.  Stratton,  Proc.  Nat.  Acad.  Sci.,  6,  51-56,  1936  and  6,  316-321,  1935. 
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c;  t)  «  (74) 

II 

Wo,  c;  *)  -  («)-•(*■  -  1)-  Z'  (75) 

Wo,  c; »)  -  («)-•(«■  -  1)-  S' «.  ,  «-i(“)  (7«> 

l/i(a,  c;  *)  *  (c2)"*"*  21'  a,ArM.H-f i(cz)  (77) 

fl 

Ut(a,  c;  z)  =  icz)~*~*  22'  a^N -^p.^\{fiz)  (78) 

» 

Wo,  o; »)  -  («)-'(»■  -  1)^  Z'  JV««-fi(«)  (79) 

Wo,  c;  j)  =  («)-♦(«■  -  1)-*  Z'  o.  ,  ^'*7’*'',  Af-,^.^i(cz).  (80) 

The  coefficients  a^  of  all  these  solutions  satisfy  the  recursion  formula 
(67),  and  summation  is  extended  from  n^ative  infinity  to  positive 
infinity.  The  prime  over  the  summation  sign  indicates  that  only  even 
values  of  n  are  to  be  taken  if  the  index  I  of  the  separation  constant  is 
even,  only  odd  values  if  f  is  odd. 


2.3  V-Functions.  We  construct  next  a  set  of  solutions  for  the  do¬ 
main  I  z  I  <  1.  When  c  =  0  Eq.  (7)  is  satisfied  by  T“i+^(z)  provided  that 
the  characteristic  value  bi  belongs  to  the  set  (f  -|-  p)(Z  p  +  2a  +  1). 
If,  therefore,  c  does  not  vanish,  one  is  led  to  try  solutions  of  the  form 

F(a,c;z)  =  Z' rf- n+,(*),  (81) 

fl 

where  n  is  an  odd  or  even  integer  and  0  ^  p  <  1.  The  f"*  term  of  the 
series  is  dominant  when  c  is  small.  Upon  substitution  of  V  into  (7) 
and  applying  the  differential  and  recurrence  relations  of  the  G^enbauer 
functions  it  is  found  that  the  coefficients  dn  satisfy  the  recursion  formula 

(»  +  P  ~1~  2a  -H  2)(n  -j-  p  -h  2a  -j-  1)  . 

(2n  -I-  2p  -h  2a  -I-  5)(2n  -|-  2p  -f-  2a  -|-  3)  ^ 

_ (n  -h  p)(n  -h  p  -  1) _  , 

(2n  -h  2p  -I-  2a  -  l)(2n  -|-  2p  -f  2a  -  3)  “* 

,  r2(n  4-  p)*  +  2(n  p)(2a  1)  +  2a  —  1 

L  (2n  +  2p  +  2a  -  l)(2n  -|-  2p  -|-  2a  -|-  3) 


(n  4-  p)(n  -H  p  -h  2a  -H)  - 


dn  »  0. 


(82) 
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By  comparison  of  (82)  and  (67)  it  is  easily  shown  that,  apart  from  a 
proportionality  constant  to  be  determined  by  the  normalization, 


d. 


(n  +  p)l 
(n -H  p -I- 2o)! 


(83) 


The  recursion  formula  (82)  is  unmodified  when  n  +  p  is  replaced  by 
— n  —  p  —  2o  —  l,so  that  two  more  solutions  can  be  constructed  from 
the  functions  Ttn-^-u-i ,  .  Furthermore,  as  in  the  case  of 

the  f/-f unctions,  another  four  solutions  are  obtained  by  the  trans¬ 


formation 

V{a,c)z)  -  iz'-l)-Y(a,c;z),  (84) 

where  Y(a,  c;  z)  satisfies  (69).  Thus  eight  formal  solutions  of  (7)  are 
established  which  we  designate  as  follows:  - 

v,(ii,  c;  !)-(*■-  ir  Z'  0.f  (85) 

n 

V,(a,  e;  z)  -  (z*  -  1)-  Z'  (86) 

n 

V$(a,  c;z)  =  Z  p  ^  2a)l 

F«(a,  c-; i)  -  Z'  «.*■"  („  +  ^/Jo)l 

F,(a,  c;  z)  =  (z*  -  1)-"  Z'  «»»"  (89) 

f» 

V,(a,  c;  z)  -  (z*  -  1)-  Z'  TT^^uiz)  (90) 

n 

V,(a,  c;z)  - (hC  TU-^U-M  (91) 

v.(.,  c; ,)  -  E' 


Again  the  prime  over  the  sununation  sign  indicates  that  odd  or  even 
int^er  values  of  n  are  to  be  taken  according  as  1  is  odd  or  even.  Unless 
otherwise  specified  the  summation  is  from  negative  to  positive  infinity. 

For  large  values  of  |  n  ]  the  absolute  magnitude  of  the  ratio  T^/T“ntt 
or  approaches  unity  at  either  z  =  0  or  z  =  ±1.  Thus  the 

convergence  of  the  V-functions,  as  was  that  of  the  (/-functions,  is  deter- 

iO 

mined  by  the  convergence  of  the  sum  Z  • 
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2.4  Calculation  of  the  Coefficients  a,  and  the  Separation  Constant.  t 

For  sufficiently  small  values  of  c  one  may  egress  the  separation  con-  j 

stant  h  and  the  coefficients  On  as  power  series  in  c.  These  series  are 
then  substituted  in  the  recursion  formula  (67).  Upon  collecting  terms 
and  equating  coefficients  of  like  powers  of  c  to  xero  one  obtains  in  a 
single  process  both  the  characteristic  values  b  and  the  expansion  coeffi-  ' 

cients  a, .  However,  the  convergence  of  these  expressions  is  usually 
slow  and  they  prove  unsatisfactory  for  values  of  c*  >  1.  At  present  the 
most  useful  treatment  of  three  term  recursion  formulas  is  based  on  a 
method  of  continued  fractions.^  We  shall  describe  briefly  the  procedure. 

To  avoid  cumbersome  factors  let  us  write  the  fundamental  reciusion 
formula  (67)  in  the  form  | 


where 


i4»f|0»+|  +  BnOn  +  Cn-tOn-i  “  0 


(93> 


_ (w  +  p)(n  +  p  —  1) _ 

(2n  -f-  2p  -J-  2a  —  l)(2u  +  2p  -|-  2a  -|-  1)* 

6  —  (n  +  p)(n  -|-  p  +  2a  +  1) 


_  2(n  +  p)*  +  2(n  +  p)(2a  +  1)  +  2a  —  1 

(2n  +  2p  +  2a  -  l)(2n  +  2p  +  2a  +  3)  ’  ^  ^ 

(w  +  p  +  2a  -|-  l)(n  -H  p  +  2o  +  2) 

(2n  +  2p  +  2a  +  l)(2n  +  2p  +  2a  +  3)' 


Evidently  (93)  can  be  developed  as  a  continued  fraction.  Thus  the 
ratio  ai/ai-t  is 


Oj 

Oi-a 


Cw 


Bi  +  Aj+t 


0|+1 

Ol 


o  Ai+aCi 


Bn  +  An+t-^ 


(96) 


E.  L.  Ince,  Phil.  Mag.,  6, 547-558, 1928. 
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If  the  series  is  to  converge,  the  value  of  ai/ai-t  will  be  unaffected  by 
the  last  term  0.44/0.  provided  n  is  chosen  sufficiently  large.  In  practice 
one  may  usually  start  with  n  ten  or  twelve  integers  larger  than  I,  neglect 
-Oi+u/ai+io ,  and  upon  running  up  the  fraction  an  expression  for  the 
initial  ratio  0{/0(_i  is  obtained  in  terms  of  b  which  is  contained  explicitly 
in  B.  Repetition  of  this  proces.s  with  a  neighboring  value  of  n  will 
indicate  whether  or  not  a  sufficient  number  of  terms  have  been  taken 
into  account. 

Next  the  ratio  ai/at-t  is  approached  in  the  opposite  direction.  Ek}. 
(93)  can  be  developed  in  the  form 


Ol-l 

ai 


fli-i 


^ _ 


(96) 


A—n+tC— 

+  C-n-t 


w— 1 

a-n 


Again  the  ratio  a-._s/a-.  can  be  neglected  for  a  sufficiently  large  value 
of  n,  and  upon  running  up  the  fraction  an  expression  is  obtained  for 
ai-i/ai  in  terms  of  6.  The  reciprocal  of  this  ratio  must  equal  the  value 
of  aj/oj-j  obtained  from  (95).  Thus  (95)  and  (96),  when  properly  re¬ 
lated,  constitute  a  transcendental  equation  in  h  whose  roots  are  the 
characteristic  values.  When  these  values  have  been  determined,  the 
continued  fractions  provide  an  easy  means  of  computing  the  coefficients 
o.  in  terms  of  any  arbitrary  coefficient  oj . 

I 

2.5  Termination  of  the  Series.  In  general  the  series  expansions  of 
the  U-  and  T-functions  extend  from  minus  to  plus  infinity.  However, 
by  a  proper  choice  of  p  they  may  be  terminated  in  certain  cases  at 
n  =  0  orn  =  1  and  extended  over  positive  values  of  n  only.  Thus  for 
the  even  series 
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with 

“  (2p  -}-  2a  -^l)(2p  +  2a  +  1)' 

Then  if  Oo  is  finite  and  a  ^  dbi,  O-*  vanishes  as  p  — ♦  0.  Moreover,  it 
follows  from  (96)  that  all  the  remaining  coefficients  a«  with  negative  n 
vanish  in  the  same  manner,  while  the  ratio  a,-s/a,  remains  finite. 
Since  a-s  O,  the  coefficients  with  positive  subscripts  can  all  be  ex¬ 
pressed  in  terms  of  Oo .  From  (96)  and  (95)  one  obtains 


<h  _ 

Oo  At* 


(99) 


As  in  Sec.  2.4  the  separation  constant  6  is  to  be  determined  such  that 
the  two  expressions  for  the  ratio  Ut/oo  are  equal.  The  treatment  of  the 
odd  series  is  identical. 

Since  the  functions  Jpicz)  and  N,{cz)  are  finite  for  n^ative  orders  p, 
it  is  apparent  that  the  functions  Ui ,  Ut,  V%,  and  Ut  defined  in  Sec.  2.2 
are  summed  only  over  positive  values  of  n,  starting  at  n  =>  0  or  n  =  1 
as  f  is  even  or  odd.  The  remaining  functions  Ut  ,.Ui ,  Ut ,  Ut  con¬ 
tain  terms  involving  negative  values  of  n  in  virtue  of  the  factor 
(n  +  p)!/(w  +  p  +  2a)!.  Thus  if  a  =  m,  a  positive  int^er,  the  limit 
of  o«(n  -f  p)!/(n  +  p  +  2m)!  as  p  — ♦  0  is  finite  when  n  >  —2m  —  1, 
but  sero  for  all  values  equal  to  or  less  than  this  number.  The  series 
again  break  off  on  the  n^ative  side,  but  at  n  =  —2m  and  n  =  —  2m  -f  1 
for  the  even  and  odd  cases  respectively.  When  a  is  a  negative  int^er 
the  series  also  terminate.  If  a  »  —  m,  the  even  and  odd  series  start 
at  n  2m  and  n  »=  2m  -f  1  respectively,  where  m  is  a  positive  integer, 
and  extend  to  infinity  in  the  positive  direction.  Finally,  when  a  is  not 
an  integer,  all  terms  of  the  summation,  both  positive  and  negative,  must 
be  included. 

Similar  considerations  hold  for  the  F-functions.  If  a  =  m,  the  func¬ 
tions  Vi,  Vt ,  F| ,  Vt,  Vt ,  Vt  are  summed  over  positive  values  of  n 
only,  starting  at  n  =  0  or  n  ~  1.  Actually  V\  and  Vt  are  infinite  in 
virtue  of  a  factor  1  /p,  but  since  this  factor  is  common  to  each  term  of 
the  series  it  can  be  removed.  The  summations  for  the  functions  Vt 
and  Vt  extend  from  n^ative  to  positive  infinity,  even  when  a  is  a  positive 
integer.  The  ratio  a,/p  for  negative  values  of  n  was  shown  to  be  finite. 
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Since  forn  <  0  and  for  n  <  —  2m  contain  a  factor  1/p, 

the  products 

o^SCrTH-a-  and  +  gm  +  p)!^"-' 
are  likewise  finite. 


2.6  Matfaieu  Functions.  The  special  case  a  ^  is  of  particular 
interest  since  it  pertains  to  the  Mathieu  functions.  Taking  p  =  0,  one 
now  obtains 


A.  -  C.  -  i, 


and  the  recursion  formula  reduces  to 

a»4t  +  Om-i  “*  ^2  +  ^  (n*  —  6)  J  o,  0.  (100) 

Unlike  the  other  cases,  this  relation  is  the  same  for  both  positive  and 
negative  values  of  n.  Moreover,  the  Bessel  and  Gegenbauer  functions 
are  now  either  even  or  odd  functions  of  the  independent  variable  t.  We 
shall  construct  U-.&nd  V-^unctions  that  satisfy  one  or  the  other  of  two 
conditions.  For  the  first  type  we  shall  take 

o,=  (-l)"o_.  (101) 

The  series  fails  to  break  off,  but  in  virtue  of  the  symmetry  of  positive 
and  n^ative  terms  it  can  be  summed  from  n  —  Oorn  —  Iton  —  «. 
In  this  case  Oo  differs  from  sero.  When  the  index  I  of  the  separation 
constant  is  even  one  obtains  b  from  the  relation 


'5  -  1  _  ^  1 

a%  4Bt  +  Ui/ot 


(102) 


which  can  be  expanded  as  a  continuous  fraction  as  in  (95).  Likewise 
when  { is  odd,  the  characteristic  values  of  h  are  given  by  the  roots  of 


(104) 
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Obviously  a«  o  and  the  characteristic  values  of  b  corresponding  to 
even  values  of  I  are  obtained  from 


^-2  +  l(4-» 

while  the  roots  of 


1 


(106) 


-  -  1+^(1  -  6) 

Oi  c* 


1 

ABt  +  ot/oi 


(106) 


are  the  characteristic  values  of  h  associated  with  odd  values  of  1.  The 
relation  of  the  functions  constructed  in  this  way  to  the  Mathieu  func¬ 
tions  defined  by  other  authors  will  be  shown  below. 

The  17-  and  F-functions  themselves  have  certain  properties  that  are 
peculiar  to  the  special  case  a  —  —  p  —*  0.  We  now  find 
(n  +  p)l/(n  -f-  2o  +  p)I  =  n,  n  -|-  p  -f-  o  4-  i  =  n;  and  since  for  any 
Bessel  function  of  integral  order  Z.  =  {—l)*Z-n ,  there  are  two  cases 
to  be  considered. 

1.  Even  FuncHone  a,  *  (— l)"o_, .  Then  Ui ,  Ut,  Ui ,  Ut  vanish, 
for  the  positive  half  of  the  series  is  equal  but  opposite  in  sign  to  the 
negative.  The  remaining  functions  Ui,  (7* ,  Ut,  f7|  are  of  the  form 

21'  OnZ^nicz). 

*  n 

Likewise  Vr  and  Vt  vanish,  while  the  remaining  F-functions  can  be 
put  into  the  form 

23^  cosh  ntf/ , 


where  ^  »  coeh~'  z,  and  are  therefore  proportional  to  each  other.  Thus 
when  p  =»  0  we  have  only  one  independent  F-function.  A  second  solu¬ 
tion  in  this  case  must  be  found  by  a  limiting  process.  Mathieu  func¬ 
tions  constructed  in  terms  of  cosh  alone  are  even  functions  of  and 
it  is  apparent  that  this  has  nothing  to  do  with  the  odd  or  even  character 
off. 


2.  Odd  Functions,  a,  —  —  (— l)"a_, .  The  functions  l/i,  U»,  Ut, 
Ut  now  vanish  while  Ut,  U4,  Ui ,  U»  are  all  of  the  form 
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Likewise  Vt  and  Vt  vanish  and  the  remaining  F-f unctions  are  all  of 
the  form 

Con  sinh 

n 

and  hence  proportional  to  each  other.  They  are  odd  functions  of 
for  even  as  well  as  odd  values  of  1. 


2.7  Convergence.  The  recursion  formulas '  associated  with  equa¬ 
tions  of  Mathieu  type  are  of  three  terms.  Consequently  the  conver¬ 
gence  theory  is  more  difficult  than  that  of  hypergeometric  equations 
whose  recursion  formulas  are  always  of  two  terms.  In  the  present 
section  we  shall  indicate  the  nature  of  the  convergence  and  the  conditions 
which  appear  to  justify  certain  operations  carried  out  in  the  remainder 
of  this  paper.  The  correctness  of  the  results  is  supported  also  by  ex¬ 
tensive  numerical  calculations.  A  more  thorough  investigation  is 
nevertheless  desirable. 

According  to  (93)  the  recursion  formula  relating  the  expansion  co¬ 
efficients  can  be  written  in  the  form 


Let  r,  =  a«/o,_i . 


o» 

On-t 


C^t 


Bn  -f-  A,h-* 


OiH-t 


Then  as  n  — » 


2c*  —  46  -f  4n*  —  c*r,+* ' 


(107) 


(108) 


There  are  two  possibilities.  The  separation  constant  6  may  be  such 
that  the  denominator  of  (107)  approaches  zero  with  increasing  n.  The 
ratio  r«  increases  as  n*  and  the  series  ^  an  diverges  for  all  values  of  c. 
But  6  may  also  be  chosen  such  that  0.  This  was  the  procedure 

described  in  the  forcing  sections  and  it  is  now  apparent  that  for  these 
characteristic  values  of  6 


Tn 


(109) 


The  series  of  coefficients  an  converges  accordingly. 

It  is  interesting  to  note  the  origin  of  these  two  sets  of  b,  the  one 
leading  to  divergent,  the  other  to  convergent  series.  The  recursion 
formulas  for  the  coefficients  constitute  a  system  of  difference  equations. 
A  two-term  difference  equation  is  the  counterpart  of  a  first  order  dif- 
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ferential  equation.  One  is  free  to  specify  the  behavior  of  the  solution 
in  the  neighborhood  of  n  =  0,  but  the  character  of  the  solution  as  n  — +  « 
is  then  fixed.  A  three-term  difference  equation  corresponds  on  the  other 
hand  to  a  differential  equation  of  second  order,  to  which  there  are  two 
independent  solutions.  Thus  we  may  specify  the  value  of  the  ratio  r, 
for  small  values  of  n,  but  this  condition  is  no  longer  sufficient  to  deter¬ 
mine  the  behavior  of  r,  at  infinity.  From  the  theory  of  difference  equa¬ 
tions  it  is  easy  to  find  asymptotic  solutions  when  n  —*  <x>.  The  reader 
may  verify  that  there  are  in  fact  two,  the  one  becoming  infinite,  the  other 
vanishing  with  increasing  n.  Of  these  two  we  choose  in  effect  the  latter, 
continue  it  analytically  into  the  r^on  of  small  n,  and  then  select  b 
such  that  the  function  r.  assumes  the  proper  value  at  n  =  0  or  1. 

Consider  now  the  U-  and  F-functions  and  examine  the  behavior  of 
Bessel  and  Gegenbauer  functions  whose  order  is  very  much  larger  than 
the  argument.  Let  cz  =  p  sech  a  ^  p.  As  p  ^  one  must  have 
a  — ♦  00  if  cz  is  to  remain  finite,  or  tanh  a  — »  1.  Then  according  to 
Watson*,  when  a  is  any  fixed  positive  number  and  p  is  large  and  posi¬ 
tive,  one  obtains  the  following  asymptotic  representation: 

■(tanh  a— a) 

Jpip  sech  a)  — »  — ^ _ ^ .  (110) 

V  2tp  tanh  a 

Since  a  tanh  a,  (110)  vanishes  exponentially  with  increasing  p.  On 
the  other  hand 


tanh  a) 

i\f,(p  sech  o) -+ -  —  .  (Ill) 

V  k*V  “ 


This  function  grows  large  without  limit  as  p  oo ,  and  the  same  is  true 
of  J-p(z)  when  p  is  not  an  integer.  Nonetheless  the  corresponding 
{/-functions  converge  in  virtue  of  the  rapid  decrease  in  the  coefficients 
On .  Thus  ifp  =  n-t-pH-a-|-i, 


(inN  p(cz)  ^  C  -1(«—  tanhn) 

an-tNp-t(cz)  4n* 


(112) 


as  n  — t  00.  The  asymptotic  formulas  (110)  and  (111)  hold  only  when 
p  »  cz  »  1.  Hence  the  conveigence  of  the  {/-functions  has  been 
demonstrated  only  for  large  values  of  the  argument.  Presumably  the 
expansions  (73)-(80)  are  convergent  throughout  the  entire  domain  ex- 


•  G.  N.  Watson,  “Theory  of  Bessel  Functions,”  p.  243,  Cambridge  University 
Press,  1922. 
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tenor  to  a  circle  of  unit  radius  about  the  origin  z  »  0.  From  a  practical 
point  of  view,  however,  these  series  are  useful  in  most  cases  only  when 
z  is  large.  The  functions  N,(cz)  grow  large  when  the  order  p  is  equal 
or  greater  than  the  argument.  If  z  cv  1,  the  first  few  terms  increase 
rapidly  and  many  terms  must  be  employed  before  the  rate  of  decrease 
in  the  coefl5cients  a»  is  sufficient  to  establish  convergence. 

When  I  z  I  <  1,  all  series  containing  terms  in  N,(cz)  or  J-p{cz)  diverge. 
This  is  easily  shown  when  cz  1.  For  then  . 


OnNpicz)  1 
On-tNp-ticz)  *^z*' 


(113) 


Exceptions  occur  when  a  »  m  or  a  »  —  It  has  been  shown  that 
in  these  cases  certain  series  can  be  terminated.  All  expansions  in  terms 
of  Bessel  functions  of  the  first  kind  summed  over  positive  orders  only 
converge  over  the  entire  z-plane,  including  the  points  z  » 

The  convergence  of  the  F-f unctions  is  determined  by  the  behavior  of 
Gegenbauer  functions  of  larger  order.  The  required  asymptotic  repre¬ 
sentations  are  given  by  Hobson.'  If  the  coefficients  a.  diminish  accord¬ 
ing  to  (109),  it  can  be  shown  that  the  expansions  (85-92)  are  convergent 
both  in  the  interior  of  a  circle  of  unit  radius  about  the  origin  and  ih 
the  region  exterior  to  that  circle.  .  At  the  points  z  =  ±1  the  value  of 
the  functions  may  become  infinite  owing  to  a  logarithmic  factor  or  a 
factor  of  the  form  (z*  —  1)“*. 


2.8  Expansions  of  U-  and  F-Functions  in  Power  Series.  There  re¬ 
mains  the  fundamental  problem  of  establishing  analytic  connections 
between  the  16  functions  defined  in  the  preceding  sections.  This  will  be 
accomplished  by  first  representing  the  various  functions  in  terms  of 
power  series;  coefficients  can  then  be  compared.  In  the  domain  |  z  |  >  1 
we  shall  employ  power  series  representations  of  Bessel  and  Gegenbauer 
functions  that  are  absolutely  convergent.  Terms  may  be  grouped  and 
the  order  changed  arbitrarily.  From  the  condition  that  the  coefficients 
On  form  a  convergent  series  it  can  be  shown  that  the  power  series  expan¬ 
sions  of  U-  and  F-f unctions  obtained  in  this  way  likewise  converge. 
This  in  no  way  contradicts  the  fact  that  in  general  only  asymptotic 
representations  can  be  found  in  the  neighborhood  of  an  essential  singular¬ 
ity.  For  these  power  series  expansions  are  actually  Laurent  series  valid 
within  an  annular  region  bounded  internally  by  the  circle  |  z  |  »  1  and 


*  Hobson,  loc.  cit.,  pp.  302-313. 
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externally  by  a  circle  of  very  large  radius  excluding  the  point  at 
infinity. 

Within  this  annular  region  we  find  for  the  first  four  {/-functions: 


XL 


(f)" 


fc!  (n  +  p  -H  o  -1-  A:  J)  1 

X  E _ I _ 

^  h  kli-n  -  p-  a-H*  - i)I\2/ 

i)-2-  (iP  L' ».  (!)■ 


XL 


A;l(n  -|-p-|-o-hA!  +  i)l\ 


'f)“ 


t;.  -  (i*  -  D-r-*  (l) 


(n  +  p)! 

(n  -H  p  +  2o) ! 


(!)' 


^  «  Jb!(-n  -  p  -  a  +  *  -  i)l  V  2  / 


(114) 


(115) 


(116) 


(117) 


When  I  z  I  >  1  the  X-functions  are  represented  by  the  series  (39).  In 
this  domain  the  first  four  F-functions  assume  the  form 


Vi  -  (-jr  v^(2j)’  S'  o.  ^  (i2j)- 

»  (— n  —  p  —  1)! 

A  (2r  —  n  —  p  —  1)! 

^  r!  (r  —  a  —  n  —  p  —  J) ! 


(2z)' 


V.  -  r «. 

X  t 

^rl(r  +  n-|-p-t-a  +  i)! 
sin  pr  n 

X  i:  2° -01  (2,)- 

^  rl(r  —  n  —  p  —  o  —  t)! 


(118) 


(119) 


(120) 
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n 

X  Y  (2r  +  n  -f  p)l  (2z)"*' 

^  rl(r  4-  n  +  p  +  a  +  i)I 

Let  «  be  an  integer  which  differs  from  n  always  by  an  even  integer. 
The  eight  solutions  can  be  arranged  as  follows: 

i'. -*-(!)' ?'(!)■  , 

y. 

,,  y-  0® 


=  ?'(!)• 

^  y,  _ <i.l--(n  +  p)l _  0*^) 

k.  +  "  +  l  („  +  P  +  2o)l 

^  y,  _ a.r- (»  +  p)l _  <*“> 

•“  -  a  -  p)un  +  p  +  2a)! 

V,  =  (-J)-v^('2p)'  E'  (W(-»  -  0  -  1)! 

y./ _ a,t"(-n-p-2a-l)! _  (126) 

-s.  -  o  -  p^!  (-n  -  p  -  1)! 

F,  =  L'  (2*)"*(«  +  2a  +  p)! 


a»t"(n  +  p)l 


^«  +  "+‘.  +  a  +  p)! (n  +  2o  +  p) ! 


1 
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V,  -  (-J)Vir(«*  -  ■ 

sin  (nr 

X  '£'i2zn-s-2a-p-l)\ 

X  ^ _ 

»i.  /n  -  «  -}rn  +  1  _ 

V— A — 2 — 

V,  -  (»■  -  l)-(2«)-^‘  2;'  (2r)-(.  +  ,)l 


_ flm* _ 


(128) 


(129) 


2.9  Relations  between  the  Functions.  Since  the  eight  functions 
defined  in  Sec.  2.8  satisfy  one  and  the  same  equation,  there  can  be  at 
most  two  that  are  linearly  independent  within  a  common  region  of 
convergence.  One  observes  that,  so  far  as  powers  of  z  are  concerned, 
each  (/-function  is  identical  with  the  F-function  of  the  same  subscript, 
and  we  conclude  that  the  two  are  proportional.  Thus 


Ui 

Ut 


/CiFi, 

ittVt, 


Ut 

Ut 


KtVt, 

KtVt. 


(130) 


The  proportionality  constant  K  is  called  the  joining  factor.  Upon 
equating  the  power  series  expansions  of  U  and  V  the  factor  K  is  given 
as  the  ratio  of  coefficients  of  corresponding  powers  of  z. 

To  obtain  further  relations  between  the  various  solutions  we  make 
use  of  the  formula  defining  the  Bessel  function  of  the  second  kind. 


N,ix) 


Jpjz)  cos  pr  —  J-pjx) 
sin  pv 


(131) 


together  with  the  functional  relations  between  the  Gegenbauer  functions 
given  in  Sec.  1.3.  Through  these  it  is  easy  to  establish  the  following 
connections. 


Relationt  among  the  U-functions 
(7i  sin  (o  -H  p)ir  (—1)"  (/* 


Ui 


Uf  - 


cos  (a  -h  p)t 

Ut  sin  (g  -H  p)y  -j-  (—1)"  U% 
cos  (a  -b  p)t 


(132) 

(133) 
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_  Ui  sin  (0  +  p)r  -1-  (—  1)"  Ut 

008  (a  -1-  p)r 

(134) 

^  _  l/s  sin  (a  -f  p)v  -}-  (—  1)*  Ui 
cos  (0  -f-  p)w 

(135) 

Tj  _  _Ui  sin  (0  -f  p)*  -H  (—  1)"  U\ 

‘  "  008  (0  -1-  p)» 

(136) 

^  _  Ui  sin  (0  -1-  p)v  -b  (—  1)*  I7i 
cos  (a  -f-  p)t 

(137) 

_  Ut  sin  (a  -f-  p)ir  -|-  (—1)"  Ut 
cos  (0  -f-  p)t 

(138) 

1/4  sin  (a  -b  p)w  -f  (— 1)"[7| 
cos  (0  p)t 

(139) 

Relatione  among  the  V-functione 

.  V, 

8m(2a-|-p)r 

(140) 

n 

1 

(141) 

Vi  -  Vi 

(142) 

F,  -  7, 

(143) 

-ir^sinaxFi-  .  .  F,-F, 

r  sin  (2a  +  p)w 

(144) 

-ir-sinoxF,  -  Ft- F» 

X 

(145) 

■  cos  (a  +  p)irFi  «■  sin  px(F4  —  Fi) 

(146) 

■  cos  (a  -|-  p)xF7  «  sin  (2o  -f-  p)x(Fi  —  Fi) 

(147) 

lUlations  between  U~  and  V-funcUons 

The  power  seriee  expansions  of  the  functions  Ui,  U%,  U%,  U*,  Vi, 
•  Vt,  Vt  converge  within  the  domain  1  <  1 2  |  <  when  b  has  a 
characteristic  value  ensuring  the  absolute  convergence  of  the  coefficients 
On .  Since  U~  and  F-functions  of  equal  siihscript  have  power  series  of 
identical  form,  they  must  be  proportional  to  each  other  and  the  propor¬ 
tionality  factor  Kj  ^  UJYi ,  U  1,  2,  3,  4),  must  equal  the  ratio  of 
the  coefficients  of  z*  in  the  corresponding  series.  Thus  there  are  an 
infinite  number  of  expressions  for  the  joining  factors,  for  a  is  any  posi¬ 
tive  or  negative  integer  differing  from  n  or  1  by  an  even  integer. 
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Ki 


1)1 


5.  A-n 


On 


n 


«  +  n  +  1 


+  a  +  p  j! 


(148) 


.  r(-n  -  2a  -  1  -  p)!a, 
(n  -  8\f  s  +  n  +  1 


P)I 


X* 


V^c*+^+‘+'(,  +  2a  +  p)! 


V' - 

/n  - 


t’o. 


y/ _ t»(n  +  p)ia3 _ 

.4r.  --  +  a  +  p^!(n  +  2a  +  p)l 


(149) 


-  2a  -  1  -  p)l 

y, _ t-*(-n  -  2a  -  1  -p)!a. _ 

«  +  „  +  ,)l(-n  -  1  -  ,)I  (160) 

^ _ J  j-*— •/!  2*(*+«+l+#) 

*•"  V5  I 

y/ _ »Mw  +  p)lai. _ 

«  (!L^*)l(-*Jl^l  _  „  -  ,)l(n  +  2a  +  ,)l  (161) 

Every  value  of  e  must,  of  course,  lead  to  one  and  the  same  value  of  Kf , 
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2.10  Summary  of  Relations  adien  a  =  m.  When  a  •=  m,  a,  positive 
integer,  and  p  —*  0,  the  16  U~  and  F-functions  fall  into  two  groups  of 
independent  solutions.  The  following  table  is  so  arranged  that  all 
functions  in  a  group  or  column  are  identical. 


TABLE  II 


Group  1 

Group  t 

-pF, 

.  Vt, 

-pF, 

F« 

F. 

Ut/Kt 

F. 

UJK, 

Ft 

F, 

-pUi/Ki 

-pVt/Kt 

By  proper  choice  of  $  the  joining  factors  reduce  to  the  following. 
For  I  and  n  even: 


Ki 

K, 

Kt 


—  P 


Oo 


(m  +  i)! 
2-^ 


iv,(o)r 


c(m  —  I)!  (p  —  2m)! 
2"“*(m-|)!(p  -  2m)!a_*, 


V,i0) 

[V,(0)]- 


(162) 

(163) 

(164) 


K,  -  t.  pr,(o) 


WCOc 


where 


F,(0)  -  V,(a,c;z) 


(166) 


(166) 


For  I  and  n  odd: 

2~""*cai 


Ki^  —  p 


(m  +  |)l 


if;(o)i- 


(167) 


mk 


t 
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f;(o) 


c*(m  —  I)  I  (p  +  1  —  2m) !  Oi_> 

K»  =  -  p  2"~*c(m  -  I)!  (p  +  1  -  2m)!  Oi-i, 

T 

Kt  -  —  ^i(O), 

TC*Ol 


where 


V;(0)-£v.(a,c;z) 


•-«  2^  ‘v^ T  »- 


s> 
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(158) 

(159) 

(160) 

(161) 


The  coefficients  a-t»  and  ai-i«  vanish  as  p  — *  0  and  m  >  0,  but  the 
products  (p  —  2m)!a-s»  and  (p  +  1  —  2m)!ai-t»  are  finite. 

For  both  even  and  odd  values  of  n 


KiK,  -  KtKi  »  - 

re 

2.11  Summary  of  Relations  when  a  =  — i.  When  a  =»  — i  and 
p  =  0  the  joining  factors  are  reduced  to  the  following  by  proper  choice 
of  8.  These  formulas  apply  both  to  the  even  and  the  odd  Mathieu 
functions. 

For  I  and  n  even: 

/Cl  -  -t  y^<io[ao  +  2Z'a«J*  (163) 

/C,  -  -  t  oo  [oo  +  2  f;'  a--]  *  (164) 

/Cl  -  1 1  (a,  -  a_i)  2  no,  (165) 

/Cl  =  -  t|  (oi  -  a_i)  no_,J~  (166) 

For  I  and  n  odd: 

Ki  »  — ^  (o_i  —  oi)  r  21  no,T  (167) 

2v^  L»-x  J 
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(o_i  —  Ui) 

2v  2t 

V  "  1“* 

_»-i  J 

(168) 

(169) 

Ki  **  . —  (a_i  +  oi) 

2v^ 

(170) 

Even  Functions,  o«  =  (— l)*a_«.  The  functions  Ui, 

f/4,  C/t,  Ut, 

Vi ,  Vt  vanish  as  p  — »  0,  as  do  also  the  joining  factors  Kt  and  Kt ,  and 
Ki^i-iyKt.  ■  (171) 

The  remaining  functions  again  fall  into  two  independent  groups. 


TABLE  III 

Oroup  1  Group  2 

Fi  t/, 

V,  ,  (-1)"C/. 

V, 

-y* 

Ui/Ki 

Uf/Kt 

As  before,  all  functions  occurring  in  one  group  or  column  are  identical 
and  represent  one  independent  solution.  The  Gegenbauer  functions 
for  a  «  —  ^  can  be  expressed  in  terms  of  exponential  and  h3rperbolic 
fimctions;  by  writing  z  ^  cosh  ^  and  doubling  up  the  series  one  obtains: 
{  and  n  even, 

Vi  =  ^00  +  2  o«t“  cosh  (172) 


Ui  =  ooJoicz)  +  2  X'  OnJ^icz) 


(173) 


17,  «=  aoJV,(«)  +  2  OnNniez) 


(174) 
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Fi  =  iy/2T  a,i"  cosh 

1 

(176) 

Ui-2  On  JJfiz) 

1 

(176) 

f/i  *=  2  E'  a,iV,(cz). 

(177) 

••I 


Vi  and  Ui  are  Mathieu  functions  of  the  first  kind  and  these  representa¬ 
tions  converge  over  the  entire  r-plane.  f/i  is  a  Mathieu  function  of  the 
second  kind,  but  the  convergence  of  (174)  and  (177)  is  restricted  to  the 
region  |  z  |  >  1.  A  second  solution  of  Mathieu ’s  equation  valid  in  the 
neighborhood  of  z  =  1  has  been  discussed  by  Ince“,  but  he  fails  to  give 
the  analytic  connection  with  a  corresponding  solution  valid  when  z  — ►  « . 
In  the  next  section  we  shall  obtain  another  form  of  the  second  solution 
and  the  desired  connections  through  application  of  a  limiting  process  to 
the  vanishing  functions  Ft  and  F« . 

Odd  Functions,  a,  “  —  (— l)"o_, .  In  this  case  Ui,  Ui,  Ut,  Ut, 
Fi ,  F( ,  and  the  joining  factors  Ki  and  Kt  vanish  as  p  — » 0.  Also 

Ki  -  (-l)"/i:4  ■  (178) 

The  remaining  functions  fall  into  two  independent  groups  as  in  Table 
IV,  the  functions  in  any  one  colunm  being  all  identical. 


TABLE  IV 


Group  1 

Group  2 

Vi 

u. 

-V, 

(-irui 

F, 

F4 

qv. 

•I*'- 

WKi 

V,/K, 

**  E.  L.  Ince,  Proc.  Edinburgh  Math.  Soc.,  pp.  2-13,  1914-1915. 
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Upon  doubling  up  the  series  so  that  the  sununation  extends  only  over 
positive  values  of  n  one  obtains 

Vt  =  i\/^  sinh  ni,  (179) 

»-i.s 

U,=r2  — ^  anuJnicz),  (180) 

Ur  =  2  f:'  a,nAr,(cz).  (181) 

CZ  .tt.l 

When  f  is  even  these  series  start  from  n  ^  2,  and  from  n  =  1  when  I 
is  odd.  As  in  the  case  of  the  even  functions  a  second  solution  valid 
when  I  z  I  1  is  missing,  but  will  now  be  found  by  a  limiting  operation 
applied  to  the  vanishing  functions  Fi  and  F« . 


2.12  Second  Solutions  of  the  Mathieu  Equation.  The  object  of 
this  section  is  to  find  a  second  solution  of  Mathieu 's  equation  in  the 
domain  |  z  |  1  and  to  join  it  analytically  with  representations  of  the 

same  function  valid  when  |z  |  1.  In  Sec.  2.11  it  was  shown  that 

Ft  and  Fi  for  the  even  functions,  and  Ft  and  Ft  for  the  odd  functions, 
vanish  as  p  — »  0.  The  xero  is  of  the  first  order  in  p  and  hence  can  be 
removed  if  one  divides  by  p  before  passing  to  the  limit.  Since  p  is  an 
arbitrary  constant,  the  functions  obtained  in  this  manner  are  still  solu¬ 
tions  of  the  differential  equation. 

Even  Functumz,  On  =  (— l)"a_«  .  Formally 

F,  =  F,  -  S'  8inh  (n  p)f ,  (182) 

where  the  a»  are  also  functions  of  p.  They  vanish  as  p  — *  0,  since 
a,t"  sinh  sinh  (— nf).  We  now  divide  Ft  and  Ft  by 

p,  differentiate  numerator  and  denominator  with  respect  to  p  and  pass 
to  the  limit  p  »  0.  ' 

lim  —  *  lim  —  =  a/^  S'  ^ 

»-»o  p  »-»o  p  f  T  « 

where 


dp 


In  virtue  of  the  relation 


o:  =  -(-l)“ai., 


(184) 

(185) 
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which  will  be  established  in  the  following  section,  the  function  dehned 
by  (183)  is  finite  and  does  not  vanish.  It  differs  from  all  other  F-func- 
tions  in  that  it  is  an  odd  function  of  and  it  must,  therefore,  be  a 
second  solution  of  the  Mathieu  equation.  It  is  this  solution  that  was 
found  by  Ince***  in  another  manner. 

To  find  a  relation  between  U~  and  F-functions  of  the  second  kind  we 
make  use  of  (136)  for  the  case  a 

17,  =  cos  LL^V  (186) 

sm  pnr 

Upon  replacing  Ui  and  Ut  by  their  equivalents  in  terms  of  F-functions 
and  allowing  p  —*0,  one  obtains 


C7,  -  1  lim  ^  [KiFi  -  i-iyKM 

T  ^->0  ap 


Let 


K' 


dp 


dp 


Since  Ki  =  (— l)"/iL, ,  F,  —  F, ,  we  have 

U,  »  1  {[K[  -  i-iyK^Wi  -H  Ki[V[  -  Filj. 

*• 

From  (85),  (86),  and  (55),  when  p  \  0, 


F,  =  t 


Thus 


V[  —  Vi  =  t\/2ir  X'  r[al  sinh  -f-  cosh  n^] 


.  Ft  .  F, 

tT - »  tX  - . 

P  P 


(187) 

(188) 

(189) 

(190) 

(191) 

(192) 


It  appears  that  the  solution  U,  valid  when  z  is  large  is  in  fact  a  linear 
combination  of  solutions  of  the  first  and  second  kinds  established  for 
the  r^on  |  z  |  ~  1. 

We  proceed  now  to  calculate  the  derivatives  of  the  joining  factors 
K.  In  (148)  and  (149)  put  o  *  —  i  and  obtain 


292 


L.  J.  CHU  AND  J.  A.  STRATTON 


Kx 


o,t»-* 

•VAi)  .S| 

CD'Cf*-) 

(-«  -  1  -  p)!  7Z — 

•a.  /  n  — 


Oitt’"(n  +  p) 


(193) 


^2/c'"*"' 


a,t" 


if, - 


/n-«\ 

V  2  / 

1  2  '’>/ 

(«  - 


o,t"(n  +  p) 


(194) 


,  ,  M  _ “»*  V*  ^ 


For  even  values  of  n  let  «  >■  0.  After  simplification  we  obtain 

K[  -  -K^ 

'  “■>/  On 


00(7-2  2:  - 

n 


Oo  +  2  o. 


(196) 


2aoi:'ra:4-ai<r(^  -l) 

1 - 1 

+ 

$ 

_  «-«  L  1  \2  / 

foo  +  2  22'  o«T 

► 

0 

L  *-«  J 

where 

C  -  0.677216,  <r(*)  -  22  “• 

n 

For  odd  values  of  n  let  «  i  in  if,  and  «  =  —  1  in  if. 

.  Then 

-  if ;  -  if,  In  ^  + 


4  ' 


-a,(C  +  i)+2  2:'ri^ 

«-»  n*  —  1 


+  <*1 1: 


2:'«.n 

n— 1 

[S'--] 


(196) 
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In  general 

K'  =  -(-irx;, 

17,  «  -KiVi  +  iKx^. 

Odd  Functions,  a,  ■»  —  (— l)"o_«.  Formally 

^1=76“  ®»»"  cosh  (n  +'pV. 


(197) 

(198) 

(199) 


They  vanish  as  p  — »  0,  since  o,t"  cosh  =  —<*-«»  "  cosh  (— n^). 
Upon  division  by  p  and  passing  to  the  limit  p  — » 0  one  obtains 


lim  —  =»  lim  —  =»  i/  -  r[al  cosh  sinh  n^].  (200) 

,-o  p  »-o  p  r  *■  » 


This  is  an  even  function  of  for 


a:  -  (-l)"a:,, 


(201) 


as  will  be  shown  below. 

To  establish  a  relation  between  U-  and  F-functions  use  is  made  of 
(138). 


Ut 


COB  px  —  (— l)*t/4 
sin  (nr 


(202) 


Replacing  Ut  and  Ut  by  their  equivalent  F-functions  and  letting 
p  — ►  0,  we  have 


U,  =  i  lim  ^  [K,V,  -  (-l)"ii:4F4], 

T  0-»O  op 

(203) 

or 

Ut  =  lux;  -  i-irK[]V»  -}-  KJiV',  -  V[]]. 

X 

(204) 

For  arbitrary  values  of  p 

v.-.y|r 

(205) 

(206) 
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Thus 

Vt  —  V[  ^  iy/^  *^[“»  cosh  +  a,^  sinh  n^] 

fl 

*e  iw  lim  —  =  ir  lim  — .  (207) 

»-*0  P  p->9  p 


As  before  we  find  that  Ui ,  valid  when  z  is  large,  is  a  linear  combination 
of  two  independent  solutions  which  have  been  established  as  useful  in 
the  neighborhood  of  z  =  1. 

The  formulas  for  Kt  and  K4  reduce  to  the  following  when  o  =  —  §. 


K4 


•/fV*”'”*  Oni-  ‘(n  +  p) 


(209) 


When  n  is  even  let  «  =  2  for  Ka  and  s  —2  for  K4 .  There  follows 
after  simplification: 


Ki=- 


4 


^1/! 


a,n 


(210) 
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When  n  is  odd  let  «  =  1  for  Kt  and  «  =  —  1  for  .  We  obtain: 

K', 


=  /c:  =  /C.ln  £  +  ^ 

4  y/2w 


Z'a. 


r  -  Ts  r 


(211) 


•  «  “iS 

Z'o, 

J 


In  general, 


Ki  -  -(-D-xi, 

r  p 


(212) 

(213) 


2.13  Recursion  Formulas  for  al  when  a  »  —  it  p  — »  0.  Let  e  » 
h  —  e' 12.  The  recursion  formula  (100)  for  the  Mathieu  equation  is  then 


o»+i  -1-  Ob_*  +  ^  («  ~  n*)on  =  0. 

Or,  upon  placing 

r,  =  On/On-t  , 

it  may  be  expanded  as  in  Sec.  2.6  in  a  continued  fraction 

— cV4 


«  “  +  4  »■»+* 


-c'/4 


(214) 

(215) 

(216) 


«  —  n* 


c*/16 


€  -  (n  +  2)*  - 


cVl6 


«  -  (n  +  4)* - 

Replace  n  by  n  +  p,  differentiate  (216)  with  respect  to  p,  and  let  p  — » 0. 


•  (217) 


—  —r\{2n  -|-  ri+j[2(n  +  2)  +  r\+t(2(n  +  4)  +  •  •  •)])• 
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From  (215)  we  obtain 


The  values  of  r,  can  be  determined  from  (216),  whence  in  virtue  of 
(217)  one  may  consider  to  be  a  known  quantity.  To  obtain  each 
individual  ,  one  must  know  one  particular  al  for  a  specified  n,  or 
establish  an  additional  relationship  between  the  al .  There  are  four 
cases:  Even  functions,  I  even  or  odd;  Odd  functions,  I  even  or  odd. 

Even  functions,  I  and  n  even.  According  to  (101)  o«  =  (— l)"a_, , 
and  hence  a,  >>  a_, .  Consider  the  coefficients  to  be  plotted  as  func¬ 
tions  of  the  variable  n  -|-  p.  In  view  of  the  symmetry  about  the  axis 
n  -h  p  =  0,  it  is  apparent  that  a«  =  0,  al  — oi, .  Since  in  this  case 
at  differs  from  zero  we  learn  from  (218)  that  »  oor^ .  The  remaining 
coefficients  can  then  be  found  from  the  general  formula 

+  (219) 

\a»-t  r,/ 

Even  functions,  I  and  n  odd.  Then  a,  «  —  a-« .  The  coefficient  a, 
is  an  odd  function  of  n  and  its  derivative  is  therefore  even,  al  =  aLn . 
In  particular  aj  «  aii ,  Oi  =  — a_i ,  n  **  —1.  From  (218)  we  obtain 
a[  »  —air[l2  and  the  remaining  are  found  from  (219). 

Odd  functions,  I  and  n  odd.  According  to  (104)  o*  =  —  (— l)*a_, , 
and  hence  o,  »  a_ ,  ol  =  — oi, .  From  (218)  one  finds  a[  air[/2 
and  the  remaining  coefficients  again  follow  from  (219). 

Odd  functions,  I  and  n  even.  Then  a«  *  — o_ ,  =  ol, ,  oo  *  0. 

Upon  differentiating  (214)  and  placing  n  2  one  obtains 


(220) 


From  (217)  we  find  ^ 

P-  -ir,(4  +  ,^(8+...II  -  -^K, 

r*  c*  Oe 

and  likewise  from  (218)  and  (220) 

ri  \c*ai  oo/  oo 


(221) 

(222) 


Since  Ot  differs  from  zero  one  may  multiply  (222)  by  Oo  to  obtain 


“  otK, 


1 


(223) 
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a  finite  quantity.  The  remaining  coefficients  can  now  be  determined 
from  (219). 

In  view  of  the  symmetric  or  anti-sjonmetric  relations  between  the 
coefficients  the  second  solutions  of  the  Mathieu  equation  reduce  to  the 
following: 

Even  fuhciiona,  I  and  n  even, 


y  =  I^Oo^  +  2  jy  r(ol  sinh  +  o,^  cosh  n^)  j , 

n  w 

-  *  2  a/-  C(a'n  sinh  4-  cosh  n^). 

f  T  m-1 


and  for  I  and  n  odd, 

F, 

p 

Odd  funcHona,  I  and  n  even, 


(224) 

(225) 


F. 

P 


M-S 


and  for  I  and  n  odd, 


(226) 


~  “  *"(<*«  ^  ^)*  (227) 

P  T  T  ,_1 


The  summations  are  extended  over  positive  values  of  n.  These  solu¬ 
tions  are  identical  with  those  found  by  Ince*’.  However,  Ince’s  treat¬ 
ment  expresses  the  coefficients  a.  and  as  analytic  functions  of  c  and 
its  application  is  limited  to  small  values  of  e. 


nL  Prolate  Spheroidal  Functions 

3.1  Functions  of  the  First  Kind.  In  the  preceding  sections,  sixteen 
solutions  have  been  found  for  the  basic  equation  (7)  and  relations 
established  that  permit  the  analytic  continuation  of  any  one  solution 
over  the  entire  «-plane.  We  shall  now  specialize  these  functions  for 
certain  physical  problems.  Consider  first  wave  functions  of  the  prolate 
spheroid.  In  this  case  a  m,  a  positive  int^r,  and  the  upper  sign  is 
chosen  in  Eqs.  (3),  (5),  and  (6).  The  F-functions  are  then  functions 
of  angle,  or  position  on  the  surface  of  a  spheroid,  so  that  the  variable  is 
confined  to  the  range  —  1  ^  z  <  1.  Radial  variation  is  given  by  the 
C/-4unctions,  with  the  variable  limited  to  the  range  z  >1.  Those  solu¬ 
tions  that  are  finite  at  the  poles  z  >■  dbl  are  termed  functions  of  the  first 
kind.  Functions  of  the  second  land  are  infinite  at  these  points. 
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For  the  standard  V-function  of  the  first  kind  we  choose  Fa ,  multiplied 
by  a  factor  t~‘.  We  define: 


(228) 

(229) 


The  summation  starts  from  n  =  0  when  I  is  even,  from  n  *  1  when 
I  is  odd,  and  extends  over  alternate  positive  values  of  n. 

The  coefficients  will  be  normalized  such  that  each  spheroidal  function 
reduces  to  the  corresponding  spherical  function  as  c  — >  0.  It  proves 


more  convenient  to  carry  out  the  normalization  at  z  = 
poles  z  =  ±1.  Thus  it  is  desired  that  when  1  is  even. 

0  than  at  the 

FiV(c,0)=  Z'  dlOO)  »  7T(0), 

(230) 

whence 

FlV(0,  z)  =  TTiz), 

(231) 

and  when  1  is  odd. 

oz  —a  dz 

(232) 

For  even  values  of  1  one  has 

1 

II 

o 

(233) 

while  for  odd  values 

(234) 
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Hence 


-(;*->'■  ©'  ' 

when  I  is  even,  and 

(i>  „  ^G+’"> 


(235> 


(236) 


when  I  is  odd.  This  fixes  the  absolute  magnitudes  of  the  coeflScients  a. 
The  corresponding  solution  of  the  toave  equation  (1)  will  be  denoted 

5iV(c,  i»). 

517(0,1,)  =  (l-nr'*FlV(c,i,) 

•  (237) 

«— 0.1 

For  the  standard  (/-function  of  the  first  kind  we  choose  Ui  with  an 
appropriate  normalization  factor. 


(/lV(c,  z) 


Ux 


(238) 


(239) 


»  «ci(cz)”*  Y!  i»+i»(<»)i 
«— 8.1 

where  xi  is  the  normalization  factor,  and 

;•+«(<»)  -  yj/^«^-H^»(«)- 
The  corresponding  solution  of  the  wave  equation  is  then  defined  as 
«iV(e,  {)-({■-  1)*"  triV(c,  {).  (240) 

When 

sin  (241) 

so  that 

«iV(e,  {)  -.  sin  (c£  -  x)  a'.  (242) 
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(Strictly  (242)  does  not  follow  directly  from  (241),  since  (241)  is  valid 
only  when  the  argument  is  very  much  larger  than  the  order.  A  more 
careful  examination  of  the  asymptotic  behavior  of  aj,H-«(c()  on  the 
grounds  of  Sec.  2.7  leads  to  the  same  result.)  The  normalization  factor 
will  now  be  chosen  such  that  for  very  large  values  of  c(, 

RiWc,  ^  sin  rj.  (243) 

Thus  xi  is  determined  by  ' 

'  (244) 


The  functjoiu'FiLV(c,  z)  and  e)  are  different  representations 

of  one  and  the  same  solution.  From  the  results  of  Sec.  2.9  the  following 
relations  may  be  established: 

For  I  even, 


t/‘.V(c,  z) 


Kiy/roo  Vmijc,  z) 

2-*+»(m  +  i)lFiV(c,0)’ 


(245) 


and  for  I  odd, 


^l7iV(c,z) 


KiVvCOl  Vmljc,  Z) 


(246) 


From  the  orthogonal  properties  of  the  G^enbauer  functions  it  may 
be  shown  that 


£  ViV(c,  z)VL\\ic,  z)(l  -  z*)-(fe  =  £  SiV(c,  n)-SiV'(c,  i,)  dr, 

jo,  I  ^  I'  (247) 

“  I  2  V'  fah* _ — _  I  »  V 

I  nU.i  ^  (n  +  2m)!(2n  +  2m  +  1)’  .  * 

3.2  Functions  of  the  Second  Kind.  These  are  constructed  from 
functions  of  the  second  group  tabulated  in  Sec.  2.10.  They  are  char¬ 
acterized  by  logarithmic  singularities  at  the  points  z  «  We 

define: 


=  Ki(cz)“"  53'  aln^ict), 


(248) 
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t 


where  n»^a.(c2)  is  a  spherical  Bessel  function  of  the  second  kind, 


The  corresponding  solution  of  the  wave  equation  is  then 

■  «iV(c,  «)-({*-  VT'v'SKc,  0. 

As 

•  =  idV(c,  €)  -♦  ~  cos 

It  is  desirable  to  define  Vmi\c,  z)  in  such  a  way  that 

Ui\He,  z)  ^  UiV(c,  z) 

VL\\e,z)  VL‘,Hc,z) 


(249) 

(250) 
(261) 


(262) 


and  to  obtain  for  it  a  representation  valid  in  the  neighborhood  of  2  —  1. 
From  Sec.  2.10  one  finds 


t/iV(c,  z)  -  i/? 

(253) 

This  is  combined  with  (252),  and  leads,  when  { is  even,  to 

or 

(254) 

TtW/.  J\  _  Ziy/vOo  Fati  (c,  2) 

2-+‘(»n  +  i)!yiV(c,0)‘ 

(255) 

Likewise, 

when  1  is  odd. 

V1V(C,2) 

(w-  i)(w  - 9)  Pva>(c,s)T  v„ 

c*ai(p  +  1  —  2m)  1  oi_fc,  Ld2  J*-o 

(256) 

and 

ttW/^  KiVircai  ViV(c,2) 

(257) 

The  Wronskian  of  the  two  independent  solutions  for  large  values  of 
C2  reduces  to 


usi^uz  -U'JS^ViS-c-'z 

dz  dz 


(258) 
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By  analogy  with  the  Bessel  functions  one  may  construct  solutions 


corresponding  to  the  Hankel  functions. 

z)  =  f/iV(c.  z)  +  iUZ\c,  z)  (259) 

t/iV(c,  z)  =  C/i.V(c,  z)  -  iUi:,\c,  z)  (260) 

FiV(e,  z)  =  717(0,  z)  +  tTlV(c,  z)  (261) 

7lV(c,  z)  -  riV(c,  z)  -  tyiV(c,  z).  (262) 


Obviously  the  ratio  of  any  Umiic,  z)  to  the  Vmi(c,  z)  function  of  the  same 
kind  and  order  is  constant  and  equal  to 


Kiy/rOo 

2"-"‘(m+  i)!FlV(c,0) 

for  1  even. 

Kis/rcai 

(263) 

for  1  odd. 

2"^*(m  +  |)!r^FlV(c,z) 

L»z  J*** 

• 

The  corresponding  wave  functions  are  Rmi{c,  f)  and  Rmt(c,  f),  whose 
asymptotic  behavior  when  c(  is  very  large  is  expresi^  by 

Cf 

(264) 

(265) 

If  by  Rmi(c,  {)  and  Smi(c,  if)  written  without  superscript  one  under¬ 
stands  any  solution  of  the  four  kinds,  then  the  prolate  spheroidal  wave 
functions  of  Eq.  (3)  are 

W  =  «„(c,  «  5«,(c,  n)  (266) 

IV.  Oblate  Spheroidal  Functions. 

4.1  Definition.^  Let  Fmi(c,  z)  and  Umi(c,  z)  be  standard  V-  and 
^/-functions  as  defined  in  III.  The  kind  of  function  will  normally  be 
indicated  by  a  superscript.  Then  7i.i<( — ic,  z)  satisfies 

(1  -  z*)F"  -  2(m  4-  l)zF'  -f-  (6,  +  c'z')V  =  0,  (267) 

while  Umi{—ic,  iz)  is  a  solution  of 

(z*  +  l)f/"  +  2(m  +  l)zU'  -  (6,  -  cV)C/  »  0.  (268) 

These  in  turn  are  the  equations  of  oblate  spheroidal  wave  functions, 
Eqs.  (3)-(6). 
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i»)  -  (1  -  n),  •  .  (269) 

»•{)  =  nf  +  1)?'*  (/„(-ic,  t{),  (270) 

W  =  «.,(-tc,  t|)  S^ti-k  n)  (271) 


In  the  oblate  as  well  as  the  prolate  case  the  normalization  of  the  co> 
efficients  al  is  such  that  in  the  equatorial  plane  transverse  to  the  axis 
of  revolution,  if  »  cos  9  »  0,  the  spheroidal  jSinrfunction  reduces  to 
the  value  of  the  corresponding  spherical  function. 

V.  llathieu  Functions  . 

t 

5.1  Matiiieu  Equations.  In  elliptic  coordinates  both  the  angular 
and  radial  parts  of  the  wave  function  (9)  satisfy  im>  equation  of  the 
form 

(**  -  1)17"  +  tU'  +  (cV  -  b)U  -  0.  (272) 

In  the  case  of  the  angle  functions  z  is  confined  to  the  range  |  z  |  ^  1, 
while  for  the  radial  functions  z  ^  1.  Upon  making  a  change  of  inde¬ 
pendent  variable, 

z  *  cos  ^  —  cosh  ■  ■  ‘  •  (273) 

one  obtains  ' 

^-l-(6-c*co8*^)y-0,  '  /  (274) 

(tipr  •  I 

if  II 

375  —  (6  —  c*  cosh*  ^  0.'  ’  (275) 

dir 

Independent  solutions  of  these  equations  will  be  defined  below  in  a  form' 
which  the  authors  believe  to  be  the  simplest  and  the  most  useful  for 
application  to  physical  problems.  Apart  from  a  slight  change  in  the 
notation  for  the  radial  functions,  these  are  the  definitions  proposed 
earlier  by  Stratton  and  Morse*'“. 


5.2  Even  Functiona  of  the  First  Kind.  In  this  case,  the  expansion 
coefficients  are  subject  to  the  condition  a.  =  (— l)’'a-n  .  Let 


^0  =  t  a«, 

Dn  =*  (^  >  0). 


(276) 


P.  M.  Morse,  Proc.  Nat.  Acad.  Sci.,  6,  56-62,  1935. 
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Then  for  both  even  and  odd  values  of  I  Eqs.  (172)  and  (173)  reduce  to 


Vi  =  cosh  n^, 

(277) 

Ut~  AAt'  r'-'D.J.ia). 

f  ir  *-4.1 

(278) 

We  take  Fi  to  be  the  standard  V-  or  angle  function  of  the  first  kind 
and  define: 

«• 

5ei”(c,  cos  v)  »  Dn  cos  rup. 

(279) 

This  function  will  be  normalised  at  the  point  tp  ^  0,  or  t  » 

1,  such  that 

5*{»(c,  1)  =  1, 

(280) 

or 

-  •• 

(281) 

For  the  standard  (7-  or  radial  function  <d  the  first  kind  we  choose** 

Jei(c,  z)  »  KiUiic,  z), 

(282) 

where  ki  is  a  proportionality  factor  determined  by  the  normalisation. 
It  is  desired  that  as  cz  — ♦  «> , 

/«,(c,s)-»^coe(cz-  ^ 

(283) 

Thus  it  follows  that 

(284) 

and 

/ei(c,  z)  -  t*“"Dt/,(cz). 

(285) 

Since  Ui  »  KiVi ,  one  has 

Je,{c,  z)  -  ztKi  Se\%,  z). 

(286) 

“  The  notation  Rej*’,  Roj”,  Roi*’  employed  in  an  earlier  paper  (Proc. 
Nat.  Acad.  Sci.,  8,  61,  1936)  for  the  even  and  odd  radial  functions  of  the  first  and 
second  kinds  has  been  replaced  by  J»t ,  N$t ,  Joi ,  Not  to  eliminate  a  superscript 
and  to  emphasise  a  relationship  with  the  corresponding  solutions  of  Bessel’s 
equation. 
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Upon  replacing  a«  by  Z>«  in  (152),  we  obtain 

Sc|^’(c,  «)  =  Jei{c,z), 


where 


X} 


(•)  _ 


_  1  ^ 

”  »S  * 

2 

CW  naal 


{1  even) 

dV 

nt  — r 

D[ 

(1  odd). 

(287) 


(288) 


5.3  Even  Functions  of  the  Second  Kind.  The  radial  functions  of 
the  second  kind  are  obtained  by  replacing  Jn{cz)  in  (285)  by  the  Bessel 
function  of  the  second  kind  NJjx). 

Net(c,z)  =  KiUt 

=  a/^  2:'t'-Z)U.(c,z).  (289) 

Y  ^  »-o.i 

As  cz  -+  «, 

Afcj(c,  z)  — >  sin  ^cz  —  ^  (290) 

The  convergence  of  (289)  is  limited  to  the  r^on  ]  z  |  >  1.  To  ob¬ 
tain  expressions  valid  in  the  neighborhood  of  z  *=  1  or  z  =  0  one  must 
replace  U%  by  its  equivalent  expansion  (198)  in  terms  of  hyperbolic 
functions.  We  shall  define 

Se{*’(c,z)  =  t7,/K, 

=  -  &Set^\c,  z)  +  [Dn  sinh  nf  -|-  ^Dn  cosh  n^] j  (291) 

X  (Ax  «-o.i  J 

where 

Dn  -  f-'*  ,  (n  >  0),  (292) 

f^,CDn 

n-2  nZ)o 

g;r{D;  +  p.[,(?-i)  +  i]}  (293) 

«H) 


K, 


In^-hC- 

4 
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for  I  even,  and 


-  Zn-  +  C  +  2  2  Z 


grn{D;  +  D.[,(V)+i]} 

t,  CnD. 


(294) 


for  I  odd.  C  and  <r(x)  are  defined  as  in  (195). 

It  is  obvious  that 

5e{*’(c, «)  «=  \t*^  Neiic,  z).  (295) 

The  Wronskian  of  Jet(c,  cosh  ^)  and  Nei(c,  cosh  is  unity. 

Je,  A  Ne,  -  Ne,  4i  Je,  =  1.  (296) 

Through  combinations  of  these  functions  one  may  define  Mathieu 
functions  of  the  third  and  fourth  kinds. 

He\^\e,  z)  -  Je,ic,  z)  +  iNei{c,  z),  (297) 

Hei'\c,  z)  —  Jeiifi,  z)  —  tNei(c,  z).  (298) 

The  notation  corresponds  to  that  of  the  Hankel  fimctions.  Similar 
functions  can  be  constructed  from  <Sei^(e,  z)  and  <Set*’(c,  z).  When 

C*  —>  00, 

1  .  /  ii+i  \ 

Hel%,z)-*^e  \  *  V,  (299) 

(300) 


5.4  Odd  Functions  of  the  First  Kind.  These  are  constructed  from 
Ur  and  Fr-functions  subject  to  the  condition  a,  —  —  (— l)"a_ .  Let 

F.^-X^V^On.  (301) 

Then  according  to  (179)  and  (180) 

Vt  -  — *  F,  sinh  n^. 


(302) 
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Ut~  -  V'  nTEMcz).  (303) 

cz  y  T  .tTj 

We  take  7|  to  be  the  standard  V~  or  angle  function  of  the  first  kind 
and  define: 


iSoi“(c,  cos  v>)  “  Flan  rup, 

•-i.t 

(304) 

normalized  at  z  »  1,  or  ^  0,  such  that 

(305) 

From  this  it  follows  that  the  Fn  must  be  such  that 

Z'nFl.-  1. 

(306) 

For  the  standard  U-  or  radial  function  of  the  first  kind  we  choose 

Joiie,  z)  -  KiUtie,  z). 

(307) 

The  factor  xi  is  fixed  by  the  condition  that  when  cz 

+ 

1 

T 

(308) 

whence 

«!■=—»*  rc/2, 

(309) 

Jot(e,z)  ll'ni^-'FlMcz). 

Z  f  »■  w-lJ 

(310) 

Since  Ut 

»  KtV» ,  one  has 

JOl(c,  Z)  -  KtKt  Soi“(c,  *). 

(311) 

Upon  replacing  a«  by  F»  in  (165)  and  (169),  we  obtain 

tSo|”(c,  z)  »  Xi*Voi(c,  z), 

(312) 

where 

S'  »»»""*  O'  even) 

ir<r  ti 

TC  fi-1  fl 

(313) 
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5.5  Odd  Functions  of  the  Second  Kind.  The  radial  function  of  the 
second  kind  is  defined  by 

Noiic,  z)  -  K,  Ul 

=  a/I  (314) 

z  Y  ^  »-i.* 

wherein  Ui  is  given  by  (181).  As  cz  —*  <», 

Noiic,  z)  -+  sin  ^cz  —  — (315) 

The  convergence  of  (314)  is  rapid  only  when  cz  is  large.  In  the  neighbor¬ 
hood  of  z  =  ±1  one  must  replace  this  expansion  by  its  equivalent  series 
(213)  in  terms  of  hyperbolic  functions.  Again  by  definition, 

So?\c,z)  =  U,/Kt 

o  (v'  -  '1  (316) 

=  -<%* So|“ (c,  z)  -  t  23'  cosh nf  +  sinh np] > , 

T  »*0,1  ) 

where 


(320) 
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The  Wronskian  of  the  functions  Joi{c,  cosh  and  Noi(c,  cosh  is 
unity. 

Joi  No,  -  No, 4zJo,  =  l.  (321) 

a\f/ 

Odd  Mathieu  functions  of  the  third  and  fourth  kinds  corresponding, 
to  the  Hankel  functions  are  constructed  in  the  usual  manner. 

Hoi^\c,  z)  =*  Jo,{c,  z)  +  tJVoi(c,  z),  (322) 

Ho\*\c,  z)  =  Jo,ic,  z)  —  iNo,ic,  z).  (323) 

When  cz  — ♦  00, 

Ho\^\c,  z)  -  4=  (324) 

V  cz 

Ho!”(c,  z)  ').  (325) 

•y  CZ 
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A  LEAST  SQUARE  PROCEDURE  FOR  SOLVING  INTEGRAL 
EQUATIONS  BY  POLYNOMIAL  APPROXIMATION 

Bt  F.  B.  HlLDaBRAND  AND  P.  D.  CrOXTT 

1.  Introduction.  The  purpoee  of  this  paper  is  to  continue  the  de¬ 
velopment  of  a  method  for  solving  int^ptd  equations  by  polynomial 
approximation  begun  in  a  recent  paper.*  In  particular  the  original 
technique  is  improved  using  the  least  square  method  suggested  in  the 
first  part  of  Footnote  19,  the  result  being  a  least  square  technique  which 
gives  a  very  much  greater  accuracy  with  but  a  moderate  increase  in  re¬ 
quired  work.  This  additional  work,  which  consists  essentially  of  the 
ocnnputation  of  additional  linear  equations  and  one  extra  matrix  multi¬ 
plication,  happens  to  include  that  required  for  a  consideration  of  the 
error;  hence  data  concerning  the  error  is  obtained  almost  as  a  by-product. 

This  technique  is  illustrated  in  Section  3  by  the  solution  of  a  specific 
potential  problem — Dirichlet’s  problem  for  the  cylinder  for  the  case 
where  the  field  is  s3unmetrical  about  one  and  antisymmetrical  about  the 
other  of  two  perpendicular  axial  planes,  but  is  otherwise  arbitrary.  The 
solution  obtained  is  of  such  a  form  that  numerical  results  can  be  ob¬ 
tained  immediately  for  a  wide  variety  of  fields.  These  results  are 
computed  in  the  case  of  two  specific  fields,  and  compare  very  well  with 
the  corresponding  exact  solutions. 

The  least  square  technique  is  compared  with  the  original  technique  in 
regard  to  the  acciutu;y  obtained,  the  amount  of  work  involved,  and  the 
amount  of  extra  work  required  for  a  consideration  of  the  error.  Further 
conunents  will  be  made  in  Section  5. 


2.  Source  d  tike'  Least  Square  Technique.  If  the  unknown  function 

in  an  integral  equation  is  replaced  by  the  algebraic  polynomial  approad- 

% 

mation  y(x)  «  Ki(\)yi  and  if  the  order  of  integration  and  summa- 


*  Crout,  “An  Application  of  Polynomial  Approximation  to  the  Solution  of 
Integral  Ek)uations  Arising  in  Physical  Problems”,  this  Journal,  vol.  19,  p.  34. 
Since  frequent  references  will  be  made  to  this  paper,  they  will  be  indicated  by  the 
letter  a  used  as  a  suffix ;  thus  equation  (6a)  and  Table  3a  refer  to  equation  (6)  and 
Table  3,  respectively,  of  this  paper. 
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tion  is  then  inverted,  the  result  is  an  expression  of  the  form 

S  ViHx)  ^  (1) 

Here  the  y’s  are  the  values  of  2n  +  1  equally  spaced  ordinates  which 
serve  to  specify  the  polynomial,  the  K'b  are  Lagrange  coefficients  (poly¬ 
nomials  of  degree  2n)  tables  of  which  are  available,  and  X  =  — -  ^  is 

h 

the  distance  in  h  units  by  which  x  lies  to  the  right  of  the  midpoint  xo , 
h  being  the  distance  between  adjacent  ordinates. 

We  shall  determine  the  y's  so  that  the  int^^ral  of  the  square  of  the 
difference  of  the  two  sides  of  (1)  is  a  mininiiim,  thus 


TninimiiTn. 


Replacing  the  exact  by  an  approximate  integration,  the  integration 
coefficients  being  A ,  D| ,  •  •  •  ,  Z)« ,  (2)  becomes 


£  Dk  yJiixk)  -  ♦(x*)  J 


minimiim. 


Equating  the  corresponding  partial  derivatives  to  sero,  we  have 
£  A  -  ♦(**)  j  Ifixk)  -  0,  p  »  -n, . . . ,  n, 


X  V<  H  Dkliixk)lp(xk)  -  21  Dk<^(xk)I,ixk),  p  -  -n,  •  •  • ,  n.  (4) 

<— «  *-l  k-l 

The  matrix  of  the  coefficients  of  the  y’s  is  hence 

l|A/,(x*)|l.||/<(x»)|l,  (5) 

where  the  row  and  column  indices  are  p  and  k  for  the  first  matrix,  and 
k  and  i  for  the  second,  respectively.  We  thus  see  that  the  augmented 
matrix  of  the  system  of  equations  (4)  can  be  obtained  by  forming  the  ap¬ 
proximate  equations 

% 

2  ViHxk)  ^  ^(Xk),  fc  -  1,  2,  . . . ,  m,  (6) 


m 
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in  the  ttsual  manner,  and  then  multiplying  the  augmented  matrix^  of  this 
system  by  the  matrix  obtained  by  multiplying  the  columns  of  the  transposed 
{unaugmented)  matrix  by  the  integration  coefficients  Di,  Dt,  •••  ,  Dm , 
respectively.  It  is  evidently  permissible  to  multiply  all  of  the  Z>’s  by 
any  constant  u,  since  this  merely  multiplies  both  sides  of  the  resulting 
linear  equations  (4)  by  u,  <tnd  hence  does  not  alter  the  final  results.  A 
given  set  of  integration  coefficients  may  therefore  be  arbitrarily  magni¬ 
fied  before  being  used  as  a  set  of  D’s. 

It  is  evident  that  this  least  square  process  does  not  require  the  param¬ 
eters  yt  in  (1)  to  arise  from  the  Lagrangean  form  of  the  algebraic 
polynomial,  although  the  letter  y  and  the  range  —  n  to  n  for  t  were 
chosen  with  this  in  mind;  in  fact  it  does  not  even  require  (1)  to  arise 
from  an  integral  equation.  Any  approximating  function  of  the  form 
y{x)  —  aiuiix)  -f  oiuiix)  -f  . . .  a^unix)  could  have  been  used. 

3.  Illustntion  of  the  Least  Square  Technique  by  a  Potential 
(Dirichlet)  Problem.  We  shall  now  illustrate  the  least  square  technique 
by  solving  the  following  problem. 

An  uncharged,  infinite,  perfectly  conducting  cylinder  of  radius  R  is 
placed  in  a  two  dimensional  electrostatic  field,  the  field  being  symmetrical 
about  one  and  antisymmetrical  about  the  other  of  two  perpendicular  axial 
planes.  Find  the  distribution  of  the  induced  charge.  The  cylinder  is 
shown  in  Fig.  lA,  the  planes  of  symmetry  and  antisymmetry  being 
AC  and  BD,  respectively.  Measuring  x  and  {  along  the  circumference 
counterclockwise  from  A,  it  follows  from  symmetry  that  the  induced 
surface  charge  density  six)  satisfies  the  relations  s(—x)  =  <r(x)  and 
s(rR  —  x)  =  —  o(x) ;  hence  s(x)  is  completely  determined  by  its  values 

in  the  first  quadrant  AB.  Since  o(x)  is  continuous  at  x  »  ^  A,  we  see 


Proceeding  as  in  Problem  3a*  we  write  the  potential  ^(x)  due  to  the 
induced  charges  alone  as  a  sum  of  contributions  of  charges  contained  in 
elementary  stripe  of  width  d(,  thus 

♦W  -  (7) 

*  The  “augmented  matrix"  difTera  from  the  matrix  of  the  coefficients  only  in 
that  it  contains  an  additional  column  composed  of  the  right  hand  sides  of  the 
expressions.  The  first  of  the  approximate  linear  equations  corresponding  to  (9) 

is  thus  12.17192y_,  +  27.39411y_,  +  1.98274y,  -h  7.37574y,  SS  6.63653^ . 
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where  r(x,  {)  is  the  length  of  the  chord  joining  points  x  and  f  in  Fig.  lA, 
and  where  the  axis  of  the  cylinder  is  at  zero  potential.  Next  we  ap¬ 
proximate  <r(x)  in  the  first  quadrant  AB  hy  a.  fourth  degree  polynomial 
y{x),  whereupon  <r{x)  is  automatically  approximated  in  the  other  quad¬ 
rants  by  separate  but  corresponding  polynomials,  the  values  of  which 

at  intervals  of  ^  are  shown  in  Fig.  lA.  For  any  x  we  have 

O 

(rix)  ^  y{x)  *=  Ki{\)yi ,  (8) 

»•— 1 


Jiiityratini  5eh«m.  s  i»dtx. 


Rt^uirtd  Ptinii.  j  irdm. 


Fio.  1 


where  h 


and  X  is  the  distance  in  h  units  between  x  and  the  center 


of  the  quadrant  which  contains  x,  which  quadrant  must  be  noted  in 
choosing  the  K’a  and  y’a. 

Using  (7)  with  <rix)  replaced  by  y{x),  the  integral  being  evaluated  by 
an  appropriate  scheme  of  approximate  integration,*  we  find  that  the 


*  The  integration  scheme  used  is  shown  in  Fig.  IB,  the  potential  at  point 
s  —  1  being  obtained  from  (7)  by  breaking  the  interval  of  integration  up  into 
fourteen  subintervals  as  indicated.  The  three  point  integration  formula  ((11a) 
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corresponding  approximate  values  of  ^(z)  at  points  k  »  1,  2,  •  •  •  ,  8, 
Fig.  lA,  are  given  by  a  set  of  linear  equations  whose  augmented  matrix 
i8  (9)/ _ 

with  n  —  1)  is  applied  to  each  of  these  except  the  two  which  are  adjacent  to  point  1. 
These  two  are  treated  alike,  the  interval  bounded  by  1  and  3  being  taken  care  of 
by  replacing  y(x)  by  a  second  degree  polynomial  which  agrees  with  it  at  1, 2,  and  3; 
replacing  the  chord  r  by  the  arc  length  measured  from  1 ;  and  actually  carrying 
out  the  integration.  The  result  is  an  expression  of  the  form 

t» 

♦i  -  2  a,V.  I  (*) 

••I 

the  28  points  of  the  a  index  being  indicated  in  Fig.  IB. 

Placing  Fig.  IB  on  Fig.  lA  so  that  point  1  of  the  a  index  coincides  consecutively 
with  points  1,2,  •  •  •  ,  8  of  the  k  index,  we  find  that  43  points  are  involved.  Fig.  1C. 
It  follows  that 

4« 

k“l,  2,  •••,8,  (b) 

where  is  either  the  corresponding  a,  or  aero  depending  upon  whether  point  j 
is  or  is  not  required  by  the  integration  scheme  in  computing  . 

I 

Replacing  y/  by  ^2  ^  A<(X^)y< ,  noting  that  y«  ■■  0,  and  inverting  the  order  of 
summation,  (b)  becomes 

"  ^2  ^  y<  2^  k  —1, 2,  •  •  • ,  8.  (o) 

The  matrix  of  this  set  of  linear  equations  is  evidently  given  by  the  (row  times 
column)  product 

II  II  *  II  A<(X#)  II ,  (d) 

the  row  and  column  indices  being  k  and  j  tor  the  first,  and  j  and  t  for  the  second 
of  these  matrices,  respectively. 

Elach  row  of  the  matrix  ||  ayt  ||  is  composed  of  15  zeros  and  the  28  coefficients  a» , 
13  of  which  duplicate  preceding  coefficients.  For  convenience  this  matrix  was 
written  with  the  8  rows  and  43  columns  interchanged,  and  labelled  "transposed”. 
The  matrix  ||  A’<(Xy)  ||  ^as  taken  directly  from  Tables  3a  and  6.  (See  Problem  3a.) 

The  product  matrix  is  — - —  times  the  matrix  formed  by  the  first  four  columns 
6.63553 

of  (»).« 

*  The  data  given  here  (except  where  exact)  is  obtained  by  omitting  a  certain 
number  of  decimal  places  from  the  corresponding  original  data,  which  was  ob¬ 
tained  using  a  ten  bank  computing  machine  retaining  ten  decimal  places  through¬ 
out,  and  using  seven  place  tables  of  common  logarithms  and  seven  place  tables 
of  trigonometric  functions.  Although  the  error  introduced  by  the  computation 
was  not  separately  considered,  it  seems  evident  that  the  number  of  significant 
figures  obtained  is  more  than  sufficient  for  our  purposes. 
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If  <r(x)  were  actually  a  fourth  degree  pol}moinial  in  the  first  quadrant 
AB,m  which  case  o{x)  would  be  given  by  corresponding  polynomials 
in  the  other  quadrants,  then  the  equations  corresponding  to  (9)  would 
be  exact  instead  of  approximate  except  for  small  errors  introduced  by 
the  approximate  intonations;  however,  o{x)  is  not  a  polynomial,  and 
our  problem  is  to  determine  the  four  y’s  of  the  i  index  so  that  for  a  given 
set  of  ^’s  all  eight  of  these  equations  will  be  satisfied  closely,  though 
none  will  be  satisfied  exactly  except  by  accident.  Using  the  least  square 
procedure  obtained  in  Section  2,  we  proceed  as  follows. 


12.17192 

27.39411 

1.98274 

7.37574 

6.63553^ 

K 

8.29142 

31.65904 

-  .0037076 

8.79647 

6.63553^ 

K 

8.11630 

23.33852 

9.83972 

4.94741 

6.63553^ 

It 

3.99095 

20.54120 

13.99221 

4.73875 

6.63553^ 

It 

3.07058 

13.54339 

15.59732 

7.51721 

6.63563§ 

K 

1.59243 

10.32541 

10.11027 

12.77396 

6.63553^ 

K 

3.05811 

3.15097 

6.98407 

13.19839 

6.63553§ 

It 

.043290 

4.66271 

-  .25749 

10.36608 

6.63553^ 

It 

The  quantities  Dt,  are,  except  for  an  arbitrary  constant  multiplier, 
the  coefficients  in  an  approximate  integration  formula  for  nine  points: 

the  eight  points  of  the  k  index,  and  the  point  x  =  The  equation 

corresponding  to  the  latter  point  has  been  n^ected  since  it  is  merely 
0  »  0  due  to  symmetry  and  the  fact  that  BD  is  a  plane  of  sero  potential. 
A  consideration  of  this  equation  would  have  led  to  the  addition  of  a  row 
of  zeros  at  the  bottom  of  (9).  Choosing  Simpson’s  rule  as  the  so\ux» 
of  the  D’b,  reserving  all  comment  for  Section  5,  we  have 

=  D4  “  -D*  “  Di  ”  2,  Z)i  *  Z)|  "  i?7  =“  1.  (10) 
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The  final  £>»  =  §,  which  would  be  associated  with  the  equation  0  =  0, 
is  omitted.  We  now  drop  the  last  column  of  (9),  multiply  each  row  by 
the  corresponding  D  from  (10)  row  multiplied  by  Z)*),  and  finally 
interchange  the  rows  and  columns  of  the  resulting  matrix,  thereby  ob- 


Transposed  ' 


1  6.08596 

13.69705 

.99137 

3.68787 

16.58284 

63.31809 

-  .0074153 

17.59295 

8.11630 

23.33852 

9.83972 

4.94741 

7.98190 

41.08239 

27.98441 

9.47749 

3.07058 

13.54339 

15.59732 

7.51721 

3.18486 

20.65082 

20.22055 

25.54791 

3.05811 

3.15097 

6.98407 

13.19839 

.086581 

9.32543 

-.51498 

20.73216 

333.2 

1129.6 

305.0 

373.8 

6.636  (6.086 ^./A  +  16.583 
+  8.116^,/A  -1-  7.982WA 
-h  3.071  WA  -1-  3.185WA 
-1-  3.058  WA  +  .Om^t/R) 

1120.6 

4218.4 

1271.0 

1472.0 

6.636  (13. 697  W A 4-63. 318 W A 
+  23.339#i/A  4-  41.062^«/A 
4-  13.543  WA  4-  20.651  WA 
4-  3.151  WA  4-  9.325  ^t/A) 

305.0 

1271.0 

987.0 

650.9 

6.636  (.991 WA  -  .00742  ^A 

4-  9.840WA  4-  27.984  WA 

4-  15.507  WA  4-  20.221  WA 
4-  6.984 ^t/ A  -  .515WA) 

373.8 

1472.0 

t 

650.9 

1023.3 

6.636  (3.688  WA  4-  17.503^ A 
4-  4.947  WA  4-  9.477  WA 

4-  7.517  «»/A  4-  25.548  WA 

4-  13. 198  W A  4-  20.732  ♦./A) 

taining  the  “derived  matrix”  (11).  Here  the  interchange  of  rows  and 
columns  is  merely  indicated  by  the  word  “transposed”.*  The  (row  times 

*  This  transposition  can  evidently  be  omitted  if  the  following  matrix  multi¬ 
plication  is  made  column  times  column  instead  of  row  times  column.  Since  in 
(II)  the  transposition  is  only  indicated,  this  is  actually  what  was  done. 
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column)  product  of  the  matrix  (11)  times  the  matrix  (9)  gives  the 
augmented  matrix  (12)  of  the  final  set  of  linear  equations.*  It  may  be 
noted  that  each  element  of  the  last  column,  which  is  the  right  hand  side 
of  the  corresponding  equation,  consists  of  the  sum  of  eight  terms  the 
coefficients  of  which  make  up  the  corresponding  row  in  (11);  in  fact  the 
matrix  of  the  coefficients  of  the  ^’s  in  (12)  is  identical  with  (11). 

The  solution  of  the  linear  equations  may  be  carried  out  in  a  manner 
similar  to  that  used  on  the  system  (54a),  the  same  abbreviated  notation 
being  used  for  the  ^  columns  as  for  the  y  columns.'  Each  ^  column  is 
treated  exactly  the  same  as  the  ^  column  of  (54a),  and  remains  inde¬ 
pendent  of  the  other  ^  columns  throughout  the  solution.  The  final 
result  is  given  by  (13).' 

y_,  -  .52117  ^  -  .33868  ^  -t-  .45651  -  .636©4  ^  -H  .022617 

-  .29627  $  4-  .64303  ^  -  .52688 

R  R  R 

y_i  -  -.11918^*  +  .25335^  -  .089247^  4-  .20637^*  -  .010027^* 

R  H  R  R  R 

4-  .021795^  -  .23878^’  4-  .10903^* 

(13) 

V.  -  -.0072184  -  .23797  ^  +  .076198  ^  4-  19662  ^  4-  .13374 

4-  .068010  7:*  4-  .047690  ^  -  .16069  7; 

R  R  R 

y,  -  .0095933  4-  .024676  ^  -  .054386  ^  -  .16472  ^  -  .017181  ^ 

4-  .19926  ^  4-  .16386  7^  4-  .27189  7-* . 

R  R  R 

*  A  method  for  solving  systems  of  linear  algebraic  equations  has  been  devised 
which  is  very  much  simpler  than  Gauss’  method,  used  above.  Since  the  work 
involved  using  this  method  is  still  further  cut  almost  in  half  if  the  coefficients  of 
the  unknowns  are  symmetrical  about  the  principal  diagonal,  as  is  always  the  case 
with  the  least  square  procedure,  it  follows  that  the  work  required  to  solve  the 
linear  equations  is  in  general  less  with  the  least  square  technique  than  with  the 
original  technique  (depending  upon  the  number  of  0  columns).  Grout,  "A 
Short  Method  for  Evaluating  Determinants,  and  Solving  Systems  of  Linear 
Equations  with  Real  or  Complex  Coefficients”,  Traruacliont  of  the  American 
Inetitule  of  Electrical  Engineers,  August  1941. 
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The  condition  for  the  cylinder  to  be  an  equipotential  surface  is 
that  ^(x)  be  the  n^ative  of  the  potential  due  to  all  except  the  induced 
charges.  If  ^(x)  is  known,  (7)  is  an  integral  equation  of  the  first  kind, 
the  solution  of  which  is  given  by  (13).  Such  is  the  case  if  the  remain¬ 
ing  charges  are  fixed  in  space,  or  if  the  field  is  such  that  the  presence 
of  the  induced  charges  does  not  appreciably  alter  the  field  due  to  the 
remaining  charges  (by  altering  their  distribution). 


4.  Applications.  Let  us  apply  the  results  (13)  to  the  following  two 
problems. 

1.  Find  the  induced  charge  dietribuHon  if  the  cylinder  is  placed  in  a  field 
originally  uniform  and  of  intensity  E.  The  potential  at  the  surface  of 

the  cylinder  due  to  the  original  field  alone  is  —ER  cos  =  ;  hence  placing 

IC 


Xk 

ER  cos  in  (13),  we  have 

/V 


y^  »  .15912  p_i  -  .14699  E,  yo  =  .11252  E, 

(14) 

*  yi  =  .06089  E,  yt  =»  0. 

These  values  give  a  rough  picture  of  y(x).  Other  values  can  be  ob¬ 
tained  using  these  in  connection  with  (6a)  and  Table  3a.‘  A  comparison 
of  these  results  with  the  known  exact  solution  is  given  in  Table  1,  from 
which  we  see  that  if  the  approximate  and  exact  solutions  were  plotted 
on  a  full  page  curve  sheet,  the  two  curves  would  coincide  in  so  far  as 
the  eye  could  see. 

S.  Find  the  induced  charge  distribution  due  to  tun  oppositdy  charged 
wires  on  opposite  sides  of  the  cylinder,  both  parallel  to  the  axis  and  distant 
2R  from  it,  the  charge  per  unit  length  being  q  and  —q,  respectively.  The 
negative  wire  is  to  the  right  of  A,  and  the  positive  wire  is  to  the  left  of 
C  on  Fig.  lA.  Noting  that  the  center  of  the  cylinder  is  a  point  of  zero 
potential  we  compu^  the  negative  of  the  potential  at  each  point  of  the 
k  index  due  to  the  two  wires  alone.  This  computation  is  simple  using 
the  law  of  cosines  to  obtain  the  required  distances,  for  the  radical  can 
be  replaced  by  a  ^  before  the  logarithm.  The  result  is 

^-*  2.1972  9,  01  »  2.1146  9,  0s  1.89709, 

01  =  1.6041  9,  0,  »  1.2823  9,  0.  -  .95554  9,  (15) 

0r  »  .63258  9,  0i  «  .31472  9. 
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Placing  these  values  in  (13)  we  have  finally 
y_,  =  .420621,  y_i=. 315291, 

I/i  =  .06346 1,  yt 

Using  these  with  (6a)  and  Table  3a  we  obtain  the  other  values  of  y(x) 
given  in  Table  2. 

The  exact  solution  was  obtained  using  images,^  the  cylinder  being 
replaced  by  two  wires  carrying  charges  of  q  and  —q  per  unit  length, 
respectively,  both  parallel  to  and  on  opposite  sides  of  the  axis,  and 
distant  from  it.  The  four  wires  and  the  axis  all  lie  in  a  plane.  a(x) 
was  obtained  by  dividing  the  radial  component  of  field  intensity  at  the 
points  occupied  by  the  surface  of  the  cylinder  (before  it  was  removed) 
by  4r.  Values  of  a(x)  are  given  in  Table  2;  also  the  approximate  and 
exact  solutions  are  shown  by  full  lines  in  Fig.  2. 


y«=  .156941, 

(16) 

=  0. 


6.  Critical  Examination  of  die  Least  Square  Technique.  In  this 
section  certain  general  comments  will  be  made  concerning  the  least 
square  process  itself,  and  the  comparative  accuracy  and  difficulty  of  the 
least  square  technique  and  the  original  technique. 

A.  Choice  of  the  Integration  Coefficiente  Dh .  In  the  integral  equation 
(7)  ^(x)  is  given,  and  the  four  y’a  of  the  i  index,  which  merely  serve  to 
specify  the  polynomial,  are  to  be  determined  so  that  the  two  sides  of 
the  expression 

(17) 

xR 

approximate  each  other  over  the  interval  0  <  x  <  — .  Placing 

♦(x)  =  0(x)  +  2  ^log  I/(€)  (18) 

we  see  that  (17)  is  merely 

♦(x)  ^  0.  (19) 

f  It  can  be  shown  that  if  two  infinite  wires  carrying  charges  of  equal  magnitude 
but  opposite  sign  are  placed  parallel  to  the  axis  of  a  cylinder  of  radius  R,  in  the 

it 

same  axial  plane,  and  at  distances  —  and  nR  from  the  axis  on  the  same  side,  then 
the  cylinder  is  an  equipotential  surface  for  any  fk. 
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Although  the  results  obtained  in  Section  2  were  obtained  in  an  effort 


to  minimise  the  integral  *  [^(x)]*  dx*  the  expression  actually  minimized 


s 

is  ^  D*(<I>(x*)]*.  Since  the  curve  of  ♦(x)  probably  crosses  the  x  axis 

several  times  (with  the  former  technique  the  y’s  are  determined  so  that 
4»(x)  =  0  at  five  equally  spaced  points),  and  since  the  curve  of  [♦(x)]*  is 

•  The  bracket  in  (3)  is  — ♦(x*)  except  for  small  errors  introduced  by  the  approxi* 
mate  integrations  leading  to  (b);*  hence  this  bracket  squared  is  [<fr(Zi)|*. 
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more  wavy  than  that  of  4>(x)  ^since  ^  [^(x)]*  =  0  not  only  when 

d  \  * 

3-4>(x)  =  0  but  also  when  (x)  =0  ),  the  weighted  sum  52 
ax  /  k-i 

cannot  be  expected  to  give  a  very  close  approximation  of  the  integral 
unless  more  points  are  used  with  the  k  index.  Nevertheless  the  minimi¬ 
zation  of  the  weighted  sum  requires  the  curve  of  ^(x)  to  be  drawn  down 
to  the  X  axis  at  the  eight  points  of  the  k  index,  the  relative  “tightness” 
of  the  drawing  being  given  by  the  D’s,  and  should  hence  in  itself  be 
capable  of  forcing  this  curve  to  approximate  the  x  axis,  as  required  by 
(19). 

If  there  be  associated  with  each  point  of  the  k  index  the  interval  of 
the  X  axis  between  the  midpoints  of  the  two  subintervals  which  meet  at 
that  point,  and  if  the  corre8p>onding  weighting  factors  D*  are  made 
proportional  to  these  associated  intervals,  we  have 

D\—  i)»=  Dt  =  —  •  •  •  —  Dt  =  \,  D»  =  §,  (20) 

which  also  happen  to  be  the  D’s  associated  with  the  trapezoidal  integra¬ 
tion  formula.*  This  set  of  values  is  extremely  simple  to  use  because 
of  the  I’s;  for  example  if  it  had  been  used  in  place  of  (10)  in  Section  3, 
the  matrix  (11)  would  be  obtained  from  (9)  by  omitting  the  last  column 
and  dividing  the  elements  of  the  first  row  by  2.  Since  the  values  (20) 
are  easy  to  apply,  represent  weightings  proportional  to  the  associated 
intervals  and  hence  appear  reasonable  intuitively  regardless  of  any 

consideration  of  [*(ic)]*dx,  and  arise  from  an  integration  formula 

which  though  crude  does  not  have  to  be  accurate  since  a  good  approxima¬ 
tion  to  this  integral  is  too  much  to  exp>ect,  it  appears  that  (20)  should  be 
a  good  set  of  D’s  to  use  in  practice.  As  a  matter  of  fact  very  good  re¬ 
sults  have  been  obtained  using  (20)  in  several  different  problems. 
Certain  of  these  results  will  be  given  in  Part  C  of  this  section. 

On  the  basis  of  the  above  discussion  the  D's  of  (20)  would  be  finally 
chosen  except  for  one  fact— the  better  integration  formulas  (for  equally 
spaced  points)  all  have  comparatively  large  coefficients  associated  with 
alternate  ordinates  beginning  with  the  second,  and  comparatively  small 
coefficients  associated  with  the  first  and  last  ordinates.  For  example, 
noting  that  the  integration  coefficients  may  all  be  multiplied  by  any 


*  Here  the  value  ib  —  9  referring  to  z  —  A  is  added  for  completeness,  although 
^(xt)  »  0  and  the  corresponding  equation  0  »  0  was  omitted  in  Section  3. 
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constant,  we  have  the  following  sets  of  D’s  arising  from  several  different 
integration  formulas. 


For¬ 

mula 

D_4 

D_, 

D_, 

D_i 

Do 

Dx 

Dt 

D, 

Do 

3A 

.600 

.500 

■ 

6A 

.467 

2.133 

.800 

.467 

■ 

5B 

1.000 

KS 

H 

7A 

.4.39 

2.314 

.289 

2.914 

.289 

2.314 

.439 

7B 

2.000 

■2111 

9A 

.419 

2.492 

-.393 

4.443 

-1.922 

4.443 

.419 

9B 

2.(X)0 

1.000 

1.000 

2.000 

.500 

9C 

.467 

2.1.33 

.80(i 

.933 

2.133 

2.133 

.467 

Here  subscripts  refer  to  corresponding  ordinates.  In  the  first  column 
the  number  indicates  the  number  of  points  involved,  and  the  letter,  the 
formula.  A  refers  to  Cotes’  formula  (11a);  B,  to  Simpson’s  rule;  and  C, 
to  the  formula  obtained  by  using  Cotes’  five  point  formula  twice.  For 
comparison  the  coefficients  have  been  magnified  so  that  the  sums  are 

the  same  for  all  sets  involving  the  same  number  of  points.  In  spite  of 

« 

the  fact  that  ^  may  not  give  a  good  approximation  of  the 

i^l 

integral,  the  above  situation  indicates  that  the  first  and  last  D’s  should 
be  comparatively  small,  and  the  alternate  D’s  beginning  with  the 
second  should  be  comparatively  large.'  Accordingly  the  coefficients 

Di  =  i,  Di  =  2,  D|  =  1,  Dt  =  2,  D»  —  1, 

D»  =  2,  Dt  “  1,  Di  »  2,  Di  =  i, 
obtained  from  Simpmn’s  rule  were  finally  chosen,  and  are  recommended 
for  the  following  reasons.*'** 

**  The  solutions  obtained  using  the  least  square  technique  with  Di  —  Di  — 
D»  >■  Dt  ■■  0,  D»  —  D4  “  D»  —  Di  “  1  and  with  Di  —  Di  D»  ■■  Dt  —  1, 
Z>t  —  D4  —  D«  —  Dt  —  0  are  given  in  Tables  1,  2,  3,  4;  these  evidently  coinciding 
with  those  obtained  using  the  original  technique  and  solving  the  four  equations 
corresponding  to  lb  2,  4,  6,  8,  or  A;  >■  1,  3,  5,  7,  respectively.  Since  these  two 
sets  of  D’s  represent  extremes  of  favoring  or  neglecting  the  coefficients  associated 
with  points  Jfc  —  2,  4,  6,  8,  which  are  favored  by  the  integration  formulas,  and 
since  the  first  set  gives  much  better  results  than  the  second,  we  have  another 
indication  that  Dt ,  D4 ,  D* ,  Dt  should  be  larger  than  Di ,  D» ,  Dt ,  Dj ,  and 
hence  that  the  coefficients  (21)  are  preferable  to  (20). 
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1.  Although  these  D’b  fluctuate  in  the  way  desired,  these  fluctuations 
are  milder  than  those  indicated  by  the  other  integration  formulas.  For 
example  some  of  the  unfavored  coefficients  in  Cotes’  nine  point  formula 
are  actually  negative.  We  are  thus  deviating  no  further  from  the 
intuitive  picture  which  gave  (20)  than  is  suggested  by  a  good  integra¬ 
tion  formula. 

2.  These  D’s  are  easy  to  apply  because  half  of  them  indicate  no 
alteration  of  rows,  and  the  other  half  indicate  either  multiplication  or 
division  by  2. 

Although  the  coefficients  (21)  seem  somewhat  preferable  to  (20),  two 
things  indicate  that  the  results  obtained  in  the  two  cases  will  differ  but 
little.  First,  in  a  term  Z>*[^(z*)]*  &  multiplication  (or  division)  of  D* 
by  2  could  be  compensated  by  dividing  (or  multiplying)  ^(z*)  by  only 
y/2.  Should  any  one  ♦(z*)  try  to  become  appreciably  larger  than  the 

others,  its  term  would,  because  of  the  square,  immediately  monopolize 

• 

the  sum  ^  i>*[^(zt)]*  r^ardless  of  whether  D*  is  1,  or  2.  Second, 

it  seems  reasonable  that  (20)  and  (21)  are  both  capable  of  obtaining 
about  all  that  can  be  hoped  for  from  a  fourth  d^ree  polynomial  approxi¬ 
mation.  For  comparisons  in  specific  cases  see  Part  C  of  this  section. 

B.  Compariaon  of  the  Amounts  of  Work  Required  by  the  Original  Techr 
nique  and  the  Least  Square  Technique.  The  theoretical  work  involved 
in  setting  up  a  problem  is  the  same  for  both  techniques.  In  actual 
work  of  computation  the  new  technique  differs  from  the  old  in  that 
more  linear  equations  must  be  computed  and  an  additional  matrix 
multiplication  carried  out.  More  specifically,  had  the  original  tech¬ 
nique  been  used  in  Section  3  and  Footnote  3  the  work  of  obtaining  the 
two  matrices  in  (d)  would  be  almost  exactly  the  same,  although  the 
first  (transposed)  matrix  would  have  four  instead  of  eight  columns, 
and  the  second  matrix  would  have  37  instead  of  43  rows.  The  work 
involved  in  the  matrix  multiplication  leading  to  (9)  would  be  just  half 
that  required  above;  and  (9)  would  consist  of  the  first,  third,  fifth,  and 
seventh  rows  of  (9)  above,  which  rows  express  the  four  linear  equations 
which  would  be  solved.  The  formulation  of  (11)  and  the  matrix  multi¬ 
plication  required  to  obtain  (12)  would  be  avoided  altogether.  The 
solution  of  the  linear  equations  would  be  somewhat  though  not  much 
simpler,  since  four  instead  of  eight  ^  columns  would  be  carried  on  the 
right  hand  side.' 

Actually  the  work  of  formulating  (11)  is  slight,  and  that  required  by 
the  matrix  multiplication  leading  to  (12)  is  small;  furthermore  the  addi- 
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tional  work  involved  in  solving  the  linear  equations  is  small.  The 
large  part  of  the  difference  in  the  work  required  by  the  two  techniques 
lies  in  the  greater  amount  of  work  required  in  the  matrix  multiplica¬ 
tion  (d)  by  the  least  square  technique. 

In  the  comparison  just  made  it  was  assumed  that  no  attempt  to  in¬ 
vestigate  the  error  is  associated  with  the  old  technique.  Such  an 
attempt  would  require  the  computation  of  additional  linear  equations, 
as  described  in  Section  6,  and  would  hence  remove  the  main  difference 
in  the  amounts  of  work  required  by  the  two  techniques. 

C.  Comparison  of  the  Accuracies  Associated  with  the  Original  Tech¬ 
nique  and  the  Least  Square  Technique.  The  solution  obtained  by  solving 
the  system  comprising  the  first,  third,  fifth,  and  seventh  equations  of  (9) 
using  the  original  technique  is  given  by  (22).* 

y_,=  -9.18716  §-|-  17.05345^-12.11730^-1-5.64312^ 

/t  K  K  K 

y-i  =  3.79976  $  -  6.60654  $  -1-  4.73403  $  -  2.34328  $ 

K  K  K  It 

(22) 

IA)=  -2.79137 -I-  4.72977$ -2.82987$ -I-  1.39874$ 
li  ti  K  H 

yi  =  2.69863  $  -4.87691  $  -1-  3.17488  $  -.98550  $ . 

K  K  K  K 

The  solution  obtained  using  the  least  square  technique  with  the  co¬ 
efficients  (20)  instead  of  (10)  or  (21)  is  given  by  (23).*  It  is  interesting 
to  compare  the  coefficients  in  (23)  with  those  in  (13). 

Tables  1  and  2  give  corresponding  values  of  the  exact  solutions  of 
Problems  1  and  2,  Section  4,  and  the  approximate  solutions  obtained 
from  (13),  (22),  and  (23),  respectively.  We  see  that  if  the  solution 
given  by  (23)  for  Problem  2  were  plotted  on  Fig.  2,  it  could  not  be  dis¬ 
tinguished  by  eye  from  the  curve  y{x)  obtained  from  (13).  We  also 
see  that  whereas  good  results  are  obtained  for  Problem  2  using  the  least 
square  technique  with  either  (20)  or  (21)  as  D’s,  the  original  technique 
fails  completely. 

To  permit  further  comparisons  in  the  case  of  more  rapidly  fluctuating 
distributions  of  potential  and  induced  charge,  the  solutions  given  by 

3x 

(13),  (22),  and  (23)  were  obtained  corresponding  to  0(x).  *=  L  cos  ^ 

K 

and  ^(x)  =  L  cos  ,  respectively,  and  values  given  in  Tables  3  and  4 
K 
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3L 

beside  those  of  the  corresponding  exact  solutions  o[x)  =  cos 

2ir/f 


Zx 

R 


and  <r(x)  =  ^  cos  obtained  by  Fourier  methods.  It  is  not  sur- 

2t/v  K 

prising  that  comparatively  poor  approximations  are  obtained  in  the  last 
case,  because  the  fourth  degree  polynomial  cannot  follow  the  rapid 
fluctuations  of  a{x)  over  such  a  long  interval. 

It  may  be  noted  that  the  solutions  given  by  (13)  differ  but  little  from 
those  given  by  (23),  and  are  slightly  better,  which  fact  is  in  line  with  the 
prediction  given  in  Part  A. 


y_i  -  .66601  t:  -  .40498  ^  +  .44918  7I  -  .41660^*  -  .064474  7-* 

R  R  R  R  R 

-  .33090$  +  .66002  7;  -  .44897?; 
R  R  R 

y-i  -  -.11691$  +  .24818$  -  .060020$  +  .16337$  -  .00047962$ 

"  R  R  R  R  R 


-h  .064666^  -  -27100^^  +  .10828^* 


y,  -  -.029229$  -  .21726$  +  .098764$  +  .14344$  +  .19649$ 
A  A  R  R  R 


(23) 


+  .030191^  +  .046116^’  -  .14624^* 


y,  -  -.0017367$  +  .066664$  -  .10186$  -  .11611$  -  .034333$ 

'  R  R  R  R  R 


+  .16430$  +  .22213$  +  .23496$ 

R  R  R 

I 

6.  Consideration  of  the  Error.  It  was  pointed  out  in  Section  5a' 
that  if  we  place 

/(x)  =  y(x)  +  e(x)  and  ♦(x)  »=  ^(x)  -  ^  G(x,  ()yQ)  (24) 


the  int^ral  equation 

^(x)  =  f  G{x,  mi)  di 

•'a 


(25) 


becomes 

♦(x)  =  /  G(x,  mi)  di, 

•'a 


(26) 
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an  integral  equation  for  the  error  t(x).  A  comparison  of  the  known 
functions  ^(x)  and  0(x)  together  with  a  physical  interpretation  of  (26) 
would  in  general  give  a  pretty  definite  idea  as  to  the  impiortance  of  e(z). 
Thus  if  for  a  <  z  <  b  I  ^(z)  |  is  on  the  whole  small  compared  with  |  ^(z)  |, 
we  should  expect  c(z)  to  be  on  the  whole  small  in  comparison  with  /(z) 
because  of  the  similarity  of  (25)  and  (26).  Physically  if  (26)  arises 
from  a  p>otential  problem,  c(z)  is  the  charge  distribution  corresponding 
to  the  small  potential  distribution  ^(z). 

Although  ^(z)  is  given,  $(z)  must  be  determined  point  by  point. 
Since  ^(z*)  is  the  difference  between  the  two  sides  of  the  (approximate) 
linear  equation  corresponding  to  point  z*  with  the  y’a  replaced  by  values 
of  the  approximate  solution  y(z),  we  see  that  each  value  of  ^  requires 
the  determination  of  a  linear  equation.  With  the  original  technique 
the  $’s  corresponding  to  the  computed  equations  are  zero;  hence  a  con¬ 
sideration  of  the  error  would  require  the  computation  of  additional  equa¬ 
tions.  With  the  least  square  technique,  however,  the  greater  number  of 
equations  required  by  the  least  square  process  is  available  for  deter¬ 
mining  a  correspondingly  larger  number  of  ^’s,  this  number  being  in 
general  sufficient  to  give  a  satisfactory  picture  of  4(z)  without  the 
determination  of  additional  equations.  We  thus  see  that  whereas  with 
the  origirud  technique  a  consideration  of  the  error  is  in  general  not  'prac¬ 
ticable,  with  the  least  square  technique  such  a  consideration  requires  only  a 
short  final  calculation. 

Following  the  above  process  the  right  hand  sides  and  the  right 
minus  the  left  hand  sides  of  the  approximate  equations  (9)  are  given 
in  Tables  1,  2,  3,  4  for  the  corresponding  problems.  Values  of  are 
also  tabulated  for  the  other  approximate  solutions. 

7.  Extensions  of  the  Least  Square  Technique.  Although  the  dis¬ 
cussion  in  the  preceding  sections  was  associated  with  certain  specific 
problems,  the  following  generalizations  are  self-evident. 

A.  If  the  number  of  points  of  the  k  index  is  the  same  as  the  number 
of  parameters  which  fix  the  polynomial,  the  results  given  by  the  least 
square  technique  coincide  with  those  given  by  the  original  technique. 
The  number  of  points  must  hence  be  greater  than  the  number  of  pa¬ 
rameters;  however,  there  is  no  other  restriction  on  the  number  or 
spacing  of  these  points.”  Enough  should  be  used,  however,  to  justify 

This  breaking  of  the  equality  between  the  number  of  points  of  the  k  index 
and  the  number  of  independent  parameters  (or  y’s),  which  was  part  of  the  original 
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the  additional  work  required  by  the  least  square  technique;  and  the 
distribution  and  weighting  coefficients  should  be  reasonable.  Unless 
there  is  reason  for  doing  otherwise,  it  is  reconunended  that  the  points 
of  the  k  index  divide  the  interval  into  an  even  number  of  equal  subinter¬ 
vals,  and  the  coefficients  D*  be  given  the  values  f,  2, 1,  2, 1,  •  •  •  ,  1,  2, 
corresponding  to  Simpson’s  rule  (although  the  results  thus  obtained  will 
probably  not  differ  much  from  those  obtained  using  the  coefficients 

1, 1, 1,  •  •  •  ,  1, 1,  §).  However,  in  certain  problems  other  spacings  or 
weightings  may  be  suggested  by  the  nature  of  the  problem  itself.** 

n 

B.  The  use  of  the  Lagrangean  form  ^  iC<(X)y<  is  entirely  a  matter 

of  convenience.  The  same  results  would  be  obtained  r^rdless  of  what 
parameters  are  used  to  specify  the  polynomial. 

The  various  processes  which  compose  the  least  square  technique  can 
be  carried  out  with  any  approximating  function  of  the  form  y(x)  « 
+  <hui(x)  a^nix),  and  hence  do  not  require  this  func¬ 

tion  to  be  an  algebraic  polynomial. 

The  entire  discussion  contained  in  Parts  A,  B,  C,  D,  F,  G,  H  of 
Section  4a*  applies  equally  well  to  the  least  square  technique;  hence  no 
further  comments  in  this  direction  will  be  made  here. 

C.  The  least  square  technique  as  described  can  be  applied  simply  and 
effectively  to  integral  equations  of  the  first  kind  and  nonhomogeneous 


technique,  is  particularly  desirable  if  restrictions  are  imposed  on  y(x)  so  that 
the  parameters  are  not  all  independent.  For  example  in  Problem  4a‘  when  the 
restriction  (96a)  was  imposed  to  make  y'(0)  vanish,  the  point  k  —  —  1  was  omitted 
so  that  the  number  of  points  of  the  k  index  would  remain  equal  to  the  number  of 
independent  y’s.  The  result  was  the  poorer  of  the  two  approximate  solutions, 
the  error  being  worst  in  the  vicinity  of  the  omitted  point.  Much  better  results 
would  be  obtained  by  retaining  this  point  and  using  the  least  square  technique. 

If  restrictions  are  imposed  on  y(x),  the  approximate  equations  corresponding 
to  the  points  of  the  k  index  are  first  obtained,  after  which  the  equations  of  restric¬ 
tion  are  used  to  eliminate  a  corresponding  number  of  arbitrarily  chosen  y’s  (or 
parameters).  After  this  the  least  square  technique  is  used  as  before.  Since  the 
equations  of  restriction  are  linear  in  the  y’s  (or  parameters),  the  elimination 
process  merely  consists  of  the  first  few  steps  in  solving  a  set  of  linear  equations. 

The  field  of  flow  around  a  body  of  revolution  such  as  an  airship  can  be  found 
by  placing  a  polynomial  distribution  of  fictitious  sources  and  sinks  along  the  axis. 
In  this  case  the  integral  equation  states  that  the  component  of  flow  perpendicular 
to  the  surface  of  the  ship  is  sero.  The  points  of  the  i  index  lie  along  the  axis, 
and  the  points  of  the  k  index  lie  on  the  curve  which  represents  the  surface  on  an 
axial  section. 
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integral  equations  of  the  second  kind.  It  can  also  be  applied  to  other 
varieties  of  integral  equations,  perhaps  with  certain  obvious  modifi¬ 
cations. 

It  can  also  be  applied  to  homogeneous  int^ral  equations  of  the 
second  kind;  in  fact  this  has  been  done  with  very  good  results.**  Al¬ 
though  the  application  to  homogeneous  equations  is  simplified  by  the 
fact  that  the  ^’s  are  all  zero,  it  is  complicated  by  the  fact  that  the  extra 
matrix  multiplication  introduced  by  the  least  square  process  doubles 
the  degree  of  the  characteristic  equation,  which  states  that  the  deter¬ 
minant  of  the  resulting  set  of  homogeneous  linear  equations  vanishes. 

8.  Failure  of  the  Original  Technique  When  Applied  to  Problem  2. 

The  problem  considered  in  Section  3,  which  is  an  extension  of  Problem 
3a,*  was  solved  using  the  original  technique,  and  the  solution  (22)  ob¬ 
tained  before  there  was  any  indication  that  an  improvement  in  this 
technique  was  necessary.  Applied  to  a  uniform  field,  (22)  gave  good 
results,  as  is  seen  in  Table  1.  Problem  2  was  devised  primarily  to  give 
(22)  a  more  rigid  test.  Although  the  curve  of  the  solution  obtained 
waves  back  and  forth  acro.s8  that  of  the  exact  solution  (see  Fig.  2),  as 
might  be  inferred  from  the  integral  equation 

0  =  r  Gix, ,  |)€(i)  df,  fc  =  -2,  - 1,  0,  1,  2,  (27) 

for  the  error  c(x),  where  the  points  z*  are  those  at  which  the  integral 
equation  is  satisfied  exactly;  nevertheless  the  result  is  entirely  unsatis¬ 
factory. 

In  locating  the  difficulty  the  first  thing  that  was  done  after  checking 
all  numerical  work  was  to  obtain  the  five  point  Lagrange  interpolation 
polynomial  for  the  exact  solution  over  the  quadrant  AB  just  to  make 
sure  that  a  fourth  degree  polynomial  is  capable  of  giving  a  good  approxi¬ 
mation.  That  a  good  approximation  was  obtained  is  seen  in  Table  2, 
and  may  be  inferred  from  a  glance  at  the  curve  of  the  exact  solution; 
hence  a  situation  had  arisen  which  is  the  exact  opposite  of  that  occurring 
in  Problems  la,  2a,  and  3a,  wherein  the  solution  obtained  by  solving  the 
integral  equation  with  the  original  technique  is  as  good  as  or  better  than 
the  Lagrange  polynomial  for  the  exact  solution. 

To  check  the  integration  scheme,  values  of  the  exact  solution  were 
substituted  in  the  linear  equations  (those  of  (9)  corresponding  to  A;  = 
1,  3,  5,  7),  and  the  two  sides  of  each  equation  compared;  thus 
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k 

Left  side  of  (9). 

Right  side  of  (9). 

1 

14.479g 

14.5809 

3 

12.5889 

12.5889 

5 

8.4809 

8.5099 

7 

4.2399 

4.1979 

We  thus  see  that  these  equations  are  satisfied  to  two  digits  by  the 
charge  distribution  given  by  the  Lagrange  polynomial  approximation  of 
the  exact  solution.  The  fact  that  two  widely  different  sets  of  y’s  almost 
satisfy  the  same  set  of  linear  equations  indicates  a  “softness”  in  those 
equations  similar  to  that  found  in  the  force-deflection  equations  of  a 
framework  near  instability,  or  the  current-voltage  equations  of  an  A.  C. 
network  near  resonance.  The  determinant  is  on  the  verge  of  vanishing.** 

Subtracting  the  Lagrange  polynomial  from  that  obtained  by  (22),  we 
obtain  a  polynomial  charge  distribution  of  considerable  magnitude  the 
potential  due  to  which  or  any  fraction  of  which  almost  vanishes  at  all 

five  points,  including  x  ^  ^  R.  This  fact  is  peculiar  from  a  physical 

standpoint,  and  is  perhaps  associated  with  the  fact  that  the  charge  is 
distributed  around  a  closed  ring. 

>*  Since  this  "softneae”  is  in  itself  exceptional,  it  might  be  expected  that  any 
additional  restriction  would  be  sufficient  to  do  away  with  it.  With  this  in  mind 
y(x)  was  determined  using  the  least  square  technique  with  only  points  ib  ~  1,  3, 
4,  5,  7  of  the  k  index — just  one  more  point  than  was  used  with  the  original  tech¬ 
nique.  The  corresponding  weighting  factors  were  Di  —  1.0,  Dt  ~  1.5,  Dt  «  1.0, 
Di  »  1.6,  ~  2.0,  these  being  chosen  as  described  in  the  first  part  of  Section  6. 

The  results  are  given  in  Table  2,  from  which  we  see  that  the  one  extra  point  was 
enough  to  do  away  with  almost  the  entire  error.  Taking  the  difference  between 
the  number  of  k  points  and  the  number  of  parameters,  or  j/’s,  as  a  measure  of  the 
strength  of  the  least  square  process,  we  thus  have  a  case  where  a  weak  least 
square  procedure  gives  good  results,  whereas  the  original  technique  fails  com¬ 
pletely. 

With  a  given  number  of  parameters,  the  greater  the  number  of  k  points  the 
better  in  so  far  as  accuracy  is  concerned,  the  limitation  being  the  amount  of  work 
involved. 

With  a  given  number  of  k  points  the  question  arises  as  to  what  number  of 
parameters  (degree  of  y(z))  should  be  used  for  greatest  accuracy.  As  more  y’s 
are  used  the  polynomial  becomes  more  flexible,  but  the  least  square  process  is 
weakened.  Enough  must  be  used  so  that  a  polynomial  of  corresponding  degree  is 
capable  of  approximating  the  unknown  function;  however,  present  indications 
are  that  the  accuracy  is  decreased  and  the  amount  of  work  increased  by  appre¬ 
ciably  exceeding  this  number,  because  of  the  resulting  weakening  of  the  least 
square  process. 
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It  should  be  noted  that  the  justification  of  the  original  technique  as 
given  in  Part  E  of  Section  4a  hinges  upon  the  smoothness  of  $(z). 
This  justification  evidently  fades  if  the  solution  obtained  is  too  wavy, 
which  fact  gives  us  some  warning  in  the  case  of  poor  solutions  of  the 
type  just  considered.  The  least  square  technique  was  developed  spe¬ 
cifically  to  avoid  such  difficulties,  although  many  problems,  for  example 
beam  stability  and  vibration  problems,  have  shown  no  necessity  for 
refining  the  original  technique. 

MaasachuBetts  Inatitute'of  Technology. 

Key  to  Tables* 

Each  of  Tables  1, 2, 3,  and  4  contains  data  corresponding  to  a  particu¬ 
lar  field;  thus 

Table  1.  Uniform  field  of  intensity  E  (originally).  See  Problem  1, 
page  318. 

Table  g.  Field  due  to  two  parallel  oppositely  charged  wires  on  oppo¬ 
site  sides  of  the  cylinder.  See  Problem  2,  page  318.  . 

Table  S.  Field  corresponding  to  ^(x)  >■  L  cos  See  page  324. 

K 

5x 

Table  4-  Field  corresponding  to  ^(x)  L  cos  -5-.  See  page  324. 

H 

In  each  of  these  tables  the  exact  solution  is  <r(x);  and  the  procedure 
by  which  a  polynomial  approximation  y(x)  or  a  discrepancy  *(z)  is  ob¬ 
tained  is  indicated  by  one  of  the  following  subscripts. 

A.  Original  technique  using  equations  of  (9)  corresponding  to  the 
four  points  k  »  1,  3,  5,  7.  Solution  given  by  (22). 

B.  Least  square  technique  using  all  eight  of  the  equations  (9),  and 
using  weighting  factors  (20),  corresponding  to  the  trapesoidal  rule. 
S(riution  given  by  (23). 

C.  Least  square  technique  using  all  eight  of  the  equations  (9),  and 
using  weighting  factors  (10),  corresponding  to  Simpson’s  rule.  Solution 
given  by  (13). 

D.  Original  technique  using  equations  of  (9)  corresponding  to  the 
four  points  ib  »  2,  4,  6,  8. 

E.  Least  square  technique  using  only  the  five  equations  of  (9)  corre¬ 
sponding  to  A;  »  1,  3,  4,  5,  7.“ 

P.  Lagrange  polynomial  for  the  exact  solution  v(x).  (Agrees  with 
a(x)  at  points  A;  1,  3,  5,  7,  9.) 
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1.00  2.00 


TABLE  4 


1.00  2.00 


.26 

-.09375 

.93750 

.15625 

-.26  i 

.76 

-.09375 

.43750 

.65625 

-.75  1 

K, 

X-i 

X 

TABLE  6 

'  Exact  valxtet  of  Ki(\)  for  n  —  *  (Jive  pointa) 


X  .25 

.76 

1.25 

1.76 

■ 

K.i  .01706  98437  5 

.01708  98437  5 

-  .02197  26662  6 

-  .03769  76562  6 

Kt 

K.i  -.12304  68750  0 

-.10742  18760  0 

.12605  31250  0 

.20507  81250  0 

Kt 

K,  .92286  16625  0 

.37597  65625  0 

-.34277  34375  0 

-.48339  84375  0 

K» 

Ki  .20507  81250  0 

.75195  31250  0 

1.14257  81250  0 

.75195  31250  0 

K.X 

h 

K,  -.02197  26562  5 

-.03760  76562  6 

.09521  48437  5 

.56396  48437  5 

K.t 

-.25 

-.75 

-1.26 

-1.75 

X 

TABLE  7 

Exact  valvea  of  Ki(\)  for  n  —  5  (seven  points) 
.26  I.  .75  I  1.26 


CORRECTIONS  IN 

“TABLES  OF  COMPLETE  ELLIPTIC  INTEGRALS” 

BT  CARL  HBUMAN 


Page 

127,  line 

9  from  below. 

Page 

130,  line 

14. 

Page 

138,  line 

18  1 

from  below. 

Page 

138,  line 

13 

from  below. 

Page 

139,  line 

14. 

Page 

139,  line 

7  from  below. 

Page 

151  for  a 

=* 

67.5" 

Page 

151  for  a 

= 

76.8" 

Page 

185  for  a 

* 

71",  U  =  15" 

Page 

196  for  a 

* 

0.3",  0  »  87' 

Page 

202,  line 

4. 

For 

page  000 

read 

page  158 

For 

or  Go(o) 

read 

of  Go(a) 

For 

page  187 

read 

page  177 

For 

page  T33 

read 

page  177 

For 

page  137 

read 

page  193 

For 

page  187 

read 

page  177 

For 

27984 

read 

27948 

For 

38369 

read 

38639 

For 

94145 

read 

84145 

For 

8523 

read 

8623 

For 

evolution 

read 

revolution 

MATHEMATICAL  THEORY  OF  THE  DIFFERENTIAL 
ANALYZER 

Bt  Claudk  £.  Shannon 
Introduction 

The  Differential  Analyzer  is  a  machine  developed  at  the  Massachu¬ 
setts  Institute  of  Technology  under  the  direction  of  Dr.  V.  Bush  for  the 
purpose  of  obtaining  numerical  solutions  to  ordinary  differential  equa¬ 
tions.  The  fundamental  principles  underlying  the  Differential  Analyzer 
were  first  conceived  by  Lord  Kelvin,  but  at  the  time  it  was  impossible, 
due  to  mechanical  difficulties,  to  construct  a  machine  of  the  type  he  con¬ 
templated.  The  same  principles  were  discovered  independently  by  Dr. 
Bush  and  his  associates,  and  the  first  Differential  Analyzer  was  com¬ 
pleted  in  1931.  The  inherent  mechanical  difficulties  were  overcome  by 
means  of  several  ingenious  devices  such  as  the  torque  amplifiers,  and 
backlash  correcting  units ,  and  through  improved  machine  working  tech¬ 
nique.  Since  that  time,  several  other  machines  have  been  built  in 
various  parts  of  the  world,  and  have  beqn  used  in  solving  many  problems 
arising  in  engineering,  physics  and  other  branches  of  science. 

Detailed  descriptions  of  the  mechanical  operation  of  the  machine,  and 
methods  of  setting  up  problems  have  been  given  in  several  papers  (1,3). 
For  our  purposes  we  may  briefly  summarize  the  mode  of  operation  as 
follows.  E^ach  term  or  variable  in  the  given  equation  or  equations  is 
represented  on  the  machine  by  a  certain  shaft.  The  value  of  the  vari¬ 
able  at  any  instant  is  proportional  to  the  number  of  revolutions  of  the 
corresponding  shaft  from  some  fixed  position.  These  shafts  are  inter¬ 
connected  by  means  of  mechanical  units  which  enforce  certain  mathe¬ 
matical  relations  between  the  number  of  turns  of  the  interconnected 
shafts.  The  most  important  mechanical  units  are  of  four  types;*  gear 
boxes,  adders,  integrators  and  input  tables.  With  these  units,  each 

*  Some  other  special  units  have  been  developed.  The  Differential  Analyzer 
at  M.I.T.  has  a  multiplying  table  for  obtaining  the  product  of  two  terms,  and 
the  one  at  Manchester  has  a  unit  useful  in  solving  mixed  difference  differential 
equations.  These,  however,  are  much  less  important  than  those  mentioned 
above;  the  multiplying  table,  in  fact,  can  always  be  replaced  by  two  integrators 
and  an  adder  as  will  be  shown  later. 
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relation  implied  by  the  given  equations  is  forced  to  hold  between  the 
corresponding  shafts.  For  example,  if  in  the  differential  equation  the 
sum  of  two  terms  is  equal  to  a  third  term,  the  corresijonding  shafts  on 
the  Analyzer  are  connected  by  an  adding  unit.  If  the  terms  x,  y  and 
dy/dx  appear  in  the  equation,  the  corresponding  shafts  would  be  inter¬ 
connected  through  an  integrator  to  enforce  the  relation  y  =  f  dy/dx  dx, 


etc.  When  the  shaft  representing  the  independent  variable  is  turned, 
all  other  shafts  are  therefore  constrained  to  turn  in  accordance  with  the 
equation.  Thus,  a  numerical  solution  may  be  obtained  by  counting  the 
number  of  turns  of  the  dependent  variable  shaft  corresponding  to  equal 
increments  of  the  independent  variable  and  plotting  the  result  as  a 
curve,  or  the  machine  may  be  set  up  to  plot  its  own  curves  automatically 
by  means  of  a  special  output  table. 

When  the  Differential  Analyzer  was  first  built  it  was  thought  that  all 
functional  relationships,  between  terms  of  the  equation  being  solved 
would  have  to  be  introduced  into  the  machine  by  means  of  input  tables. 
However,  in  connection  with  a  problem  in  ballistics  in  which  the  func¬ 
tion  X*  was  desired,  it  was  noted  that  by  connecting  an  integrator  to 


perform  the 


operation  2  xdx, 


the  function  could  be  obtained  without 


an  input  table.  Soon  it  was  found  that  practically  all  the  important 
simple  functions  could  be  “generated”  using  only  integrators  and  adders. 
This  is  done  by  setting  up  an  auxiliary  equation  on  the  Analyzer  whose 
solution  is  the  desired  function. "  In  a  thesis  written  in  1932,  J.  Guer- 
rieri  (2)  describes  interconnections  for  generating  most  of  the  elementary 
functions. 

In  this  paper  the  mathematical  aspects  of  the  Differential  Analyzer 
will  be  considered.  The  most  imp>ortant  results  deal  with  conditions 
under  which  functions  of  one  or  more  variables  can  be  generated,  and 
conditions  under  which  ordinary  differential  equations  can  be  solved. 
Some  attention  will  also  be  given  to  approximation  of  functions  (which 
cannot  be  generated  exactly),  approximation  of  gear  ratios,  and  auto¬ 
matic  speed  control. 

We  shall  assume  throughout  that  all  ordinary  differential  equations 
considered  have  unique  solutions  and  that  formal  processes  of  differen¬ 
tiation,  integration,  etc.  are  valid  in  the  region  of  interest.  For  total 
differential  equations  it  is  not  necessary  that  the  equations  be  integrable 
but  we  assume  that  a  solution  exists  along  any  curve  in  the  region.  The 
reason  for  this  will  appear  later. 
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The  Differential  Analyzer  will  be  idealised  by  assuming  that  we  have 
available  an  unUmited  number  of  each  of  the  following  perfect  units. 

1.  Integrators.  Given  two  shafts  u  and  v,  the  integrator  constrains 

a  third  shaft  to  to  rotate  in  accordance  with  w=  (u  +  a)  dv,  where 

a  is  an  arbitrary  constant,  for  all  variations  of  u  and  v.  In  actual 
integrators  the  maximum  value  of  |  u  +  a  |  is  limited,  but  by  changing 
scale  factors  it  can  be  made  as  great  as  desired  so  that  except  for 
poles  of  u  the  integration  can  be  performed.  The  constant  a  is  the 
initial  setting  of  the  integrator. 

2.  Adders.  Given  two  shafts  u  and  v,  an  adder  constrains  a  third 
shaft  w  to  turn  as  (u  +  v),  for  all  variations  of  u  and  v.  Except  for 
backlash  and  tooth  ripple,  the  actual  differential  adder  units  fulfill 
these  conditions.  It  is  easily  seen  that  any  interconnection  of  adders 

with  free  shafts  Xi  -  Xn  ,  Y,  will  enforce  a  relation  F  =  XI 

*-1 

where  the  o’s  are  real  constants,  and  for  convenience  we  will  speak  of 
such  an  interconnection  as  an  adder.  By  connecting  simple  adders 

n 

in  series  we  can  make  all  the  o’s  unity  and  get  F  =  ^  X*  . 

*-i 

3.  Input  Tables  or  Function  Units.  Given  a  shaft  x,  an  input  table 
constrains  a  second  shaft  y  to  rotate  sis  y  =*  f(x),  where  /(x)  is  an 
arbitrary  given  function  with  only  a  finite  number  of  finite  discon¬ 
tinuities. 

4.  Gear  Boxes.  Given  a  shaft  x,  a  gear  box  of  ratio  k  forces  a 
second  shaft  to  rotate  as  kx.  Since  by  making  the  integrand  u  iden¬ 
tically  zero  in  the  integrator  we  get  w  ^  av,  the  gear  boxes  are  theo¬ 
retically  superfluous,  being  used  for  purposes  of  economy.  Therefore, 
we  will  not  consider  gear  boxes,  except  to  show  that  any  ratio  k  may 
be  approximated  using  only  two  sizes  of  gear  pairs. 

Finally,  we  assume  that  each  of  the  above  elements  is  capable  of 
performing  its  particular  constraint  if  and  only  if  there  is  not  more  than 
one  source  of  drive  to  each  shaft.  By  a  source  of  drive  is  meant  any 
one  of  the  following:  the  independent  variable  shaft,  the  w  shaft  of  an 
integrator,  the  w  shaft  of  an  adder  (or  F  in  the  general  sense),  the/(x) 
shaft  of  an  input  table,  or  the  kx  shaft  of  a  gear  box.  This  condition  is 
extremely  important  in  making  Differential  Analyzer  setups.  It  places 
a  restriction  on  possible  interconnections  of  units,  and  forms  the  basis 
of  the  present  analysis. 

We  shall  say  that  we  can  solve  a  system  of  ordinary  differential  equa- 
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tions  with  independent  variable  x  and  dependent  variables  yi  •  •  •  yn 
if  and  only  if  a  setup  can  be  found  using  the  above  elements  and  satis¬ 
fying  the  source  of  drive  assumption,  such  that  when  the  independent 
variable  shaft  x  is  turned,  shafts  j/i  •  •  •  Vn  are  constrained  to  turn  in 
accordance  with  the  equations  for  any  given  initial  conditions.  We 
shall  say  a  system  of  total  differential  equations  can  be  solved  if  a  set 
of  connections  can  be  found  such  that  when  a  set  of  independent  variable 
shafts  Xi  •  •  •  Zm  are  turned  in  any  manner  whatever,  dependent  variable 
shafts  yi  yn  are  constrained  to  turn  in  accordance  with  the  equations 
for  arbitrary  given  initial  conditions.  In  most  of  the  theorems  we  shall 
consider  setups  containing  only  integrators  and  adders. 


Fundamental  Solvability  Condition 

Theorem  I.  A  necessary  and  sufficient  condition  that  a  system  of 
ordinary  differential  equations  can  be  solved  using  only  integrators  and 
adders  is  that  they  can  be  written  in  the  form 


dyk 

dyi 


t 

i,i-o  dyi 


ifc  =  2,  3  . . .  n  (1) 


where  yo  =  1  (introduced  to  make  notation  compact),  yi  is  the  inde¬ 
pendent  variable,  and  yt  *  ■  ■  !/»  are  dependent  variables,  among  which 
are  the  dependent  variables  of  the  original  system. 

Proof.  The  condition  is  necessary.  Suppose  the  original  system  can 
be  solved  using  only  integrators  and  adders.  The  dependent  variables 
must  appear  either  as  the  output  of  adders  or  integrators.  They  may 
all  be  considered  as  the  outputs  of  integrators  by  making  those  from 
adders  the  variables  of  integration  of  integrators  with  constant  unit 
integrand.  Now  let  there  be  (n  —  1)  integrators  and  let  the  outputs 
be  labeled  yt  •••  yn-  Each  displacement  (integrand)  must  be  driven 
by  one  of  three  possible  sources:  the  independent  variable  yi ,  the  output 
of  an  integrator,  of  the  output  of  an  adder  (general  sense).  An  adder 
must  be  driven  by  the  sum  of  certain  of  the  ^’s  including  possibly  y\ . 

N 

These  are  all  special  cases  of  a  source  of  drive  of  the  form  ^  for 

the  A;th  integrator,  where  the  6's  are  constants.  The  b's  can  obviously 
represent  gear  ratios  or  complex  adder  interconnections,  or  without  loss 
of  generality  we  may  take  them  equal  to  0  or  1.  The  A;th  integrator 
may  have  an  initial  displacement  in  addition  to  its  source  of  drive  value. 
Let  this  be  bu  •  Then  the  kth  integrator  will  have  an  integrand 

H 

77  6i*y<  where  for  convenience  we  introduce  yo  =  1.  By  exactly  the 
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same  argument  the 

n 

the  form  ^  CikVi . 

j-i 

the  system: 

».  -  / 
-/ 
-/ 

where  o*,*  =  . 

dyi 


variables  of  integration  of  the  integrators  will  be  of 
The  integrators  place  the  following  constraints  on 


H  bityi  d  Yh  Cjkyi 

•  i 

ifc  =  2,3. 

■  •  n 

(2) 

51  bikyi  5Z  Cjkdyj 

i  i 

k  =  2,3  . 

-  •  n 

(3) 

Z  oukVidyi 

ifc  =  2,  3  . 

•  •  n 

(4) 

Now  differentiating  both  sides  with  respect  to  yi  • 

II 

Q 

.S-l 

ifc  =  2,  3  - 

•  •  n 

(1) 

These  are  the  equations  (1). 

The  condition  is  sufficient.  This  is  true  since  the  system  (1)  can  be 
integrated  to  the  form  (4)  and  these  represent  a  setup  using  only  inte¬ 
grators  and  adders  with  not  more  than  one  source  of  drive  to  each  shaft. 


Generation  of  Fxmctlons 


We  will  say’ that  a  function  of  a  single  variable  y  =  /(x)  can  be 
generated  if  there  is  a  setup  using  only  integrators  and  adders  such 
that  a  shaft  may  be  turned  independently  as  x  and  a  second  shaft  is 
forced  to  turn  as  y.  It  follows  from  Theorem  I  that  if  /(x)  can  be 
generated  there  must  exist  a  set  of  equations  (1)  such  that  if  yi  =  x, 
then  yj  (say)  is  equal  to  /(x).  A  function  of  n  variables  F{xi  •  •  •  x,) 
can  be  generated  if  there  is  a  setup  such  that  n  shafts  Xi  •  •  •  x.  can  be 
turned  independently  and  another  will  turn  as  F. 

Functions  of  a  single  variable  have  been  classified  in  the  following 
way.  If  there  is  a  relation  of  the  form: 

y  “  oo  4-  oix  +  ojx*  -}-•••  o*x"  (5) 

where  m  is  a  positive  integer  and  the  a’s  are  real  constants  then  y  is 
called  a  polynomial  in  x,  or  a  rational  integral  function  of  x.  If 


y  = 


Fiix) 

F,(x) 


(1) 


where  Fi  and  Ft  are  polynomials  in  x,  then  we  say  y  is  a  rational  func¬ 
tion  of  X.  If  we  have: 


Ro{x)  -H  yR\{x)  +  y*Rt{x)  -}-•••+  y*Rn{x)  =  0 


f 

\ 

■i" 


r 


H 


(7) 
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where  Ri  •••  Rn  are  rational  functions  of  x,  then  y  is  said  to  be  an 
algebraic  function  of  x.  If  there  is  no  relation  of  this  form  then  y  is 
called  a  transcendental  function  of  x.  Transcendental  functions  may 
be  divided  into  two  classes.  If  there  is  a  differential  equation  of  the 
form: 

L  (yO"*'  (y")"*'  •  •  •  (y'"’)"-'  =  0  (8) 

i 

where  y^*^  =  d* yldx^,  the  A 's  are  constants,  and  the  powers  are  integral, 
(i.e.,  if  a  polynomial  in  x,  y,  y'  •  •  •  y*"’  vanishes  identically)  then  y  is 
said  to  be  an  algebraic  transcendental  function  of  x.  If  no  relation  of 
this  type  exists  the  function  is  called  hypertranscendental,  or  trans- 


TABLE  I 

Functions  of  One  Variable 


Tranwcndantal 

Alsebnic 

Hypertran- 

(Otndentel 

1  Alcebraic-tranaoendental 

Irrational  Alcebraie 

Rational 

Gamma 
function. 
Zeta  func¬ 
tion. 

Exponential  and 
logarithmic. 

Trigonometric  and 
hyperbolic  and 
inverses. 

Bessel  functions. 

Elliptic  functions 
and  integrals. 

Probability  func¬ 
tion. 

z**,  m  a  rational 
fraction. 

Solutions  of  an  al¬ 
gebraic  equation 
in  terms  of  a  pa¬ 
rameter. 

Quotients 
of  poly¬ 
nomials. 

Integral 

a,x,X*  etc. 
poly¬ 
nomials. 

cendentally-transcendental.  Obviously  all  algebraic  functions  are  non- 
h3q)ertranscendental,  since  by  multiplying  (7)  by  ail  denominators  and 
differentiating  we  obtain  an  expression  of  the  form  (8).  In  fact  only  a 
very  few  of  the  cofnmon  analytic  functions  are  hypertranscendental, 
the  best  known  being  the  Gamma  function  and  Riemann’s  Zeta  function. 

(r(n)  =  f  x"’''c“*dx;  {(«)  =  The  first  was  shown  to  be 

\  Jo  t-o  k*/ 

hypertranscendental  by  Holden,  and  the  last  by  Hilbert.  The  classifica¬ 
tion  of  some  of  the  common  functions  is  given  in  Table  I. 

Theoreu  II.  A  function  of  one  variable  can  be  generated  if  and  only 
if  the  function  is  not  hypertranscendental.  ' 

Proof.  First  we  will  show  that  if  a  function  can  be  generated,  it  is  not 
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h3rpertran8cendental.  Any  function  /(x)  that  can  be  generated  must 
satisfy  a  set  of  equations  of  the  form  (1),  with  y\  =  x  and  y*  =  /(x). 
If  we  differentiate  (1)  (n  —  2)  times  we  will  have  a  total  of  (n  —  1)* 
equations,  from  which  we  may  eliminate  the  n*  —  2n  variables 

Vt  t  Vt  t ' ' '  Vi  I  y*  >  Vi  f  ’  ’ '  Vi  I  ’  *  *  I  y»  >  yn » *  *  *  yn 

for  example  by  Sylvester’s  method,  involving  only  multiplication  and 
addition  and  therefore  resulting  in  a  relation  of  the  form  (8),  with 
X  ~  yi,y  =  yt,  and  1  =  yo . 

To  prove  that  any  non-hypertranscendental  function  can  be  gen¬ 
erated,  we  will  show  that  (8)  can  be  written  in  the  form  (1).  Let  the 
left  member  of  (8)  be  Differentiating  both  sides  with  respect  to  x 
we  obtain: 


dx  ^  dy^  ^  dy’^ 


And  except  for  p>oint8  where  =  0  we  have: 


(■.+1)  _  dx  dy _ 


(«) 


^  Piix,  y,  y' 
Ptix,  y,  y' 


where  Pi  and  P*  are  polynomials  in  x,  y,  y',  y”  •  •  •  y'‘'^\  Let  yi  =  x, 
y*  -  y,yt  =  y',  '  • '  y^*  =  Then  we  have 


k  —  2,  3,  •  •  •  (m  +  2) 


with  the  additional  condition  that 


P,{yi,y,...y^^i) 

The  problem  now  is  to  reduce  this  relation  to  the  form  of  equations  (1). 
First  consider  the  function  Pi .  This  is  a  sum  of  products  of  the  vari¬ 
ables  yi  ym+t  •  (Since  the  powers  are  integral  they  may  be  con¬ 
sidered  as  products  of  a  repeated  factor).  Let  the  first  term  of  the 
numerator  be  uiut  •  •  •  u, ,  where  the  u’s  are  certain  of  the  y’s.  Now  let 

'f^  =  u,p  +  u,p 

dyi  dyi  dyi 
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80  that  ym^t  =  U\Ui .  Next  let: 


dyi 


dy^  dui 

Ut  -J - 1-  ym+4  J— 

dyi  dyi 


Hence  ym+t  =  ym+A'Uz  =  U\UiUi .  Continuing  in  this  manner  we  finally 
get  ym+»+t  =  uiUt  •  ’  •  u, .  Each  term  in  the  numerator  and  denomi¬ 
nator  is  treated  in  exactly  the  same  way,  continuing  the  series  of  equa¬ 
tions  until  there  is  a  y  for  each  product  of  Pi  and  P* .  Let  the  y’s 
corresponding  to  the  terms  of  Pi  be  Ci ,  c*  •  •  •  Vr  and  those  corresponding 
to  the  terms  of  P*  be  ici ,  u>j  •  •  •  .  Then  we  have  reduced  the  equa¬ 

tion  (12)  to  the  condition  that: 

r  I 

ym+t  =  X  • 

1  1 


Our  final  step  is  to  reduce  this  relation  to  the  form  of  the  equations  (1). 
Suppose  the  last  y,  Wi ,  was  yg-i .  Let: 


“  Vq+i 


d'^w 

dyi 


dy,+i 

dyi 


Consequently  yg  =  1/^  w.  Now  by  making: 


dym+* 

dyi 


d^ 

dyi  ^  dyi 


we  get  t>/22  ^  and  have  reduced  (8)  to  the  form  (1). 

Theorem  III.  If  a  function  of  one  variable  y  =  /(x)  can  be  gen¬ 
erated,  then  its  derivative  z  =  fix),  its  integral  w  ^  f  f(x)  dx,  and  its 

•'a 

inverse  x  =  f~^iy)  can  be  generated. 

Proof.  To  prove  the  first  part,  take  the  derivative  of  (8).  This 
gives  two  equations  between  which  we  may  eliminate  y  with  processes 
involving  only  multiplication  and  addition,  thus  resulting  in  a  relation 
of  the  form  (8)  with  y  missing.  Replacing  y’  by  z,  y"  by  z'  etc.,  shows 
that  z  is  non-hypertranscendental  if  y  is. 

To  show  the  second  part,  merely  replace  y  by  w' ,  y'  by  w”  etc.  in  (8), 
thus  obtaining  another  relation  of  this  form.  Therefore  if  y  is  non- 
hy|>ertranscendental,  then  w  is. 

For  the  third  part  replace  y'  by  1/x'  (where  x'  =  dxldy)y”  by 
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— etc.  Since  all  the  derivatives  of  y  may  be  expressed  as 
quotients  of  polynomials  in  the  derivatives  of  x,  we  may  reduce  the 
resulting  expression  to  the  form  (8)  with  x  and  y  interchanged  by  multi¬ 
plying  by  all  denominators.  That  is,  the  inverse  of  a  non-hypertrans- 
cendental  function  is  non-hypertranscendental. 

Theorem  IV.  If  two  functions  /  and  g  can  both  be  generated,  then 
the  functional  product  y  =  figix))  can  be  generated. 

Proof.  This  will  be  shown  by  writing  two  systems  of  equations,  each 
of  the  form  (1)  as  a  single  larger  system  of  the  same  form.  Suppose  g 
satisfies  a  set  of  this  type  with  yi  =  x  and  yt  =  g,  k  running  from  2  to  n. 
Now  /  also  satisfies  a  system  of  this  type  and  since  the  argument  of  f 
is  g  we  replace  yi  in  this  system  by  j/j  and  let  the  y  subscripts  in  the  / 
system  run  from  n-|-  lton  +  m(m  being  the  number  of  equations  in 
the  /  system.)  Thus  we  have  a  group  of  equations  of  the  form  (1) 
with  yi  =  X  and  y„+t  =  figix)). 

Although,  as  Theorem  II  shows,  the  only  functions  which  can  be 
generated  exactly  are  non-hypertranscendental,  we  can  approximate  a 
much  broader  class  of  functions,  using  only  integrators. 

Theorem  V.  Any  function  fix),  which  is  continuous  in  a  closed 
interval  a  ^  x  ^  b,  can  be  generated  in  this  interval  to  within  any 
prescribed  allowable  error  «  >  0  using  only  a  finite  number  of  integrators. 
That  is,  a  setup  can  be  found  generating  a  function  Fix)  such  that 

l>(x)  -  fix)  I  <  « 

for  a  ^  X  ^  b. 

Proof.  We  base  our  demonstration  on  Weierstrass’  famous  theorem 
which  states  that  any  such  function  fix)  can  be  approximated  by  a 
polynomial  Fix)  of  degree  n 


Pix)  =  X)  0*^* 

»-o 


by  taking  n  sufficiently  large.  Now  let: 


^  =  ajl  +  yi+i 
ay\ 


j  =  2,  3  •  •  •  n 

ym+i  =  0 


Then  this  system,  of  the  form  (1),  satisfies  (19)  if  we  let  y\  =  x  and 
yi  =  Fix).  Moreover,  this  setup  requires  only  integrators,  the  additive 
constants  being  merely  initial  integrator  settings.  Hence  the  theorem. 
If  we  allow  stopping  the  machine  and  turning  shafts  ahead  by  hand,  we 
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can  obviously  broaden  the  conditions  of  Theorem  V  to  all  functions 
continuous  except  for  a  finite  number  of  finite  discontinuities. 

We  now  proceed  to  generalize  some  of  these  concepts  and  theorems 
to  functions  of  more  than  one  variable. 

Theorem  VI.  A  function  of  m  variables  ym+i  =  /(yi  •  •  •  Vm)  can 
be  generated  if  and  only  if  it  satisfies  a  set  of  total  differential  equations 
of  the  form: 

dyk  =  Oiikyidyi  fc  =  (m  +  1),  (m  +  2)  •  •  •  "  (10) 

where  yo  =  1  and  the  a’s  are  real  constants. 

The  proof  follows  exactly  the  same  plan  as  was  used  in  proving 
Theorem  I,  both  for  necessity  and  sufficiency.  A  solution  of  equations 
(1)  has  been  shown  to  be  a  non-hypertranscendental  function  of  one 
variable.  Now  (21)  can  be  considered  as  a  generalization  of  (1),  and 
we  will  say  that  a  function  of  m  variables  satisfying  a  set  of  equations 
(1)  is  a  non-hypertranscendental  function  of  these  m  variables.  With 
this  definition  we  have,  as  a  generalization  of  Theorem  II,  the  proposi¬ 
tion  that  a  function  of  m  variables  can  be  generated  if  and  only  if  it  is 
not  hypertranscendental  in  these  variables.  Obviously  a  necessary 
condition  for  a  function  of  m  variables  to  be  non-hypertranscendental 
is  that  it  be  non-hypertranscendental  in  each  single  variable  when  all 
the  others  are  replaced  by  arbitrary  constants.  Thus  x  r(y)  is  a 
h>'pertran8cendental  function  of  x  and  y  since  replacing  x  by  0  gives  the 
hypertranscendental  function  of  one  variable  r(y).  Some  functions  of 
more  than  one  variable  that  are  not-hypertranscendental  are  x  -|-  y, 
x>y,  x",  logi  y,  and  combinations  of  these  and  non-hypertranscendental 
functions  of  one  variable. 

As  a  generalization  of  Theorem  IV  we  state  the  proposition : 

Theorem  VII.  If  two  functions  of  several  variables,  /(xi  •  •  •  x») 
and  y(yi  •  •  •  y^)  can  both  be  generated,  then  it  is  possible  to  generate 
any  functional  product,  for  example  0(xi ,  Xa  •  •  ■  x„  ,  yi ,  yi  •  •  •  y,,)  «= 
/(y,  ic, ,  . . .  X,). 

This  may  be  proved  by  the  same  method  as  Theorem  IV,  combining 
the  two  systems  of  equations  into  a  single  larger  system  of  the  t3q)e  (10). 

Theorem  V  may  also  be  generalized  for  functions  of  more  than  one 
variable,  but  integrators  alone  are  no  longer  sufficient: 

Theorem  VIII.  Given  any  function  of  n  variables  /(xi  •  •  •  x«), 
continuous  in  all  variables  in  a  closed  region  of  n-space  at  ^  xt  ^  , 

ib  s  1, 2  •  •  •  n,  we  can  generate  a  function  F(x\  •  •  •  x„)  using  only  a  finite 
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number  of  integrators  and  adders  such  that  within  the  region 
Ok  ^  Zk  ^  bk 

\f-F\<. 

where  <  is  an  arbitrarily  small  prescribed  positive  number. 

Proof.  A  generalization  of  Weierstrass’  theorem  states  that  we  may 
approximate  /  in  the  manner  described  with  a  polynomial  F  in  the 
variables  xi ,  •  •  •  Xn  .  Since  a  polynomial  is  a  non-hyi)ertran8cendental 
function  according  to  our  definition,  it  can  be  generated  with  integrators 
and  adders  and  hence  we  have  the  theorem. 

The  first  part  of  Theorem  III  can  be  generalized  for  functions  of  more 
than  one  variable  as  follows. 

Theorem  IX.  If  a  function  of  m  variables  f(xi  •••*»)  can  be  gen¬ 
erated  its  partial  derivative  with  respect  to  any  one  variable,  say  Xi 
can  be  generated. 

Proof.  From  theorem  VI,  if  a  function  can  be  generated  it  satisfies 
a  set  of  equations  of  the  form 

in  m 

dyi  =  53  AijdXi  -I-  53  Bijdyj  i  -  1,  2  ...  « 

1-1  >-i 


where  Xi  -  -  -  Xm  are  the  independent  variables,  yt  •  •  •  y,  are  dependent 
variables,  the  A’s  and  B’s  are  linear  forms  in  the  variables,  and  yi 
(say)  is  equal  to  /.  Dividing  these  equations  by  dxi  and  setting 
0  =  dxj  =  rfxs  =»  . . .  =  dxm  we  have: 


dyi 

dxi 


A>,  +  ±B,,p 

dxi 


or 


$ 

E 


(B„  -  S,,)  p 

dxi 


Ail 


Solving  for  ^  by  Cramer’s  rule: 

OXi 


^1 

dxi 


All  Ba  •  •  •  Bu 
All  Brt  . . .  Bt, 

All  Bti  B„ 

!  Bii  —  bif  I 


Pi 

Pi 


i  =  1 ,  2  . . .  « 


t  =  1,  2  .  . .  «. 
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where  Pi  and  P*  are  polynomials  in  the  variables.  This  equation  may 
be  reduced  to  the  form  of  equations  (10)  by  exactly  the  same  method 
as  was  used  in  reducing  equation  (9)  which  was  of  the  same  form. 

The  last  part  of  Theorem  III  can  also  be  generalized  as  follows: 
Theorem  X.  If  a  function  of  n  variables  y  =  f(xi  •  •  •  x»)  can  be  gen¬ 
erated,  its  inverse  with  respect  to  any  one  variable  Xi  =  F(y,  x*  •  •  •  x») 
can  be  generated. 

Proof.  Taking  the  total  differential  of  y  we  have: 

<^1/  =  dxi. 

1-1 

Hence: 

dxi  =  1//',  (dy  -  if  Mi  • 

Or: 

xi  =  j  l/Ki  dy  =  ij  dxi 

Now  since  /  could  be  generated  the  terms  (i  —  1,  2,  •  •  •  n)  can  be 
generated  by  the  preceding  theorem.  Reciprocals  and  quotients  are 
not  hypertranscendental  and  therefore  the  terms  1//,,  and  —/,<//,,  can 
be  generated.  It  follows  then  that  Xi  can  be  obtained  by  generating 
these  integrands,  integrating  with  respect  to  the  proper  variables  and 
adding  the  results. 


Systems  of  Equations 

We  are  now  in  a  position  to  prove  the  following  general  theorem  on 
the  differential  analyzer: 

Theorem  XI.  The  most  general  system  of  ordinary  differential 
equations: 


>  /  ^  (m)  ^  (m) 

fkix;  j/i ,  1/1  •  •  •  1/1  ;  2/j ,  1/*  •  •  •  i/j  •••!/* 


1/n  •  •  •  1/;"  )  =  0 

k  —  1,  2,  •  •  •  n 


(11) 


of  the  mth  order  in  n  dependent  variables  can  be  solved  on  a  differential 
analyzer  using  only  a  finite  number  of  integrators  and  adders  providing 
the  functions  fk  are  combinations  of  non-hypertranscendental  functions 
of  the  variables. 

Before  proving  this  it  is  necessary  to  demonstrate  a  preliminary 
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lemma.  The  natural  procedure  would  be  to  solve  the  equation 
/i  =  0  for  ft  =  0  for  yi"’  etc: 

1/*"’  =  0*(x; yi,y[  •  •  •  yi\yiyt  •  •  • 

It  may  happen,  however,  that  does  not  appear  in/»  but  does  appear 
in  some  other  of  the  functions. '  We  will  first  show  that  by  taking  deriva¬ 
tives  of  the  equations  (11)  and  rearranging  the  order,  an  equivalent 
system  can  be  found  in  which  the  highest  ordered  derivative  of  y\  ap- 
l>earing  in  the  first  equation  is  not  exceeded  in  any  of  the  other  equations, 
the  highest  ordered  derivative  of  y%  appearing  in  the  second  equation  is 
not  exceeded  in  any  of  the  others,  etc. 

First  note  that  if  /*  be  considered  a  function  of  the  independent 
variables  (x,  yi ,  yj ,  •  •  •  y}"’,  yj ,  yt ,  •  •  •  y*"’,  •  •  •  y»  ,  yl ,  •  •  •  yD  then 
taking  the  derivative  of  *  0  gives  an  equivalent  equation  (providing 
the  boundary  conditions  are  adjusted  in  accord  with  the  original  equa¬ 
tion)  in  which  the  highest  ordered  derivative  of  each  variable  appearing 
has  been  increased  by  one.  Also,  if  the  original  function  /t  involved 
no  hypertranscendental  functions,  then  by  Theorem  IX  the  derived 
function  will  not,  and  can  be  generated. 

For  our  present  purposes  the  essential  part  of  equations  (11)  is  the 
set  of  values  of  the  highest  ordered  derivatives  of  the  different  variables 
ap{)earing  in  these  equations.  These  may  be  tabulated  in  a  square 
array  as  follows: 


yi 

ys  • 

••  y« 

/l 

Oil 

Oij  • 

••  au 

/* 

0*1 

an  • 

••  a„ 

i 

a,i 

an  • 

’  •  a»n 

fn  I  flitl  '  •  Onn 

where  o,*  is  the  order  of  the  highest  ordered  derivative  of  y*  appearing 
in  function  /y .  These  a’s  are  integers  which  may  have  values  from  0 
to  m,  or  if  the  variable  does  not  appear  at  all,  we  may  give  the  a  a  special 
symbol  X.  Taking  the  derivative  of  fu  has  the  effect  of  adding  unity 
to  each  element  of  the  A:th  row  except  for  X’s  which  remain  the  same. 
Two  rows  of  the  array  may  be  interchanged  since  this  merely  means 
renumbering  the  functions.  We  propose  to  show  that  by  rearrangement 
and  taking  derivatives  we  can  always  find  a  new  system  where  On  is 
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not  exceeded  in  the  hrst  column,  on  is  not  exceeded  in  the  second 
column,  and  in  general  au  is  not  exceeded  in  the  A;th  colunm. 

This  will  be  shown  by  mathematical  induction.  We  will  first  show 
it  to  be  true  for  n  =  2.  For  two  variables  we  have  the  array: 

Ji _ 

f\  flu  On 

ft  Oil  On 

If  more  than  one  of  the  letters  is  X  the  system  is  degenerate.  If  one  of 
the  letters,  say  an  is  X  we  may  interchange  the  rows  and  then  differentiate 
the  second  row  until  the  new  ott  ^  Ou .  If  none  of  the  letters  are  X 
then  either  on  =  ou  or  one  is  smaller.  If  they  are  equal  the  rows  may 
be  interchanged  if  necessary  to  make  Ou  ^  Oti .  If  one  is  smaller,  let 
this  row  be  differentiated  until  they  are  equal  and  proceed  as  before. 
Thus,  the  theorem  is  true  for  n  =  2. 

Now,  assuming  it  true  for  n,  we  will  show  that  it  must  then  be  true 
for  n  -|-  1,  and  thus  complete  the  induction.  By  hypothesis  then, 
given  any  (n  +  1)*  array,  we  can  find  an  equivalent  system  by  dif¬ 
ferentiating  and  rearranging  the  first  n  rows: 


yi 

Vi  •• 

Vn 

y«+i 

On 

Oa  •  • 

Oln 

Oln+I 

/. 

On 

On  •  • 

OtH 

a*ii+i 

/- 

a«i 

Onl  •  • 

Onn 

Umt+l 

/»+l 

On+n 

a«+u  •  • 

such  that  Ckk  ^  Uyt  >  k,  j  =  1,  2  •  •  •  n.  We  may  also  assume  that 
Okk  >  Okn+i  for  every  k  ^  n,  since,  if  not,  we  can  make  it  so  by  dif¬ 
ferentiating  all  th^  first  n  functions  simultaneously.  Now  two  possi¬ 
bilities  arise:  (1)  a»+i,„+i  ^  j  «■  1,  2  •••  n.  In  this  case  the 

system  is  satisfactory  as  it  stands.  (2)  If  this  condition  does  not  ob¬ 
tain  there  must  be  some  aj^+i  >  UfM-in-t-i  •  Suppose  this  is  au  .  Now 
let  the  last  row  be  differentiated  until  one  of  the  following  three  possi¬ 
bilities  obtains:  (1)  On+in+i  =  am^-i .  In  this  case  the  system  is  satis¬ 
factory.  (2)  Om.).!.!  »  an  .  In  this  case  interchange  rows  1  and  n  and 
the  system  is  satisfactory.  (3)  On+u  =  o„  for  one  or  more  values  of  s 
between  1  and  n  -{-  1.  In  this  case  continue  differentiating  both  equa¬ 
tions  «  and  n  -I-  1  until  one  of  the  following  three  occurs:  (1)  an+i,„.«.i 
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ai*+i  or  a*+n  =  ou .  Proceed  as  in  (1)  and  (2)  above.  (2)  a,i  =■  an 
or  a,n+i  »  •  Interchange  rows  s  and  n  +  1  and  proceed  as  in  (1). 

(3)  The  maximum  in  some  other  column  is  reached  by  the  corresponding 
elements  in  the  rows  being  differentiated.  In  this  case  annex  this  row 
or  rows  to  those  already  being  differentiated  and  continue  by  the  same 
method.  It  is  easy  to  see  that  the  process  must  converge  after  a  finite 
number  of  steps  since  all  the  elements  in  the  first  and  last  columns  ex¬ 
cept  an  and  au.(.i  cannot  be  X.  This  completes  the  induction. 

It  is  now  comparatively  simple  to  prove  Theorem  XI.  First  find, 
by  the  method  just  described,  a  system  equivalent  to  (11)  in  which 
the  highest  ordered  derivative  of  yk  appearing  in  equation  k  is  not  ex¬ 
ceeded  in  any  of  the  other  equations.  Let  this  order  be  Pk .  Now  it 
has  been  shown  that  any  combinations  of  non-hypertranscendental 
functions  can  be  generated  (Theorems  IV  and  VII),  and  therefore  the 
functions  /*  can  be  generated.  Hence  by  the  theorem  on  inverse  func¬ 
tions,  (Theorem  X)  we  can  generate  the  functions 

y*'*’  =  Mx,  yi,yi  yi,yt . •  •  •) 

The  variables  v  <  pk  may  be  obtained  by  integration  of  and 
it  follows  that  the  system  may  be  solved  using  only  integrators  and 
adders. 


Approximation  of  Factors  with  Gear  Ratios 


In  setting  up  problems  on  a  Differential  Analyzer  it  is  frequently 
necessary  to  introduce  constant  multiplying  factors.  This  may  be  done 
in  several  ways.  As  was  pointed  out,  an  integrator  set  with  a  constant 


integrand  k  gives  w 


A  second  method  is  to  get  a  rough 


approximation  to  A;  by  means  of  gears  whose  overall  ratio  is  say  k'. 
Another  set  of  gears  is  used  to  get  a  rough  approximation  k''  to  (k  —  k') 
and  the  variable  k'x  combined  with  k''x  through  an  adder  to  give  a 
second  order  approximation  to  A;.  It  is  easy  to  show  that  proceeding 
in  this  way  we  can  obtain  a  ratio  t  such  that  1 1  —  A;  |  <  c  where  c  is  an 
arbitrarily  small  prescribed  positive  number,  assuming  only  that  we 
have  an  unlimited  number  of  adders  and  of  one  size  of  gear  pfurs  with 
ratio  a  ^  0, 1.  A  third  way  to  obtain  the  ratio  k  is  by  the  use  of  gears 
only.  We  will  now  show  that  any  ratio  can  be  approximated  using 
only  a  finite  number  of  two  sizes  of  gear  pairs.  More  precisely  we  have 
Theorem  XII.  Given  two  gear  ratios  a  and  b,  neither  of  which  is 
zero  or  one,  and  such  that  b  is  not  a  rational  power  of  a,  we  can  find 
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positive  or  negative  integers  u  and  v  such  that  0  ^  |  a^b*  —  A;  |  <  < 
where  c  is  an  arbitrarily  small  prescribed  number. 

Without  loss  of  generality  we  take  a  >  1 ;  for  if  not  inverting  the 
direction  of  the  gears  gives  a  ratio  1/a  >  1.  It  will  first  be  shown  that 
a  ratio  U  may  be  obtained  such  that 

1  <  f/  <  1  +  a 

with  a  arbitrarily  small.  To  do  this  integers  x  and  y  must  be  found 
such  that 

1  <  o'6''  <  1  +  a 

Since  a  >  1,  we  may  take  logarithms  to  the  base  a  leaving  the  in¬ 
equalities  in  the  same  direction. 

0  <  X  +  y  log.  b  <  log.  (1  -I-  a)  =  M 

Since  log.  b  is  irrational  we  can  satisfy  this  by  well  known  theorems  in 
diophantine  approximation.  Thus  we  can  obtain  the  gear  ratio  U. 
If  U  is  connected  in  tandem  with  itself  r  times  with  r  so  chosen  that 

IT-'  <k  ^  r 

then  the  difference  between  IT  and  k  will  be  less  than  8k  and  is  therefore 
arbitrarily  small. 

If  b  is  a  rational  power  of  a,  say  o"^"  =  b  where  m/n  is  rational  in 
its  lowest  terms,  then  a  necessary  and  suflScient  condition  that  a  ratio 
be  obtainable  is  that  it  be  of  the  form  where  k  is  any  integer.  First 
any  ratio  will  be  of  the  type  a'b*  »  which  is  of  this  form. 

The  sufficiency  of  the  condition  follow's  from  the  fact  that  the  diophan¬ 
tine  equation  xn  +  ym  =  k  has  a  solution  in  integers  for  every  integer 
k,  if  n  and  m  are  relatively  prime. 

Automatic  Speed  Control 

$ 

An  important  part  of  the  Differential  Analyzer  control  circuit  is  the 
automatic  speed  control.  The  integrator  outputs  have  a  maximum 
speed  «,  beyond  w'hich  slippage  or  vibration  is  apt  to  occur.  To  prevent 
exceeding  this  speed,  the  independent  variable  shaft  might  be  turned 
at  such  a  speed  that  only  when  the  integrators  are  at  maximum  displace¬ 
ment  is  this  speed  attained.  However,  with  such  a  ’system  the  solution 
would  take  a  longer  time  than  necessary,  for  during  most  of  the  solution 
none  of  the  integrators  would  be  at  maximum  displacement.  The  auto¬ 
matic  speed  control  is  a  device  which  makes  the  indeiiendent  variable 
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turn  at  such  a  speed  that  the  integrator  which  is  turning  fastest  is  going 
at  the  speed  «.  By  the  use  of  some  rather  broad  assumptions  it  is  pos¬ 
sible  to  get  a  rough  estimate  of  the  time  saved  by  this  method.  The 
results  of  this  theorem  were  compared  with  several  experimental  solu¬ 
tions  and  the  error  was  in  ail  cases  less  than  7%. 

Theorem  XIII.  If  the  displacements  of  n  integrators  driven  by  the 
independent  variable  with  maximum  speed  s  and  integrating  factor  b 
are  assumed  random  with  respect  to  the  independent  variable  between 
limits  of  —a  and  H-a,  and  if  the  speed  is  limited  only  by  these  and  the 
independent  variable  x  with  a  maximum  speed  of  r,  then  the  expected 
average  speed  of  the  independent  variable  will  be: 


Proof: 


_ 1 _ 

[nab/xin  I)«]  -f  [l/r(n  -f  l)J.[(s/a6r)"] 


dx 


dt 


Where  u  is  the  maximum  value  of  x  and  t  the  time.  Now  since 

dt  *  we  have: 
dx/dt 

~  u 

X  =  — - 

dt/dx’dx 

? 

If  we  let  y  be  the  displacement  of  the  integrator  with  the  largest  dis¬ 
placement,  then  the  probability  that  this  is  between  y  and  y  dy  ia: 

n{y/ay~'  dy/a 

The  expected  number  of  revolutions  of  x  in  this  condition  will  then  be: 
dx  =  n(y/a)*~\dy/a 

If  F  ^  i/br,  the  speed  will  be  limited  by  the  independent  variable,  and 
dx/dt  will  be  r.  If  f  >  s/br  the  speed  will  be  limited  by  the  integrators 
and  dx/dt  will  be  x/yb.  For  the  first  case: 

dt  »  un/r{y/a)*~^  dy/a. 
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For  the  second  case: 


Therefore: 


dt  =  yb/mu(y/ay  ^  dy/a. 


Or 

T  ^  _ 1 _ 

nab  1  ^  *  V 

(n  +  1)«  r(n  +  1)  \abrj 

Corollary.  If  the  maximum  speed  of  the  independent  variable  be 
made  infinite,  the  solution  time  will  be  reduced  in  the  ratio  of  n/(n  +  1) 
to  what  it  would  be  if  x  were  given  a  fixed  speed  v  =  a/ab  so  that  at 
maximum  displacement  the  integrators  just  reached  the  maximum 
allowable  speed. 

This  follows  from  the  general  expression  by  allowing  r  to  approach 
infinity. 
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TRAJECTORIES  OF  MONOENERGETIC  ELECTRONS,  IN  AN 
ARBITRARY  STATIC  ELECTROMAGNETIC  FIELD,  IN 
THE  NEIGHBORHOOD  OF  A  GIVEN  TRAJECTORY* 

Br  L.  A.  MacColl 
1.  Introduction 

Much  of  the  existing  theory  of  electron  optics  is  concerned  with  the 
study  of  the  trajectories  in  the  neighborhood  of  the  axis  of  a  static 
axially  symmetric  electromagnetic  field/  In  the  present  paper  this 
theory  is  generalized,  in  that  we  consider  electrons  moving  with  fixed 
total  energy  E  in  an  arbitrary  static  electromagnetic  field,  and  we  study 
the  trajectories  in  the  neighborhood  of  an  arbitrary  trajectory  To . 
Specifically,  we  investigate  the  various  types  of  images  which  can  be 
formed,  the  conditions  for  their  formation,  the  various  types  of  distor¬ 
tion  to  which  the  images  are  subject,  etc.  This  general  problem  seems 
to  have  been  discussed  on  only  one  previous  occasion,  and  then  with 
but  little  overlapping  of  the  discussion  given  here.* 

We  confine  our  attention  to  “first  order  effects,”  in  the  sense  that  cer¬ 
tain  distances,  which  characterize  the  departures  of  the  trajectories 
under  consideration  from  the  basic  trajectory  To ,  are  assumed  to  be 
so  small  that  their  squares  and  products  can  be  neglected.  Thus  our 
considerations  have  nothing  in  common  with  those  parts  of  the  ordinary 
optical  and  electron-optical  theories  which  deal  with  defects  of  the 
images. 

Although  most  of  the  discussion  is  carried  on  in  terms  of  trajectories 
of  electrons,  it  will  be  apparent  that  most  of  the  theory  is  equally  ap¬ 
plicable  to  other  cases  of  motion  of  particles  in  fields  of  force,  to  ordinary 
(photon-)  optics,  and  to  various  problems  in  pure  mathematics. 

2.  A  special  coordinate  system  associated  with  To 

It  is  assumed  that  the  portion  of  To  under  consideration  is  an  analytic 
arc,  having  no  singular  points,  and  having  no  points  in  common  with 
the  surface  represented  by  the  equation  E  —  F  =  0,  where  V  is  the 

*  Publication  financed  in  part  by  Bell  Telephone  Laboratories. 

‘  See,  for  instance,  Johannes  Picht,  EinfQhrung  in  die  Theorie  der  Elektron- 
enoptik,  Leipzig,  1939. 

*  M.  Cotte,  Annales  de  physique,  series  11,  tome  10  (1938),  pp.  333-406. 
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potential  energy  function  of  the  held.*  It  is  also  assumed  that  To  has 
a  uniquely  defined  principal  normal  at  every  point  of  the  arc.  The 
theory  can  be  extended  to  such  cases,  in  which  these  assumptions  are 
not  all  satisfied,  as  are  of  physical  importance  by  means  of  fairly  obvious 
supplementary  conventions. 

Let  O  be  an  arbitrarily  chosen  fixed  point  on  To . 

Consider  a  point  P,  which  may  be  on  To  or  not.  If  P  is  not  too 
remote  from  To ,  there  is  associated  with  P  a  unique  point  Q  on  To, 
such  that  the  distance  PQ  is  an  absolute  minimum.  We  confine  our 
attention  to  points  P  such  that  the  associated  points  Q  are  uniquely 
defined. 

Let  <r  denote  the  arc  length  of  To  from  0  to  Q,  <r  being  reckoned 
positive  or  negative  according  as  motion  along  To  from  O  to  Q  agrees 
or  disagrees  in  sense  with  the  motion  of  the  electrons. 

P  lies  in  the  normal  plane  11  of  To  at  Q.  In  n  we  have  the  principal 
normal  and  the  binormal  of  To  at  Q.  We  assign  positive  directions  on 
these  normals,  and  on  the  tangent,  in  the  usual  way,  so  that  the  tangent, 
principal  normal,  and  binormal  form  a  right-handed  system  of  axes. 
We  employ  the  normals,  thus  sensed,  as  the  axes  of  a  rectangular  co¬ 
ordinate  system  in  n,  the  principal  normal  being  the  (-axis,  and  the 
binormal  being  the  i^axis.  Let  ((,  rf)  be  the  coordinates  of  P  in  this 
system. 

Then  we  take  (<r,  (,  ij)  as  the  spacial  coordinates  of  P.  This  co¬ 
ordinate  system  is  adequate  for  the  unambiguous  representation  of  all 
points  which  are  not  too  remote  from  To . 

A  simple  and  straightforward  calculation  shows  that  the  differential 
distance  ds  between  the  points  (a,  (,  17)  and  (a  -f-  da,  (  +  d(,  »?  +  dif) 
is  given  by  the  formula 

ds*  =  [(1  —  (p~‘)*  4-  ((*  +  i7*)T”*]d<r*  4-  d(*  +  dri* 

—  2ijt~*  dff  (f(  -|-  2^t~*  da  dif,  (1) 
where  p  and  t,  respectively,  denote  the  radius  of  curvature  and  the 
radius  of  torsion  of  To  at  the  point  {a,  0,  0). 

3.  The  system  of  differential  equations  defining  the  aggregate  of 
trajectories  in  the  neighborhood  of  To 

The  system  of  differential  equations  defining  the  totality  of  trajec¬ 
tories  of  electrons  moving  with  energy  E  can  be  obtained  from  the 
principle  of  least  action 

*  The  latter  condition  is  stated  for  the  case  in  which  we  are  employing  classical 
dynamics.  If  we  are  using  relativistic  dynamics,  the  surface  in  question  is 
represented  by  the  equation  (E  —  V)*  —  mjc‘  —  0. 
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where  the  ^’s  are,  except  for  a  common  constant  factor,  the  components 
of  the  covariant  vector  potential  of  the  electromagnetic  held.  $  is  a 
function  of  a,  r/  which  has  different  forms  depending  upon  whether 
we  are  emplo3dng  classical  dynamics  or  relativistic  djmamics.  In  the 
hrst  case 

(E  -  Vy'; 

in  the  second  case 

^=[iE-  F)*  -  micT\ 

where  mo  is  the  rest-mass  of  an  electron,  and  c  is  the  speed  of  light. 

We  shall  not  carry  out  the  actual  computations  here;*  but  it  can  be 
seen  without  difficulty  that  if  we  confine  our  attention  to  trajectories 
for  which  none  of  the  variables  ri,  d^/da,  dri/do  becomes  too  large, 
the  system  of  differential  equations  can  be  written  in  the  form 

+  aui<T)Ti”  -f  au(<r)ij'  + 

-H  (terms  of  higher  degree  in  ij,  ij')  =  0, 

+  «a(<r)('  -f-  au(<r)(  +  au(v)ri"  *t"  oiui<r)v'  +  att(<r)ij 

+  (terms  of  higher  degree  in  f,  v,  v')  —  0, 

where  the  primes  denote  'differentiation  with  respect  to  <r.  Since  To  is 
itself  a  trajectory,  the  equations  contain  no  terms  independent  of 
(,  Ti,  and  their  derivatives. 

Because  the  arc  of  To  under  consideration  contains  no  point  of  the 
surface  £  —  F  =  0,*  »*  trajectories  pass  through  each  point  on  To, 
or  sufficiently  near  to  To .  In  particular,  au(ff)as4(ff)  —  ai4(<»’)aji(<r) 
does  not  vanish  for  any  of  the  values  of  <7  under  consideration. 

We  say  that  a  trajectory  (more  strictly,  an  arc  of  a  trajectory)  lies 
in  the  neighborhood  of  To  if,  and  only  if,  for  it  the  variables  (,  ij, 
are  all  so  small  that  terms  of  the  second  degree  in  these  variable  are 
negligible  in  comparison  with  terms  of  the  first  degree.  We  shall  con¬ 
fine  our  attention  to  trajectories  lying  in  the  neighborhood  of  To ,  and 
hence  we  shall  be  concerned  with  the  system  of  differential  equations 

on(tr)("  -b  au((r)('  -|-  au(0^)(  +  au(<r)i>"  -|-  au(<r)ti'  +  au(<r)i}  =*  0,1 

1  (3) 

+  aji((r){'  -|-  au(<r)i  +  otui<r)fl''  +  aui<r)fi'  +  atio(ff)ii  =  O.J 

*  The  calculations  are  given  in  considerable  detail,  in  terms  of  somewhat 
different  coordinates,  by  Cotte  in  the  paper  cited. 
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Any  trajectory  in  the  neighborhood  of  To  is  represented  approximately 
by  a  solution  of  equations  (3) ;  and,  conversely,  any  solution  of  equations 
(3),  for  which  tj,  ri'  are  all  small,  represents  approximately  a  trajec¬ 
tory  in  the  neighborhood  of  To . 

In  the  following,  to  avoid  awkward  and  tedious  circumlocutions,  we 
shall  carry  on  the  discussion  as  though  the  system  of  equations  (3)  were 
strictly  correct.  It  must  be  remembered,  however,  that  the  equations 
are  only  approximations  to  the  correct  equations  (2),  and  that  the  con¬ 
clusions  arrived  at  may  be  only  approximately  true  as  regards  the 
actual  trajectories.  The  determination  of  the  nature  of  the  errors 
caused  by  the  substitution  of  equations  (3)  for  equations  (2)  is  com¬ 
plicated  and  difficult,  and  will  not  be  considered  here.*  Briefly,  the 
errors  are  of  the  kind  which  arise  in  ordinary  optical  work  when  we 
neglect  such  quantities  as  squares  and  products  of  the  angles  between 
the  axis  of  the  instrument  and  the  rays  of  light. 

The  system  of  equations  (3)  is  a  system  of  homogeneous  linear  equa¬ 
tions  of  the  fourth  order.  Consequently,  if 

{  =  (  =  ^(<r) 

V  =  V  = 

are  four  independent  particular  solutions  of  the  equations,  the  general 
solution  is 


V  =  V  =  hi<r)\ 


{  =  Ci(pi{<r)  -|-  Cvfitia)  -f  ] 

f  (4) 

V  =  C'i^i(<r)  -1-  -|-  j 

where  the  C’s  are  arbitrary  constants.  In  accordance  with  what  has 
been  said  above,  we  are  really  interested  only  in  solutions  for  which 
all  of  the  C’s  are  small. 


4.  Trajectories  joining  two  given  points 

Consider  a  point  Pr.(<ri ,  ,  iji)  in  the  plane  <r  =  ai ,  and  a  point 
Pi’ivi ,  m)  in  the  plane  <r  =  ai  >  aj  .*  We  ask  if  there  are  any 
trajectories  joining  these  two  points,  and  if  so,  how  many. 

A  trajectory  (4)  joins  the  two  points  if,  and  only  if,  the  constants  Cn 
satisfy  the  equations 

*  Cotte  gives  some  discussion  of  these  errors  in  the  paper  cited. 

*  Of  course,  it  is  assumed  that  ,  si  >  {t  >  <?t  are  small. 
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Cvfiu  +  Cvpn  -|-  Ct/pi\  +  C«^4i 

Ci^u  -f-  Ct^i  +  Ct4>n  + 

C\<pm  +  Cvpn  +  Cypn  +  C¥P4t 

C\^a  +  Ci^  +  Ctfl^n  "f-  C4^4i 

where  (pni  =  =  ^ni<ri),  Vns  =  <Pni(ri),  ina  =  Hence 

the  answers  to  the  above  questions  depend  upon  the  properties  of  the 
system  of  equations  (5),  regarded  as  a  system  of  algebraic  equations  in 
the  unknowns  Cn  • 

The  properties  of  the  system  of  equations  (5)  depend  essentially  on 
the  rank  of  the  matrix 

Vii  *eti  ifiti 

i 

j|  ^11  ^11  hi 

ij  ^  <f>n  <f>n 

1 1 

This  rank  is  independent  of  the  choice  of  the  set  of  fundamental  solu¬ 
tions  of  the  differential  equations,  and  can  only  be  4,  3,  or  2/  We 
shall  discuss  these  cases  in  turn. 

5.  Case  1:  rank  of  M  =  A 

In  the  case  in  which  the  rank  of  M  is  four,  no  matter  what  the  values 
of  loay  be,  there  is  one  and  only  one  set  of  C’s  satisfying 

equations  (5).  Thus,  given  any  point  Pi  near  To  in  the  plane  a  =  ai , 

and  any  point  P*  near  To  in  the  plane  a  =  at ,  there  is  just  one  trajec¬ 

tory,  in  the  neighborhood  of  To ,  joining  the  two  points.  Through  the 
point  Pi  (or  Pj)  there  pass  in  all  «*  trajectories  in  the  neighborhood 
To .  These  trajectories  intersect  the  plane  a  =  at  (or  a  =  ai)  in  points 
which,  in  their  totality,  form  a  two-dimensional  region. 

6.  Case  2:  rank  of  Af  =  3 

Now  consider  the  case  in  which  the  rank  of  M  is  three. 

We  denote  the  left-hand  members  of  equations  (6),  regarded  as  func- 

’  The  statements  are  justified  briefly  by  the  fact  (brought  out  gradually  in 
the  course  of  the  subsequent  discussion)  that  each  of  the  possible  ranks  of  Af 
has  characteristic  geometrical  consequences  which  are  obviously  independent  of 
the  choice  of  the  fundamental  solutions. 
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tions  of  the  C’s,  by  the  symbols  Li ,  Lt ,  Li ,  Lt ,  respectively.  The  rank 
of  the  matrix  being  three,  we  know  that  there  exist  multipliers  ni ,  m , 
m,  m,  which  are  not  all  zero,  and  which  are  functions  of  <ti  and  at , 
but  not  of  the  C’s,  such  that  we  have  identically 

niLi  +  fitLt  +  utLt  -f-  fuLi  =  0. 

Moreover,  there  is  no  other  such  linear  relation  between  the  L’s  which 
is  independent  of  this. 

This  being  so,  a  necessary  and  sufficient  condition  for  the  existence 
of  a  set  of  C’s  satisfying  equations  (5)  is  that  ,  m  ,  ^  ,  Vt  shall  satisfy 
the  relation 

Miii  +  fiiVi  +  =  0.  (6) 

If  this  condition  is  satisfied,  the  system  of  equations  (5)  has  an  infinity 
of  particular  solutions,  and  the  general  solution  of  the  system  contains 
one  arbitrary  constant. 

If  and  i;i  are  assigned  fixed  values,  equation  (6)  represents  a  straight 
line  in  the  plane  a  =  a*.*  Thus,  to  the  p)oint  Pi  in  the  plane  a  =  ai 
there  corresponds  a  straight  line  k  in  the  plane  a  =  a* .  If  Pi  is  on 
It ,  there  are  « *  trajectories  passing  through  Pi  and  Pi ,  and  lying  in 
the  neighborhood  of  To .  If  Pi  is  not  on  U  ,  there  is  no  trajectory,  in 
the  neighborhood  of  To ,  joining  Pi  and  Pi . 

Again,  if  (i  and  in  are  assigned  fixed  values,  equation  (6)  represents 
a  straight  line  in  the  plane  a  =  ai  .  Thus,  to  the  point  Pi  in  the  plane 
a  =  ai  there  corresponds  a  straight  line  h  in  the  plane  a  =  ai .  If  Pi 
is  on  h  ,  there  are  <»  *  trajectories  passing  through  Pi  and  Pi ,  and  lying 
in  the  neighborhood  of  To .  If  Pi  is  not  on  h  ,  there  is  no  trajectory, 
in  the  neighborhood  of  To ,  joining  Pi  and  Pi . 

To  each  point  Pi  in  the  plane  a  =*  ai  there  corresponds  a  line  k  in 
the  plane  a  =  ai ,  and  in  general  to  different  points  there  correspond 
different  lines.  However,  we  see  that  all  of  these  lines  are  parallel,  the 
common  direction  of  t^e  lines  being  determined  by  the  ratio  of  nt  and  • 

Now  let  a  be  an  arbitrary  small  constant.  To  any  point  Pi  of  the 
line 

"I"  Mi’ll  =  Q  (”) 

there  corresponds  the  line 

f|«Mt&  +  “  “<*•  (8) 

*  It  is  easily  seen  that  equation  (6)  must  contain  effectively  at  least  one  of 
the  variables  of  each  of  the  sets  ((i  ,  ni).  ({t  >  St)- 
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The  line  h  is  intersected  by  « *  trajectories  in  the  neighborhood  of  To , 
ao*  of  the  trajectories  passing  through  each  point  Pi  which  is  near  To . 
The  00*  trajectories  which  pass  through  any  particular  point  Pi  all 
intersect  the  line  U,  '  of  the  trajectories  passing  through  each  point 
Pi  (near  To)  of  It .  Thus,  the  oo  *  trajectories,  in  the  neighborhood  of 
To ,  which  intersect  the  line  li  all  intersect  the  line  It,  oo*  of  the  trajec¬ 
tories  passing  through  each  point  Pt  near  To .  That  is,  to  the  line 
focus  h  in  the  plane  a  =  ai  there  corresponds  the  line  focus  It  in  the 
plane  a  =  <Ti. 

There  are  oo*  lines  of  the  family  (7),  the  different  lines  corresponding 
to  different  values  of  the  parameter  o.  These  lines  are  all  parallel.  To 
each  of  these  lines  there  corresponds  a  different  image  in  the  plane 
a  =  at ,  the  image  being  the  corresponding  line  It  of  the  family  (8). 
All  of  these  image  lines  are  parallel. 

Of  all  the  lines  in  the  plane  <r  =  ai  which  pass  near  To ,  only  those  of 
the  family  (7)  have  images  in  the  plane  o  =  at .  In  fact,  consider  any 
such  line  li  in  the  plane  a  —  <ti  which  does  not  belong  to  the  family  (7). 
It  is  easily  seen  that  the  oo*  trajectories,  in  the  neighborhood  of  To, 
which  intersect  li  intersect  the  plane  a  =  aj  in  points  which,  in  their 
totality,  form  a  two-dimensional  region. 

Let  o'  be  a  small  constant  different  from  a.  We  consider  the  line  (7) 
and  its  image  (8),  and  also  the  line 

h  >  Miii  +  =  O'' 

and  its  image 

It  •  Miii  +  =  —o'. 

The  distance  from  the  line  h  to  the  line  l[  is  (o'  —  o)(Mi  4-  and 

the  distance  from  the  line  U  to  the  line  I't  is  —(o'  —  o)(/iJ  -|-  m*)”*^*» 
Hence,  it  is  appropriate  to  consider  —  (/xj  -|-  Mt)'^*(Mi  +  m*)”*^*  as  the 
magnification  of  the  image  with  respect  to  the  object. 

Let  us  suppose,  in  order  to  make  some  parts  of  the  preceding  dis¬ 
cussion  more  explicit,  that  the  fundamental  solutions  are  determined 
by  the  special  initial  conditions 

<Pi{a\)  =  1,  ^\{oi)  “  ¥>i(<ri)  =  ^((oi)  =  0, 

^i(<ri)  =  1,  ipiioi)  =  ^(ffi)  =  ^i(<rj)  =  0, 

V>i(<^i)  =  1,  ^(<ri)  =  =  0, 

=  1,  ^4(<ri)  ==  ^4(01)  =  ^4(<^i)  =  0-j 


(9) 
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Then  the  condition  that  M  be  of  rank  three  is  that  we  have  the  equation 
<f>n4'n  —  =  0,  (10) 

and  that  <f>xi ,  ,  <pu  ,  are  not  all  zero.’  We  have  the  identities 

Ii  *  C, ,  1 

Lt  m  Ct , 

Lt  s  ^uCi  +  tpt^t  +  , 

Li  *  ^aCi  +  ^Ci  +  \lfnCt  +  il^4aCi',j 
and  it  readily  follows  from  (10)  and  (11)  that  we  can  set 
Ml  =  —  ^42^u  >  M*  “  ~  <Po^n  ,  tii  ^  —^a  ,  Mi  =  <fa  i 

or 

Ml  =  —  fPn'i'vi ,  M2  =  ~  <Pn^n  ,  Mi  =  ,  Mi  =  ^  , 

employing  a  set  of  n'a  which  are  not  all  zero. 

•  7.  Case  3:  rank  of  M  =  2 

Now  consider  the  case  in  which  the  rank  of  M  is  two. 

In  this  case  there  exist  multipliers  Mmn ,  which  are  functions  of  ai 
and  at ,  but  not  of  the  C’s,  such  that  we  have  the  two  independent 
identities 

Mii^i  fiuLt  +  fiuLt  fiuLt  ™  0, 

Mnl/i  +  M22^  +  miLt  +  M24^i  “  0. 

Moreover,  there  is  no  other  linear  homogeneous  relation  between  the 
L’a  which  is  independent  of  the  above. 

A  necessary  and  sufficient  condition  for  the  existence  of  a  set  of  C’s 
satisfying  equations  (5)  is  that  {i ,  ifi ,  ^  ,  and  172  shall  satisfy  the  two 
relations 


Mii{i  +  MuiJi  +  Mii$2  +  M11’?2  =  0, 
M2i{i  "I"  M22171  +  Mail  +  Mii’?2  =  0. 


(12) 


If  this  condition  is  satisfied,  the  system  of  equations  (5)  has  an  infinity 
of  particular  solutions,  and  the  general  solution  contains  two  arbitrary 
constants. 


We  note  that  this  condition  has  an  obvious  geometrical  interpretation. 
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If  and  i;i  are  assigned  any  fixed  values,  the  equations  (12)  determine 
unique  values  of  (s  and  !  and  if  any  fixed  values  are  assigned  to  ^ 
and  ih  ,  the  equations  determine  unique  values  of  and  iji.  Thus, 
to  each  point  Pi  in  the  plane  <r  =  ai  there  corresponds  a  unique  point 
Pi  in  the  plane  <r  =  a* ,  and  conversely.  If  Pi  and  P*  are  a  pair  of 
corresponding  points  near  To ,  all  of  the  trajectories  in  the  neighborhood 
of  To  which  pass  through  one  of  the  points  pass  also  through  the  other. 
We  have  a  point-to-point  image  of  a  two-dimensional  region  of  the  one 
.  plane  upon  a  two-dimensional  region  of  the  other. 

Since  the  equations  (12)  are  linear  and  homogeneous  in  the  {’s  and 
the  ij’s,  the  correspondence  between  the  planes  a  —  <ri  and  <r  =  at  is  a 
centered  affine  point  transformation.  Hence,  in  order  to  determine 
the  geometrical  properties  of  the  transformation,  it  is  only  necessar>'  to 
determine  the  transforms  of  the  points  (<ri ,  e,  0)  and  (ffi ,  0,  «),  where  e 
is  a  small  positive  constant. 

If  we  write 

MuMm  —  M14M11  =  t  MttMii  ~  MiiMM  “  ^  > 

MuMu  —  =  •Dj  ,  MiiMts  ~  MuMu  =  •D4 , 

MuMm  “  M14MM  —  Do  , 

the  transform  of  the  point  (<ri ,  t,  0)  has  the  coordinates 

(t  —  —eDi/Do,  Vi  =5  —tDi/Do,  (13) 

and  the  transform  of  the  point  (ai ,  0,  c)  has  the  coordinates 

(t  =  —tDi/Do,  tjj  =  —  tDo/Do .  (14) 

The  length  of  the  vector  (in  the  plane  a  =  aj)  whose  components  are 
given  by  equations  (13)  is 

A,  =  « 1  Z)o  \-\D'i  +  Diy', 

the  length  of  the  vector  whose  components  are  given  by  equations  (14)  is 

A,  =  €  I  Do  r‘(D*,  -H 


and  the  angle  6  between  the  vectors  is  given  by  the  formula 


cos  6  = 


DiDi  -|-  D2D4 


((D?  -I-  D\)iD\  -H  D!)r' 


'*  If  the  determinant  miimii  ~  miimii  were  zero,  the  only  trajectories  in  the 
neighborhood  of  To  intersecting  the  plane  «  —  vi  would  intersect  that  plane  in 
a  certain  straight  line,  which  is  not  the  case.  The  assumption  —  mi«mm  "■  0 
leads  to  a  similar  contradiction. 
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In  general,  the  image  is  rotated,  magnified,  and  distorted,  with  resp>ect 
to  the  object.  The  distortion  is  obviously  characterized  by  the  angle  6 
and  by  the  ratio  Ai/A* .  If,  and  only  if,  cos  6  is  zero  and  Ai/A*  is  unity, 
there  is  no  distortion. 

The  (areal)  magnification  is  represented  by  €~*  times  the  vector 
product  of  the  vectors  (13)  and  (14),  in  that  order.  Thus  the  magnifica¬ 
tion  is 

Do*iDiDt  —  DiDi). 

(Since  we  are  concerned  only  with  vectors  lying  in  a  particular  plane, 
the  vector  product  is  treated  here  as  a  mere  scalar.) 

If  we  employ  the  fundamental  solutions  defined  by  the  conditions  (9), 
the  condition  that  3f  be  of  rank  two  readily  reduces  to  the  following 
form 

=  0. 

The  geometrical  meaning  of  this  is  obvious.  Also,  when  we  employ 
these  fundamental  solutions  we  have  the  identities 

Li  ^  Cl ,  Lt  =  Ci  ,  Lt  =  ipaCi  +  <PnCt ,  s  ^aCi  +  ^laCi , 

so  that  we  can  set  * 

Mil  =  »  Mit  =  •Ptt  t  Mis  =  ~  1  >  Mi4  =  0, 

M*i  =  ^it,  MM  =  »  MM  =  0,  MM  =  —  1- 


8.  Objects  and  images  in  three  dimensions 


So  far  we  have  been  considering  objects  lying  in  a  particular  object 
plane  <r  =  const.  Now  we  are  going  to  consider  objects  which  do  not 
satisfy  this  condition.  It  will  be  convenient  to  use  <ri  and  at  as  variables, 
and  to  denote  the  particular  values  of  these  variables  which  we  have 
been  considering  by  the  symbols  aio  and  ato ,  respectively. 

Let  us  denote  the  determinant  of  the  matrix  M  by  the  symbol 
A(ffi ,  at). 

In  Case  1,  A(ffio ,  a»)  is  not  zero;  and  hence  we  see,  by  considerations 
of  continuity,  that  M  is  of  rank  four  for  all  pairs  of  values  of  ai  and  at 
such  that  the  value  of  ai  is  suflBciently  near  <tio  and  the  value  of  at  is 
suflSciently  near  am  •  Therefore,  we  have  the  phenomena  described  in  §5 
for  any  such  pair  of  values. 

In  Case  2,  an  is  a  root  of  the  equation 


A(ffio ,  at)  =  0, 


(15) 
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and  is  not  a  root  of  at  least  one  of  the  equations 

I  ~  6»  (^f  ^  “  ff  2j  3|  4), 

where  the  symbols  ,  <rj)  denote  the  several  third-order  minors  of 

the  determinant  A((ri ,  <ri). 

In  exceptional  cases  an  may  conceivably  be  a  multiple  root  of  equa¬ 
tion  (15),  and  then  we  have  a  rather  complicated  situation  which  we 
shall  not  investigate  here.  In  general,  however,  an  is  a  simple  root 
of  (15);  and  in  this  case,  if  a|o  is  a  real  value  of  ai  sufficiently  near  aw  , 
the  equation 

A(a(o  ,  a*)  =  0 

has  a  simple  real  root  an  near  an ,  and  at  least  one  of  the  expressions 
^mm(<rio ,  (Tio)  is  not  zero."  Hence,  in  this  case,  to  each  plane  a  =  a|o 
in  the  neighborhood  of  the  plane  a  =  aw  there  corresponds  a  plane 
a  =  an  in  the  neighborhood  of  the  plane  a  =  an ,  such  that  for  the 
planes  a  =  aw  and  a  =  an ,  we  have  the  phenomena  described  in  §6. 
Thus,  there  is  a  congruence  of  straight  lines  in  the  object  space  (the 
neighborhood  of  the  point  (aw  ,  0,  0))  which  is  imaged  line-to-line  on  a 
congruence  of  straight  lines  in  the  image  space  (the  neighborhood  of 
the  point  (an  ,  0,  0)).  Also,  it  is  readily  seen  that  no  line  in  the  object 
space  not  belonging  to  the  first  congruence  has  a  line  image  in  the 
image  space. 

The  mapping  of  the  onte  congruence  upon  the  other  deserves  to  be 
studied  in  detail;  but  that  study  will  not  be  undertaken  here. 

In  dealing  with  the  case  in  which  Af  is  of  rank  two  for  ai  =  aw  and 
(Ti  =  an ,  we  shall  employ  the  solutions  determined  by  the  initial 
conditions  (9),  where,  however,  ai  is  now  a  variable  parameter  instead 
of  a  constant.  Since  the  functions  ^(a),  ^i(a),  •  •  •  ,  ^4(a),  ^4(<r)  depend 
upon  the  parameter  ai ,  we  shall  denote  them  henceforth  by  the  sym¬ 
bols  ^i(ai ,  a),  ^i(ai ,  a),  •  •  •  ,  ^>4(^1 ,  ff),  ^4(<ri ,  a). 

In  this  case  an  is  a  root  of  each  of  the  equations 

^(<ri ,  <rj)  =  0,  fi(ai ,  a*)  =  0,  ^i(<ri ,  ai)  =  0,  ^4(<ri ,  a*)  =  0,  (16) 

for  ai  =  aw .  There  are  several  conceivable  special  cases  to  be  con¬ 
sidered.  These  can  all  be  treated  along  the  same  lines,  and  we  shall 
discuss  only  a  few  of  them  explicitly.  In  particular,  we  shall  suppose 

“  It  is  easily  seen  that  A(ai  ,  aw)  cannot  vanish  for  all  values  of  ai  near  aw  . 
Briefly,  if  it  did,  the  00*  trajectories  passing  through  a  certain  line  in  the  plane 
a  ~  aw  would  all  lie  on  a  certain  surface  in  the  neighborhood  of  the  point  (aw  , 
0, 0),  whereas  no  surface  can  contain  more  than  trajectories. 
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for  the  time  being  that  no  one  of  the  functions  tptioi ,  (tk),  ,  vta), 

,  <r»),  t  <^*o)  vanishes  for  all  values  of  <ri  near  <rio . 

Conceivably,  am  may  be  a  multiple  root  of  one  or  more  of  equations 
(16)  for  <r  —  ffio,  and  if  this  is  so,  we  have  a  complicated  situation 
which  we  shall  not  examine.  In  general,  however,  <rio  is  a  simple  root 
of  each  equation  for  a  =  cw  ;  and  if  is  any  real  value  of  <ri  near  <rio , 
each  of  the  equations 

,  <^i)  *  0,  ^i(<r|o ,  ff*)  =  0,  iptia'io ,  fft)  =  0,  ^4(^10 ,  ffi)  =  0 

has  a  simple  real  root  near  (m  .  Let  <rto ,  <rio ,  ^so  ,  <rio  denote  these  roots 
of  the  respective  equations.  We  shall  discuss  the  two  extreme  cases, 
namely:  (A)  the  most  general  case,  in  which  the  four  roots  are  distinct; 
and  (B)  the  most  special  case,  in  which  the  four  roots  coincide. 

A.  It  is  easily  seen  that  if  the  four  roots  <rn  ,  ota ,  (tm,  <ril  are  distinct, 
no  point  in  the  plane  a  =  a[o  and  near  To  has  a  point  image  near  To 
and  near  the  plane  tr  =  vm  .  However,  since  an  is  a  root,  and  in  fact 
at  least  a  double  root  of  the  equation 

,  <Tt)i*ioio  ,  <rj)  —  ^4(<rio  ,  <rt)if>»{oio  ,  ot)  =  0, 

the  equation 

,  ffijiiia'io ,  <rt)  —  ipi{a[o ,  <n)'ii%{a[o  ,  <rj)  =  0  (17) 

may  have  certain  real  solutions  near  <rio .  If  aio  is  such  a  solution,  we 
have,  for  the  planes  a  =  <t[o  ,  and  0  =  900,  the  phenomena  described 
in  §6.  If  equation  (17)  has  no  real  solutions  near  oto ,  no  line  in  the 
plane  o  =  o'lo  has  an  image  in  the  image  space. 

B,  If  the  four  roots  coincide,  we  have,  for  the  planes  o  =  <rio  and 
o  =  oio,  the  phenomena  described  in  §7.  The  most  important  case  is 
that  in  which  the  four  roots  coincide  for  all  values  o[o  near  aio ,  for  in 
this  case  an  entire  three-dimensional  neighborhood  of  the  point  (vio ,  0, 0) 
is  imaged  point-to-point  on  a  three-dimensional  neighborhood  of  the 
point  (ffto ,  0,  0).  Th^  remainder  of  the  paper  will  be  devoted  to  some 
further  consideration  of  this  case. 

Let  Pi'.ioi ,  {1 ,  in)  and  P[ :  (oi  +  doi ,  {1  -1-  ,  iji  +  diji)  be  any  two 

neighboring  points  of  the  object  space,  and  let  Pt'iot,  {1,  in)  and 
Pt'(ot  +  dot ,  ^  ,  tit  +  dm)  be  the  corresponding  points  of  the 

image  space.  By  (1),  the  distance  d«j  between  Pi  and  P[  is  given  by 
the  formula 

“  I(I  ~  iiPi*)*  +  ({*  ’fi)’’!*!  da*  +  d{i  -|-  diji 

—  2inTr‘  doid^i  +  2{iTr*  doi  dm  , 
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where  pi  and  ti  ,  respectively,  denote  the  radius  of  curvature  and  the 
radius  of  torsion  of  To  at  the  point  (ai ,  0,  0).  In  accordance  with  our 
procedure  in  the  preceding  sections,  we  assume  that  and  rii  are  so 
small  that  terms  of  the  second  degree  in  these  coordinates  are  negligible 
in  comparison  with  terms  of  the  first  degree.  Hence,  we  have  approxi¬ 
mately: 

dsl  =  (1  —  2fipr*)  da\  -t-  dfj  -|-  dijJ  —  2?7iTr‘  d<n  d^i 

+  2firi  *  d<Ti  drii .  (18) 

Similarly,  to  the  same  approximation,  the  distance  dst  between  Pt  and 
Pt  is  given  by  the  formula 

ds\  =  (1  —  2{sPi*)do’i  +  -}-  dijj  —  2ritTj^  dfftd^  +  2$jTj’*  dff*  dij* , 

where  pi  and  rt  denote  the  radius  of  curvature  and  the  radius  of  torsion 
of  To  at  (fft ,  0,  0). 

Now  we  have  the  equations 

ffi  »  /(ffi),  1 

$1  =  f /(o’Olni  ^  ^  (19) 

ijj  =  4>\[>ri  ,/(ffi)]{i  +  ,/(ffi)l’Ii  *  ^i(»'i)|i  +  'i'*(ffi)»7i  ,J 

where  the  first  equation  represents  the  solution  under  consideration  of 
the  system  (16).  It  follows  that  we  have  the  relations 

dot  «  /'(ffi)  dai , 

=  ['I>i(<ri){i  +  4'»(ffi)ni]  dai  -f  $i(<ri)  -f  4>i(<ri)  diji ,  ►  (20) 
dru  ■*  [^i(«'i)fi  +  ^i(<ri)i>i]  da\  -|-  ♦i(ffi)  d{i  +  ’i'i(o’i)  diji . 

Using  (19)  and  (20),  we  can  at  once  reduce  the  above  formula  for  dai 
to  the  form 

d«i  =  Qu  da\  +  gn  df*  +  gu  drii  -|-  2gu  d<r\  d{i  -f  2gu  d<x\  diji 

+  2flta  d{i  diji ,  (21) 

where  the  g’s  are  certain  easily  calculated  functions  of  (n ,  ,  in  ,  which 

we  do  not  need  to  exhibit  explicitly.” 

The  geometrical  properties  of  the  mapping  of  the  object  space  on  the 

Naturally,  in  the  calculation  of  the  g’n  we  ignore  terms  of  the  second  and 
higher  degrees  in  and  m  . 
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image  space  are  determined  in  a  familiar  manner  by  the  pair  of  formulae 
(18)  and  (21).  We  shall  not  discuss  this  in  detail,  but  instead  shall 
merely  state,  without  proof,  a  few  of  the  more  important  facts  which 
are  not  already  covered  in  the  preceding  work. 

Suppose  that  =  diji  =  0.  Then  we  have,  to  within  terms  of  the 
second  degree  in  and  rii , 

j-  = /XiTi)  [1  +  (pi  *  —  pi*^i)ii  — 
dSi 

Consider  the  four  points 

Pi’iffi ,  I  m)t  da\ ,  ,  111), 

i  (ffi ,  ,  vi)t  Pi'‘(<^i ,  (i ,  Vi  ~h  dtii), 

in  the  object  space.  We  find  that,  to  within  terms  of  the  second  degree 
in  and  iji ,  the  cosine  of  the  angle  P[PiPi  is  —  ijiri"*  and  the  cosine 
of  the  image  of  this  angle  is 

r‘(‘l>?  +  +  (<l>i«l*i  +  + 

Similarly,  to  the  same  approximation,  the  cosine  of  the  angle  P[PiPi' 
is  and  the  cosine  of  the  image  of  this  angle  is 

1/  \~\*\  +  +' 

+  (4>j^>j  +  ^j^*)iji]. 

In  the  common  case  in  which  To  is  the  axis  of  an  axially  symmetric 
electrostatic  field,  we  have** 

iptivi ,  at)  as  ^4(ffi  ,  at),  i»i<H  ,  trt)  *  0,  iptiai ,  at)  *  0, 

SO  the  system  of  equations  (16)  is  effectively  equivalent  to  the  single 
equation  <pti<Ti ,  <rj)  =<  0.  Hence,  except  perhaps  in  very  exceptional 
cases,  if  such  a  system  images  a  particular  object  plane  point-to-point 
on  an  image  plane,  it  images  an  entire  three-dimensional  object  space 
point-to-point  on  a  three-dimensional  image  space.  Most  of  the  elec¬ 
tron-optical  systems  in  common  use  possess  the  same  property,  but 
apparently  no  radically  different  systems  having  the  property  are  known. 
On  the  other  hand,  in  ordinary  (photon-)  optics  we  know  a  variety  of 

'*  Of  course,  in  order  to  treat  this  case  by  means  of  the  present  theory,  the 
definitions  in  $2  must  be  supplemented  by  certain  obvious  conventions. 
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systems  possessing  the  property  that  all  rays  which  pass  through  an 
arbitrary  point  P\  pass  also  through  a  corresponding  point  Pj .  These 
are  the  so-called  absolute  optical  instruments.**  The  simplest  of  them 
(aside  from  combinations  of  plane  mirrors)  is  Maxwell’s  “fish’s  eye,” 
which  consists  of  an  isotropic  medium  with  the  index  of  refraction 
n  =  (noa*)/(o*  +  r*),  where  no  and  a  are  constants,  and  r  is  the  distance 
from  a  fixed  point. 

Bell  Telephone  Laboratobies 
New  York,  N.  Y. 

**  A  contributioD  to  the  theory  of  the  absolute  optical  instrument,  and  refer¬ 
ences  to  the  extensive  literature,  are  given  in  a  paper  by  J.  L.  Synge,  Trans. 
Am.  Math.  Soc.,  44  (1938),  pp.  32-46. 


ON  A  CERTAIN  NON-SEPARATING  GRAPH  ON  AN 
ORIENTABLE  SURFACE* 

Bt  I.  N.  Kaono 

Introduction 

Let  0  be  a  connected  linear  graph,  containing  no  free  arcs  or  chains,' 
which  is  mapped  on  an  orientable  surface  Z,  of  genus  p  >  0,  in  such  a 
manner  that  Z,  —  G  is  a  single  2-cell.  It  is  known  that  0  has  at  least 
2p  arcs,  for  we  can  choose  for  G  a  canonical  system  of  simple  closed 
curves  on  Z, ,  all  passing  through  the  same  point  x.  Such  a  graph  has 
2p  arcs  and  satisfies  the  conditions  on  G.  In  this  paper  we  shall  find 
an  upper  bound  for  the  number  of  arcs  in  G,  and  determine  the  structure 
of  G,  for  all  possible  choices  of  G.  We  shall  then  have  an  upper  bound 
for  the  number  of  sides*  of  Zp  —  G.  (The  special  case  p  =  1  was  treated 
by  the  author  in  a  previous  paper,  where  he  proved  that  for  p  =  1, 
Zp  —  G  has  either  four  or  six  sides.*)  This  in  turn  enables  us  to  place 
an  upper  bound  on  the  number  of  sides  of  the  fundamental  domain  of 
the  group  of  decktransformations  on  the  universal  covering  surface 
of  Zp  .  When  p  >  1,  the  latter  is  closely  related  to  the  theory  of  Auto- 
^  morphic  Functions  and  Uniformization  theory. 

1.  Preliminaiy  Definitions  and  Lemmas 

Let  Gi  be  a  graph  consisting  of  two  vertices  a,  b  and  three  arcs,  each 
of  which  has  a  for  one  endpoint  and  b  for  its  other  endpoint.  Let  Gf 
be  a  graph  consisting  of  a  single  vertex  a  together  with  two  arcs,  each 
of  which  has  both  of  its  endpoints  coinciding  with  a.  Gi  and  Gf  are 
fundamental  in  this  paper. 

Let  7  be  a  simple  olosed  curve*  mapped  on  a  plane  11.  By  the  interior 

*  Presented  to  the  American  Mathematical  Society,  February  24,  1940. 

'  By  a  free  arc  or  chain  of  a  graph  we  mean  an  arc  or  chain  one  of  whose  end¬ 
points  ia  a  vertex  of  degree  1. 

*  Defined  on  p.  87  of  the  author’s  paper  "Perfect  Subdivision  of  Surfaces." 
Journal  of  Math,  and  Physics,  Vol.  XVII  (1938),  pp.  76-111.  We  shall  refer  to 
this  paper  as  PSS. 

*  PSS — Lemma  6. 

*  We  shall  use  the  abbreviation  "see"  for  the  words  "simple  closed  curve" 
in  the  sequel. 
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ly  of  7  we  shall  mean  that  portion  of  n  —  7  which  does  not  contain  the 
point  at  infinity.  By  ly  we  shall  mean  the  closure  of  ly  . 

We  shall  say  two  graphs  meet  if  they  have  points  in  common. 

Lemma  1 :  Let  yi  and  7*  he  two  ecc  which  meet  more  than  once,  (i.e. 
7i  n  7*  is  not  connected).  If  71  +  7*  t«  mapped  on  a  plane  n  in  such  a 
manner  that  yi  —  (7*  0  yi)  is  whoUy  without  7,- ,  (t  »  1,  2;  j  =  2,  1), 
then  n  —  (ly,  +  ly()  is  not  connected. 

Proof :  It  will  suffice  to  prove  the  lemma  for  the  case  where  71  meets 
7i  twice.  7i  n  7t  consists  of  either  (a)  two  disjunct  arcs  rs  and  tu, 
or  (b)  an  arc  rs  and  a  vertex  t  4  rs,  or  (c)  two  distinct  vertices  r  and  t. 

Case  (a).  ly,  and  /„  are  each  2-ceIis  whose  boundaries  have  in 
common  the  arc  rs.  ly,  -H  rs  is  thus  a  2-cell  whose  boundary 

touches  itself  along  tu.  Hence  =»  /„  -|-  ly,  -f-  r«  -j-  fu  is  a  ring- 
shaped  area  and  n  —  iZ  is  not  connected.  But  R  ^  7y,  +  ly, . 

Case  (b).  This  case  arises  from  case  (a)  if  tu  is  allowed  to  shrink  to  a 
point  t.  Obviously  such  an  operation  will  not  effect  II'  —  R. 

Case  (c).  This  case  arises  from  case  (a)  if  we  first  allow  tu  to  shrink 
to  a  point  t,  and  then  rs  to  shrink  to  a  point  r.  This  procedure  ob¬ 
viously  leaves  n  —  iZ  unchanged. 

Lemma  2:  Let  71  and  y\  he  two  see  which  meet  more  than  once,  {i.e. 
7i  n  7j  is  not  connected).  If  yi  -1-  7*  is  mapped  on  a  plane  n  in'' such  a 
manner  that  71  —  (71  0  71)  lies  wholly  within  71 ,  then  ly,  —  ly,  is  not 
connected. 

Proof :  It  will  suffice  to  prove  the  lemma  for  the  case  where  71  meets 
7t  twice.  7i  n  7i  consists  of  either  (a)  two  disjunct  arcs  r«  and  tu,  or 
(b)  an  arc  rs  and  a  vertex  1 4  rs,  or  (c)  two  distinct  vertices  r  and  t. 

Case  (a).  Suppose  the  order  of  the  vertices  on  71  is  r,  s,  t,  u. 
7i  —  (rs  -|-  tu)  consists  two  arcs  ru  and  st.  Now  ru  separates  Ly,  into 
two  2-cells  r  and  I”,  st,  except  for  its  endpoints,  is  interior  to  one  of 
these,  say  /'.  But  then  st  separates  7'  into  two  2-cells  and  J, 
where  J  is  bounded  by  rstur  that  is  by  71 .  Thus  7"  +  7'"  =  I y,  —  J 
is  not  connected.  But  J  »  ly, . 

The  proof  for  cases  (b)  and  (c)  is  similar. 

Lemma  3:  Let  Hi  and  Ht  he  two  connected  graphs,  having  au  and  au 
arcs  respectively,  which  meet  in  such  a  manner  that  H\  fl  7ft  is  connected 
and  at  most  a  chain  of  H  ^  Hi  Ht .  Then  oi  <  an  +  au  +  3,  where 
ai  is  the  number  of  arcs  in  H. 

Proof :  Case  I,  Hi  fl  7ft  is  a  chain  ux  of  H. 

uv  is  a  subgraph  of  Hi  consisting  of  a  chain  containing  an  arcs,  which 
either  are  all  arcs  of  Hi ,  or  else  one  or  both  of  the  end-arcs  of  uv  are 
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subarcs  of  arcs  of  H\ .  Similarly  let  afi  be  defined  for  ut>  as  a  subgraph 
of  Hi.  As  a  subgraph  of  H,  ttv  contains  a*  arcs  of  H .  a*  <  an  +  0*1 

There  arise  various  possibilities;  ^  v  p 

(1)  u  is  a  vertex  a  of  Hi,  and  a  vertex  c  of  Hf  0  is  a  vertex  b  of  Hi 

and  a  vertex  d  of  Ht.  ' 

Then  H  *=  (Hi  —  uv)  +  (Ht  —  uv)  +  mw,  and  ^  • 

ai  =»  (ail  —  afi)  +  (ou  —  a^)  +  o*  <  an  +  «u  • 

( 

(2)  u  is  a  vertex  a  of  Hi  and  a  vertex  cof  Ht.  v  is  a  vertex  h  of  Hi 
but  an  interior  point  of  an  arc  e/  of  Ht . 

Then  ej  of  Ht  is  the  chain  evj  of  H,  and 

H  ^  (Hi  —  w)  (/ft  —  (uv  +  vf)]  +  (uv  +  tf). 

ai  =  (an  —  an)  4-  (««  —  a*j)  +  (a*  -f  1)  <  an  +  au  +  1. 

(3)  u  is  a  vertex  a  of  Hi  but  an  interior  point  of  an  arc  cd  of  Ht. 
V  is  a  vertex  b  of  Hi  but  an  interior  point  of  an  arc  ef  of  Ht . 

Then  cd  of  Ht  is  the  chain  cud  of  H,  ef  of  Ht  is  the  chain  evf  of  H,  and 
H  =  (Hi  —  uv)  +  [Ht  —  (uw  +  cu  +  vf)]  4-  (mv  +  cu  4-  vf). 

.'.  ai  *  (an  —  an)  4"  (®m  ~  «ii)  4"  (**  4*  2)  <  an  +  au  +  2. 

(4)  u  is  an  interior  point  of  an  arc  ab  of  Hi  and  an  interior  point  of 
an  arc  cd  of  /ft  •  v  is  a  vertex  b  of  Hi  but  an  interior  point  of  an  arc 
efofHt. 

Then  ab  of  Hi  is  the  chain  au6  of  H,  cd  of  Ht  is  the  chain  cud  of  H, 
ef  of  Ht  is  the  chain  evf  of  H,  and 

H  ^  [Hi  —  (uv  +  cm)]  +  [Ht  —  (uv  +  cu’4-  vf)]  +  (uv  +  a«  +  cm  +  vf). 

ai  =  (an  —  afi)  +  (an  —  art)  4-  («*  +  3)  <  an  4-  ou  +  3. 

¥ 

(5)  M  is  an  interiof  point  of  an  arc  ab  of  Hi  and  an  interior  point  of  an 
arc  cd  of  Ht.  v  is  an  interior  point  of  an  arc  gh  of  Hi  and  an  interior 
pK)int  of  an  arc  ef  of  Ht. 

*  For  if  UP  u  8  subgraph  of  H\  has  a*  arcs,  (af,  —  1)  vertices  of  Hi  lie  on  up. 
Likewise  (aft  —  1)  vertices  of  Ht  lie  on  up.  If  no  vertices  of  Ht  coincide  with 
vertices  of  H\  then  up,  excluding  its  endpoints,  contains  (afi  +  aft  —  2)  vertices 
of  H,  which  separate  it  into  (afi  +  oft  ~  1)  arcs.  If  one  or  more  vertices  of  Ht 
coincide  with  vertices  of  Hi  then  up,  excluding  its  endpoints,  has  fewer  than 
(af,  +  oft  —'2)  vertices  of  H,  and  thus  fewer  than  (af,  +  a*  —  1)  arcs  of  H. 
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Then  oh  of  Hi  is  the  chain  aub  of  H,  gh  of  Hi  is  the  chain  gvh  of  H, 
cd  of  Hi  ia  the  chain  cud  of  H,  ef  of  Hi  is  the  chain  evf  of  H,  and 
H  **  [Hi  —  {u»  +  au  +  vA)]  +  [Hi  +  (mv  +  cm  4-  vf)] 

+  (uv  +  OM  i;A  4-  CM  -1-  vf). 

«!  =  (ail  ~  an)  4"  (ou  ~  an)  4“  (a*  4*  4)  <  on  4".  an  4"  4. 

(6)  M  is  a  vertex  a  of  Hi  and  a  vertex  c  of  Hi .  v  is  an  interior  point 
of  an  arc  gh  of  Hi  and  an  interior  point  of  an  arc  ef  of  Hi . 

Then  gh  of  Hi  is  the  chain  gvh  of  H,  ef  of  Hi  is  the  chain  evf  of  H,  and 
H  =  [Hi  —  (mi;  +  vA)]  +  [Hi  —  (uv  -|-  vf)]  -f  (uv  +  vh  +  tf). 
oi  =  (oil  ~  an)  4"  (an  “  an)  -[-  (o*  -|-  2)  <  on  4"  ou  +  2. 

If  chain  uv  of  H  is  merely  an  arc  or  subarc  of  Hi  then  on  =  1  in  the 
above  considerations.  Similarly  if  chain  mv  of  H  is  merely  an  arc  or 
subarc  of  Hi  then  on  »  1. 

Case  II,  Hi  fl  Hi  is  a  vertex  v  of  H. 

If  t;  is  a  vertex  of  Hi  but  an  interior  point  of  an  arc  ab  of  Hi,  then  the 
arc  oA  of  Hi  is  the  chain  avb  of  H,  and  H  =  Hi  4-  (Hi  —  oA)  -1-  (ov  4-  vb). 
Hence  oi  =  on  +  (on  —  1)  4-  2  =  on  4-  on  4-  1.  Similarly  if  v  is  an 
interior  p>oint  of  an  arc  cd  of  Hi  but  a  vertex  of  Hi .  If  r  is  an  interior 
point  of  an  arc  ah  of  Hi ,  and  an  interior  point  of  an  arc  cd  of  Hi,  it 
can  be  shown  that  oi  =  on  +  ou  -I-  2.  If  r  is  a  vertex  of  Hi  and  a 
vertex  of  Hi ,  then  oi  =  on  +  ou  . 

This  completes  the  proof. 

By  a  O-stor  a  of  a  vertex  t;  of  degree  >  3  of  a  graph  we  shall  mean  the 
subgraph  consisting  of  v,  and  all  arcs  of  the  graph  incident  with  t; 
together  with  their  endpoints.  By  a  sub  0-star  of  v  we  shall  mean  the 
subgraph  consisting  of  v,  and  at  least  three,  but  not  all  of  the  arcs 
incident  with  v,  together  with  their  endpoints.  By  a  root  of  a  tree  we 
shall  mean  a  vertex  of  the  tree  which  is  of  degree  1. 

Lemma  4 :  Let  H  be  a  graph  homeomorphic  with  Ci ,  and  K  a  connected 
graph,  having  on  arcs,  which  meets  H,  such  that  K  fl  H  ts  connected. 
Let  oi  be  the  number  of  arcs  in  K  H.  Then  oi  <  ou  4-  6. 

Proof :  H  D  H  is  either  (I)  a  chain,  arc  or  vertex  of  H  4*  H;  or  (II)  a 
0-star  or  sub  0-star  of  a  vertex  of  H  4*  H;  or  (III)  a  tree  other  than 
that  in  (I)  and  (II);  or  (IV)  a  circuit  of  H  -|-  H;  or  (V)  a  circuit  y 
together  with  an  arc  lm,l  ty,  m  i y. 
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Case  I.  If  K  n  ^  is  a  vertex,  arc,  or  chain  oi  K  H,  then  by 
lemma  3,  since  H  has  three  arcs,  ai  <  au  +  6. 

Case  II.  X  n  ff  is  a  0-star  <r,  or  sub  0-star  of  a  vertex  »  of  X  +  X. 
It  is  clear  that  v  is  also  a  vertex  of  X,  and  of  H.  Now  each  vertex  of  H 
is  of  degree  three.  Hence  a  consists  of  v  and  the  three  arcs  Wi,  'wt , 
Wt ,  where  r<  is  a  point  of  the  closure  of  some  arc  of  X.  (t  =  1,  2, 3.) 
If  Vi  is  not  Ti  or  then  the  arc  r.-s,'  of  X  is  the  chain  r,Vi8i  of  X  -|-  X. 
That  is,  r,«i’  contributes  two  arcs  to  the  total  in  X  -1-  X.  Thus  X  con¬ 
sidered  as  a  subgraph  of  X  -|-  X  has  at  most  au  -|-  3  arcs  of  X  -|-  X. 
Since  X  —  (X  fl  X)  consists  of  three  arcs,  K  +  H  has  at  most 
ou  +  6  arcs.  J 

Case  III.  X  n  X  is  a  tree  other  than  that  in  cases  I  and  II.  Denote 
the  roots  of  this  tree  by  th  ,  ■  *  •  ,  v/ .  Since  this  tree  is  a  subgraph  of  X, 
and  since  the  largest  tree  contained  in  X  has  four  roots,  j  <  4.  If  all 
the  Vi  coincide  with  vertices  of  X,  then  X  considered  as  a  subgraph  of 
K  +  H  has  au  arcs  of  X  -|-  X.  .If  Vi  does  not  coincide  with  a  vertex 
of  X,  it  is  an  interior  point  of  some  arc  r<«,  of  X.  Then  uSi  of  X  is  the 
chain  of  X  -|-  X  and  contributes  two  arcs  to  the  total  in  X  -H  X. 
Similarly  for  the  other  roots.  Hence  X  as  a  subgraph  of  K  +  H  has 
at  most  au  +  j  arcs  of  K  +  H.  Clearly  H  —  (K  PI  X)  has  two  arcs. 
Hence  K  H  has  at  most  au  +  J  +  2  <  au  +  6  arcs. 

Case  IV.  X  fl  X  is  a  circuit.  In  this  case  each  vertex  of  X  is  a 
point  on  the  closure  of  some  arc  of  X.  If  the  vertex  v  of  H  coincides 
with  a  vertex  of  X  it  does  not  effect  the  number  of  arcs  in  X  -f  X,  but 
if  V  is  an  interior  point  of  an  arc  ra  of  X,  then  rs  of  X  is  the  chain  rva 
of  K  H,  and  hence,  since  there  are  two  vertices  in  X,  X  considered 
as  a  subgraph  of  X  -f  X  has  at  most  au  +  2  arcs  of  X.  X  —  (X  fl  X) 
consists  of  a  single  arc.  Therefore  X  -|-  X  has  at  most  au  +  3  arcs. 

Finally,  case  V.  If  X  0  X  is  the  circuit  y  together  with  an  arc  Im 
f  «  7,  m  4  y,  it  is  easily  seen  that  X  -|-  X  has  at  most  (au  -|-  2)  -|-  1  = 
au  "I"  3  arcs.  , 

Lemma  5:  Let  H  he  a  graph  homeomorphic  with  Gt ,  and  X  a  connected 
graph,  having  au  area,  which  meeta  X  atich  that  X  D  X  connected. 
Let  ai  be  the  number  of  area  in  X  -f  X.  Then  ai  <  au  +  6. 

The  proof  is  similar  to  that  of  lenuna  4. 

2.  The  Number  of  Arcs  in  G,  and  The  Structure  of  G 

The  most  general  orientable  surface  of  genus  p  is  a  sphere  Zp  with  p 
handles  ,  •  •  •  ,  ^p  .  Let  X  be  a  see,  mapped  on  Zp ,  which  does  not 
separate  Zp .  X  shall  be  said  to  paaa  under  a  handle  ^  of  Zp  if  ^  can 
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be  picked  off*  leaving  X  intact,  and  X  separates  the  resulting  surface. 
X  shall  be  said  to  pass  over  if  $  cannot  be  picked  off  without  deleting 
a  portion  of  X. 

Theorem  1:  G  contains  as  subgraphs  p  graphs  Hi,  (i  =  1,  •  •  •  ,  p), 
one  for  each  handle  of  2p  ,  where  Hi  is  komeomorphic  with  Gi  or  with  Gt . 
These  Hi  are  not  necessarily  disjunct. 

Proof :  G  contains  at  least  one  circuit  Xi ,  for  if  G  were  a  tree,  2,  —  G 
would  not  be  a  2-cell.  Xi  must  either  pass  under  or  over  some  handle, 
call  it  ,  for  otherwise  Xi  would  separate  2p  .  Suppose  Xi  passes  under 
.  Then  G  must  contain  as  subgraph  an  arc  ai&i ,  Ui  c  Xi ,  bi  c  Xi , 
which  passes  over  .  For  supp>ose  this  were  not  the  case,  then  if  2p 
were  cut  along  G  it  would  open  out  into  a  region  with  at  least  two 
boundaries,  each  of  these  two  boundaries  being  isomorphic  with  Xi . 
But  then  2p  —  G  could  not  be  a  2-cell.  Similarly  if  Xi  passes  over  , 
G  must  contain  as  subgraph  an  arc  aibi ,  Oi  c  Xi ,  &i  e  Xt ,  which  passes 
under  . 

Let  Hi  =*  Xi  -H  oibi .  If  oi  bi  then  Hi  is  homeomorphic  with  Gi . 
If  Oi  =:  hi  then  Hi  is  homeomorphic  with  Gt . 

Cut  2p  along  Hi .  There  results  a  2p_i  with  a  hole.  Now  G  —  Hi 
contains  at  least  one  circuit  Xi ,  for  if  G  —  Hi  were  a  tree,  then  if  2p_i 
were  cut  along  G  —  Hi  the  resulting  surface  would  not  be  a  2-cell,  and 
hence  2p  —  G  would  not  be  a  2-cell.  Xt  passes  over  or  under  some 
handle  of  2p-i ,  call  it  for  otherwise  Xt  would  separate  2p_i ,  and 
then  G  would  separate  2p .  By  reasoning  similar  to  the  preceding  para¬ 
graphs  we  see  that  G  contains  an  arc  otbi ,  ot  c  Xt ,  bt  <  Xt  which  passes 
over  (or  under)  ^  according  as  Xt  passes  under  (or  over)  ^ .  Let 
Ht  =  Xt  -|-  Otbt . 

Proceeding  in  this  manner  we  can  show  that  G  contains  as  subgraphs  p 
such  graphs  Hi,  (i  =  I,  •••  ,p),  one  for  each  handle  of  2p . 

P 

Theorem  2:  If  the  Hi  are  all  disjunct,  then  G  —  ^  Hi  is  a  tree  or  set  of 

•-1 

trees  having  roots  on^Hi  and  no  other  roots,  such  that  if  each  Hi  is  shrunk 
to  a  point  G  becomes  a  connected  tree. 

Proof :  Cut  2p  along  X, .  There  results  a  2p_i  with  two  holes,  the 
edges  X,- ,  of  these  holes  each  being  isomorphic  with  Xi .  Then  ajbi 
has  one  of  its  endpoints  on  Xj  and  the  other  on  For  if  a<b<  had  both 
its  endpoints  on  X<  say,  a,b<  together  with  an  arc  of  X<  would  form  a 
circuit  M  which  separates  2^i .  But  then  ajbi  together  with  an  arc  of  X, 
would  form  a  circuit  m  which  separates  2,,  contrary  to  fact.  Cut 

•  The  process  of  picking  off  a  handle  is  intuitively  obvious.  See  PSS — p.  83 
/.  for  a  definition. 
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Zp-i  aloi^;,  CL^i  •  There  results  a  surface  with  a  single  hole.  If 
we  continue  in  this  manner,  cutting  Z,  along  each  of  the  Hi  there  will 
result  a  sphere  S  with  p  holes. 

If  on  S  we  allow  each  hole  together  with  its  edge  to  shrink  to  a  point, 
(this  procedure  will  not  alter  G  —  ^  Hi),  there  will  result  a  sphere  S* 
on  which  is  mapped  the  graph  G  —  ^Hi  having  among  its  vertices  the 
vertices  t>i ,  •  ,  v,  to  which  the  various  holes  have  been  shrunk,  where 

G  —  ^Hi  IB  the  graph  G  —  ^  Hi  together  with  the  vertices  Vi . 
(That  is,  G  —  ^  Hi  can  be  obtained  from  G  by  allowing  each  Hi  to 
shrink  to  a  point  r, .)  Since  G  is  connected,  G  —  ^Hi  is  connected. 
Since  2p  —  G  is  by  hypothesis  a  2-cell,  S  —  (G  —  /L  ^»)  “  *  2-cell, 
and  hence  when  S*  is  cut  along  G  —  ^  Hi  there  must  result  a  single 
2-cell.  Hence  G  —  ^  Hi  cannot  contain  any  circuits,  for  such  a  circuit 
would  separate  S*  —  (G  —  ^  Hi).  Hence  G  —  ^  is  a  tree  and  has 
all  of  its  roots  contained  among  the  vertices  Vi ,  •  •  •  ,  Vp  .  For  suppose 
the  tree  had  a  root  u  not  contained  among  the  Vi .  Let  uw  be  the  arc 
of  the  tree  which  has  u  for  end.  Then  uw  is  a  free  arc  of  G  —  ^  Hi , 
and  hence  of  G.  But  by  hypothesis  G  does  not  contain  any  free  arcs. 

That  is,  G  —  ^  Hi  is  a  tree  or  set  of  trees  having  the  properties 
described  in  the  statement  of  the  theorem.  .  ,  > 

If  in  G  the  Hi  are  not  all  disjunct  we  have  the 

Theorem  3 :  If  Hi  meets  Ht  then  Hi  fl  Ht  is  connected. 

Proof:  For  simplicity  suppose  that  the  H j ,  (j  —  3,  •  •  •  ,  p),  are  dis¬ 
junct.  Cut  Zp  along  each  Hj .  There  results  a  Zt  with  p  —  2  holes. 
Span  each  of  these  holes  with  a  2-cell  as^  and  let  Z*  denote  the  resulting 
surface.  Now  cut  Z*  along  Ht .  There  results  a  Zi  with  a  hole.  Let 
7t  denote  the  edge  of  the  hole.  Span  this  hole  by  a  2-cell  at*’  and  let 
zr  denote  the  resulting  surface.  Cut  zf  along  Hi .  There  results  a 
sphere  S  with  a  hole.  Let  71  denote  the  edge  of  this  hole.  Since  Ht 
meets  Hi ,  7t  meets  /yi ,  and  does  so  as  many  times  as  Ht  meets  Hi . 
Now  S*  “  S  —  ot^  is  homeomorphic  with  a  planar  region  R  bounded 
by  7i  +  7*  (mod  2).  Let  n  denote  the  plane  of  R.  71  separates  n.  If 
7*  —  (71  n  7i)  is  in  the  interior  of  71 ,  then  R  consists  of  /,,  —  7,, , 
(where  7  is  the  closure  of  I).  If  71  meets  7*  more  than  once,  then  by 
lemma  2,  R  cannot  be  connected,  hence  S  —  at’’  is  not  connected.  But 

then  surely  5  —  ^  ai*’,  which  is  the  surface  which  results  from  cutting 

Zp  along  each  of  the  Hi ,  is  not  connected.  In  other  words,  ^  Hi , 
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and  thus  2,  —  0,  is  not  connected,  contrary  to  hypothesis.  Hence  71 
meets  71  exactly  once,  that  is.  Hi  fl  Ht  is  connected. 

If  7i  ~  (71  n  7*)  is  in  the  exterior  Ey^  of  71 ,  then  R  consists  of 
n  —  (7t,  +  7^,).  If  7i  meets  7*  more  than  once  then  by  lemma  1,  R 
cannot  be  connected.  But  then  as  above,  2,  —  G  is  not  connected. 
Hence  71  meets  71  exactly  once,  that  is,  H\  fl  Ht  is  connected. 

Similarly  any  pair  of  Hi  meets  at  most  once.  Suppose  Hi  meets  , 
and  some  Hj  ,0^1,  2),  say  H% ,  meets  Hi  Ht.  Then  by  reasoning 
similar  to  that  in  theorem  3  we  can  show  that  Ht  H  {Hi  +  Ht)  is  con¬ 
nected.  Likewise  we  can  show  that 
Corollary:  If  Hr ,  H, ,  H t  ,•••,  Hu  t  H,  is  a  sequence  of  the  Hi  such 
that  Ht  meets  {Hr  +  H,),  •  •  •  ,Hu  meets  {Hr  +  +  •••)»  ^» 

meets  {Hr  +  H,  +  Ht  +  •  •  •  +  Hu),  then  Hr  C\  H,is  connected,  Ht  fl 
{H,  +  H,)  is  connected,  ,Hu  H  {Hr  +  +  •  •  •  )  *«  connected, 

and  Hu  H  {Hr  +  -J-  •  •  •  -}-  //«)  is  connected. 

Lemma  6:  If  the  Hi  fall  into  x  disjunct  sets,  x  >  1,  swh  that  all  those 
in  the  same  set  meet  under  the  conditions  set  forth  in  the  corollary  to  theo¬ 
rem  3,  then  if  2,  is  cut  along  ^  Hi ,  there  results  a  sphere  with  x  holes. 

Proof :  Let  the  Hi  fall  into  the  sets  {Hi,  Ht,  •  •  • ,  H,),  {Hj+i,  •  •  • ,  Hk), 
•  •  •  ,  {Hi+i ,  •  •  •  ,  Hp).  Cut  2p  along  Hi .  There  results  a  2p_i  with 
a  hole.  Let  71  denote  the  edge  of  this  hole.  Span  the  hole  by  a  2-cell 
at  and  cut  the  resulting  surface  along  Ht .  There  results  a  2p_s  with 
a  hole.  Let  7t  denote  the  edge  of  this  hole.  As  was  seen  in  the  proof  of 
theorem  3,  7*  meets  71  exactly  once,  since  Hi  meets  Ht  exactly  once. 
Hence  if  we  delete  at  from  2p-s  there  results  a  2p_t  with  a  single  hole 
with  edge  71  71  (mod  2).  But  2*-*  is  precisely  the  surface  that  re¬ 

sults  if  we  cut  2p  along  Hi  +  Ht .  Proceeding  in  this  manner  we  see 

that  if  2p  is  cut  along  ^  Hi  there  results  a  2p_,  with  a  single  hole. 
•-1 

Let  7  denote  the  edge  of  this  hole.  Span  the  hole  by  a  2-cell  at  and 
let  2p_/  denote  the  resulting  surface. 

As  in  the  preceding  paragraph  we  can  show  that  if  2*-,  is  cut  along 

k 

2  Hm  there  results  a  2p_*  with  a  single  hole,  with  edge  7'.  Since 

J+1  ^ 

^  Hi  is  disjunct  from  ^  Hm  ,  7'  does  not  meet  7.  Hence  if  an  is 

••■I  y+1 

deleted  from  2p_i  there  results  a  2p_t  with  two  holes.  But  2p_t  is 

I  * 

precisely  the  surface  that  results  if  2p  is  cut  along  ^  Hi . 
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In  like  manner,  we  can  show  that  if  is  cut  along  X)  there  results 

«-i 

a  sphere  S  with  x  holes. 

Theorem  4:  G  has  at  most  6p  —  3  arcs. 

Proof:  Let  Hi ,  i  =  1,  •  •  •  ,  p,  be  the  subgraphs  of  G  defined  in 
theorem  1. 

Case  I.  The  Hi  are  all  disjunct.  In  the  proof  of  theorem  2  it  was 
shown  that  if  the  Hi  are  all  disjunct  and  if  is  cut  along  each  of  the  Hi , 
there  results  a  sphere  S  with  p  holes.  The  structure  of  G  —  ^  Hi  must 
be  such  that  when  S  is  cut  along  G  —  ^  Hi  there  results  a  single  2-cell. 
That  is,  cutting  along  G  —  ^  is  equivalent  to  making  a  series  of 
cross  cuts  from  the  edge  of  one  hole  to  the  edge  of  another.  The  first 
such  cross  cut  we  make  will  result  in  a  sphere  S'  with  p  —  1  holes;  each 
successive  cross  cut  reducing  the  number  of  holes  by  one,  and  finally 
after  the  (p  —  l)st  cross  cut  there  will  result  a  sphere  with  a  single 
hole.  Each  such  cross  cut  is  made  along  a  chain  of  G  —  ^  Hi. 

Let  us  count  the  number  of  arcs  in  2^  ff <  -|-  M,  where  M  is  the  sum 
of  the  above  mentioned  chains.  Consider  the  first  cross  cut.  It  is 
made  along  a  chain  uv  of  G  —  ^  Hi ,  where  u  and  v  are  points  on  the 
edges  of  two  distinct  holes  (and  hence  are  points  of  Hi).  If  u  is  a 
vertex  of  ^  Hi  it  does  not  effect  the  number  of  arcs  in  G,  but  if  u  is  an 
interior  point  of  some  arc  rs  of  ^  Hi  then  rs  of  ^  Hi  is  the  chain  rus 

of  G,  and  rs  contributes  two  arcs  to  the  total  in  G.  Similarly  for  v. 
Hence  ^  Hi  +  uv  has  at  most  three  more  arcs  than  ^  Hi .  Since 
each  Hi  has  at  most  three  arcs,  ^  Hi  +  uv  thus  has  at  most  3p  -f  3 
arcs.  Now  consider  the  second  cross  cut  on  S.  It  is  made  along  a 
chain  wx  of  G  —  Hi  +  uv).  Then  by  similar  reasoning,  (J])  Hi  + 
uv)  +  wx  has  at  most  three  more  arcs  than  ^  Hi  +  uv.  That  is, 
^  Hi  uv  +  wx  has  at  most  3p  -|-  2-3  arcs.  •  •  •  Proceeding  in  this 
way  we  see  that  ^  Hi+  M  has  at  most  3p  -|-  (p  —  1)3  =  6p  —  3  arcs. 

We  now  show  that  G  —  ^  Hi  consists  of  M  and  no  other  points. 
For  suppose  G  —  Hi  +  M)  ^  0.  After  making  the  (p  —  l)st 
cross  cut  we  shall  have  obtained  the  sphere  with  a  single  hole. 
G  —  Hi  +  M)  cannot  contain  a  circuit,  for  such  a  circuit,  being 
mapped  on  would  separate  it,  but  then  2,  —  G  would  not  be 

connected.  G  — ,  (53  Hi  -|-  M)  contains  no  free  arcs  or  chains,  for  if 
it  did,  G  would  contain  free  arcs  or  chains,  contrary  to  hypothesis. 
Hence  G  —  +  M)  must  contain  a  chain  yz  having  both  its  ends 

on  (53  Hi  +  M).  But  then  yz  would  be  mapped  on  and  have 
both  its  ends  on  the  boundary  of  and  hence  would  separate 
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^(r-i)  80  S,  —  G  would  not  be  connected.  Hence 

4-  M  is  identical  with  Q,  and  G  has  at  most  6p  —  3  arcs. 

Case  II.  The  Hi  are  not  all  disjunct.  Suppose  Hi  meets  Ht.  By ' 
theorem  3,  H\  fl  Ht  is  connected.  By  lemmas  4, 5,  Hi  +  has  at  most 
3  -f  6  »=  9  arcs.  If  no  other  Hi  meets  Hi-\-  Ht,  let  Ki  denote  Hi  Ht .  ■ 
If  some  other  Hi ,  say  Ht ,  meets  Hi  +  Ht,  then  by  the  corollary  to  ‘ 
theorem  3,  Ht  PI  {Hi  +  Ht)  is  connected.  By  lemmas  4,  5, 
Hi  +  Ht  +  Ht  has  at  most  9  +  6  =  3  +  2(6)  arcs.  Suppose  Ht  meets 
Hi  +  •  •  •  +  Ht,  -  ,  Hi  meets  Hi  +  . . .  +  /f,_i ,  j  <  p.  Let 

Ki  =  ^  .  Then  by  the  corollary  to  theorem  3  and  lemmas  4,  5, 

the  number  of  arcs  in  Ki  is  at  most  3  +  6(j  —  1). 

If  j  =  p,  then  Ki  =  ^  Hi  and  Ki  is  identical  with  G.  For  if  S, 

<-i 

is  cut  along  Ki  there  results  a  sphere  S  with  a  single  hole  (lenuna  6, 
with  X  =  1),  and  by  reasoning  as  in  the  last  paragraph  of  case  I,  (with 
S  replacing  and  Ki  replacing  ^  Hi  M  in  the  discussion)  it 

follows  that  Ki  —  G. 

Suppose  j  <  p.  Then  the  Hi  fall  into  x  disjunct  sets  (Hi, 
Ht,  ,  Hi),  {Hi+i ,  •  •  •  ,  Hk),  •  •  •  ,  {H,+i ,  •  •  •  ,  Hp)  such  that  those 

in  the  same  set  meet  in  the  manner  described  in  theorem  3  and  its  corol¬ 

lary,  to  form  the  connected  subgraph  K,  of  G,  (s  =  1,  2,  •  •  •  ,  x).  Then 

Ki  has  at  most  8  +  6(j  —  1)  arcs, 

Kt  has  at  most  3  +  6(A:  —  j  —  1)  arcs, 

K,  has  at  most  3  +  6(p  —  I  —  1)  arcs, 

Z 

and  therefore  ^  K,  has  at  most  3x  +  6(p  —  x)  arcs. 

•-1 

Now  consider  G  —  ^K, .  We  can  apply  to  it  the  same  analysis 
that  was  applied  to  G  — Hi  in  theorem  2,  and  in  case  I  of  the  present 
theorem,  noting  that  the  K,  are  all  disjunct,  and  that  if  X,  is  cut  along 
52  K,  there  results  a  sphere  S*  with  x  holes  (lemma  6).  Doing  this  we 
find  that  G  —  ^  is  a  tree  or  set  of  trees,  having  roots  on  ^  K,  and 
no  other  roots,  (such  that  if  each  K,  is  shrunk  to  a  point  there  results  a 
connected  tree),  and  that  G  has  at  most  [3x  +  6(p  —  x)]  +  (x  —  1)3  = 
6p  —  3  arcs.  , 

This  completes  the  proof. 

We  thus  have  an  upper  bound  for  the  number  of  arcs  in  G.  If  for  G 
we  take  a  canonical  system  of  non-separating  see  on  Z, ,  (i.e.  we  take 
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each  Hi  homeomorphic  with  Gt ,  and  let  all  the  Hi  meet  in  a  single  point 
which  is  the  unique  vertex  of  each  of  the  Hi ,)  then  G  has  2p  arcs. 
Hence  2p  is  a  lower  bound  for  the  number  of  arcs  in  G. 

Now  2,  —  G  touches  itself  along  each  arc  of  G.  Hence  2p  —  G  has 
two  sides  for  each  arc  in  G.  That  is,  if  /3i  denotes  the  number  of  sides, 
4p  <  /3i  <  12p  -  6. 

We  summarize  the  results  of  this  section  in  the 

Theorem  5:  Let  G  be  a  connected  graph,  having  no  free  arcs  or  chains, 
mapped  on  an  orientable  surface  2p  of  genus  p  in  such  a  way  that  2p  —  G 
is  a  2-oeU.  Then  if  ai  is  the  number  of  arcs  in  G,  2p  <  ai  <  6p  —  3, 
and  Zp  —  G  has  (Si  sides,  where  4p  <  (3i  <  12p  —  6.  The  structure  of  G 
is  such  that  either 

(a)  G  consists  of  p  disjunct  graphs  Hi ,  each  homeomorphic  with  Gi  or 
with  Gj ,  together  with  a  tree  or  set  of  trees  having  roots  on  ^  Hi  and  no 
other  roots,  such  that  if  each  Hi  is  shrunk  to  a  point  G  becomes  a  connected 
tree) 

or  (b)  G  consists  of  x  disjunct  connected  subgraphs  K,,  (s  =  1,  •  •  • ,  x, 
X  >  1),  together  with  a  tree  or  set  of  trees  having  roots  on  K,  and  no 
other  roots,  such  that  if  each  K,  is  shrunk  to  a  point  G  becomes  a  connected 
tree.  Each  K,  consists  of  a  set  of  the  Hi  which  meet  in  the  manner  described 
in  theorem  3  and  its  corollary. 

3.  .^iplication  to  Uniformization  Theory 

The  result  we  have  just  obtained  is  of  interest  because  of  its  relation 
to  Uniformization  theory  and  Automorphic  Functions. 

Let  Up  be  the  universal  covering  surface  of  2p  .  Then  Up  has  on  it 
a  network  G*  which  covers  G,  and  which  is  an  infinite  graph  containing 
no  free  arcs  or  chains,  and  Up  —  G*  is  an  infinite  set  of  2-cell8  i,  ,  each 
of  which  covers  2p  —  G.  The  group  {f}  of  decktransformations  of  Up 
transforms  G*  into  itself,  and  carries  i,  into  (t  ^  j).  Hence  6,-  to¬ 
gether  with  a  suitably  chosen  subset  of  the  subgraph  F{Si)  of  G*  which 
bounds  6i,  is  &  proper  fundamental  domain^  of  { f }  .*  Hence  we  have  the 

CoroUary:  If  9)  is  a  proper  fundamental  domain  of  the  group  of  deck- 
transformations  of  the  universal  covering  surface  of  an  orientable  surface 
of  genus  p  >  0,  and  if  is  the  number  of  sides  of  9),  then 
4p  <  (3i  <  12p  —  6. 

'  Defined  in  PSS  as  a  fundamental  domain  which  consists  of  a  2-ceII  bounded 
by  a  graph  K,  having  no  free  arcs  or  chains,  together  with  a  suitably  chosen 
subset  of  K. 

•  PSS,  p.  109. 
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If  p  >  I,  Uf  can  be  topologically  mapped  in  the  interior  /  of  a  circle 
of  unit  radius.* **  Then  each  j,  of  Up  —  6*  will  be  mapped  into  a  simply- 
connected  region  9)<  of  /,  bounded  by  a  see  7<  having  arcs,  that  is 
will  have  /Ji  sides,  and  G*  will  be  mapped  into  an  infinite  graph  D  con¬ 
sisting  of  all  points  of  each  of  the  7. .  We  shall  say  two  points  of  I  are 
congruent  if  they  are  the  images  of  congruent  points  of  Up .  Cor¬ 
responding  to  the  group  {1}  of  decktransformations  of  Up  there  is  an 
isomorphic  group  {T}  of  topological  transformations  of  I  into  itself, 
each  of  which,  except  the  identical  transformation,  leaves  no  point  fixed, 
and  carries  every  point  of  /  into  a  congruent  point,  (and  carries  D  into 
itself).  Elach  ,  together  with  a  suitably  chosen  subset  of  its  boundary 
is  a  proper  fundamental  domain  of  [T\. 

In  particular,  if  Zp  is  an  algebraic  Riemann  surface  of  genus  p  >  1, 
then  7  is  a  single  valued  conformal  map  of  Up  and  {7}  is  a  group  of 
single-valued  conformal  (i.e.  linear)  transformations  of  I  into  itself.'® 
Hence  from  the  corollary  it  follows  that 

If  the  universal  covering  surface  of  an  algebraic  Riemann  surface  of 
genus  p  >  1  is  mapped  conformally  in  the  interior  I  of  a  circle,  then  a 
fundamental  domain  of  the  group  &  of  single  valued  conformal  transforma¬ 
tions  of  I  into  itself  has  sides,  where  4p  <  /3i  <  12p  —  6. 

The  algebraic  functions  belonging  to  this  Riemann  surface  may  be 
expressed  as  single  valued  automorphic  functions  which  belong  to  the 
group  We  can  thus- place  an  upper  bound  on  the  number  of  sides 
of  a  fundamental  domain  of  the  group  of  linear  transformations  to  which 
an  automorphic  function  belongs. 

4.  Examples 

When  p  =  1,  the  theorem  5  reduces  to  lemma  6  of  the  author’s  paper 

PSS. 

As  we  have  seen,  the  theorem  is  of  special  interest  when  p  >  1.  Let 
us  consider  the  case  p  =  2.  Then  G  has  ai  arcs,  4  <  aj  <  9,  and 
—  (r  has  /9i  sides,  S  <  <  18.  From  the  theorem,  it  also  follows 

that  G  has  two  subgraphs  Hi ,  Ht  each  homeomorphic  with  Gi  or  Gt . 
If  Hi  does  not  meet  Tf*  then  G  —  (Hi  -H  Ht)  is  a  tree  having  one  root 
on  Hi  and  one  root  on  Ht  and  no  other  roots,  in  other  words  an  arc. 

•  B.  V.  Kerekjarto:  ‘Worlesungen  Qber  Topologie.”  Berlin,  1923,  p.  179.  The 
discussion  which  follows  is  a  generalization  of  the  remarks  of  Kerekjarto,  pp. 
179-80. 

**  Kerekjarto;  loc.  cit.,  p.  180. 

»  Ibid. 
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In  plate  I  we  illustrate  all  possible  graphs  G  with  Hi  disjunct  from  Ht . 
In  plate  II  we  illustrate  all  possible  graphs  0  with  Hi  Gi Ht  *-*  Gt 
and  Hi  meeting  Ht .  In  plate  III  we  illustrate  all  possible  graphs  G 
with  Hi*-*  Gi,  Ht*-*  Gi  and  Hi  meeting  Ht .  In  plate  IV  we  illustrate 
all  possible  graphs  G  with  Hi*-*  Gt ,  Ht*-*  Gt  and  Hi  meeting  Ht . 

Because  of  the  large  number  of  possible  choices  of  G,  space  does  not 
permit  giving  examples  of  Z,  —  6  for  every  possible  G.  In  figures  1  to 
6  we  give  examples  of  Zt  —  6  for  one  graph  each  of  4,  5,  •  •  •  ,  9  arcs. 
These  examples  serve  to  show  that  when  p  ^  2,  there  exist  fundamental 
domains  of  the  transformations  discussed  in  the  previous  section  having 
8, 10,  •  •  •  ,  18  sides.  (In  figs.  1-6,  the  edges  are  identified  as  indicated.) 

Nxw  Yobk  City. 

The  symbol  *-*  is  used  as  an  abbreviation  for  “is  homeomorphic  with.” 
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Fio.  3.  Xp  —  G  has  twelve  sides 


Fio.  A.  Xp  —  0  has  fourteen  sides 


A  NEW  FAMILY  OF  WING  PROFILES* 

Bt  Ricbabd  S.  Bubinoton  and  Jambs  M.  Dobbib 

1.  Introduction.  Piercy,  Piper,  and  Preston*  have  recently  discussed  a 

new  family  of  wing  profiles  $  which  are  thou^t  to  have  certain  ad¬ 
vantages  over  the  earlier  wing  shapes  of  Joukowski  and  others.  Their 
method  of  generating  the  profiles  consists  essentially  in  selecting  one 
branch  ^  of  a  hyperbola  as  a  generator  in  the  Zi-plane,  and  applying 
to  ^  a  transformation  of  the  type  f  =  -b  <  +  the  curve  $ 

used  being  any  one  of  a  one-parameter  (<r)  family  of  hyperbolas.  This 
produces  an  inversion  and  reflection  with  respect  to  a  point  C»  in  the 
line  segment  C\At ,  where  A*  is  the  vertex  of  the  resulting  image  of  ^ 
being  a  simple  closed  curve  resembling  airfoil  shapes.  By  means  of  a 
sequence  of  suitable  conformal  transformations,  the  hyperbola  is  trans¬ 
formed  into  a  circle  0$,  permitting  the  application  of  the  usual  potential 
function  for  a  flow  past  a  cylinder. 

In  the  present  paper  a  new  family  iB  of  curves  resembling  wing  profiles 
is  advanced  in  which  the  generating  curve  ^  is  any  one  of  a  general 
two-parameter  (<r,  X)  family  of  hyperbolas.  A  conformal  transforma¬ 
tion,  z  —  f(f),  which  transforms  a  circle  @  in  the  z-plane  into  any  curv’e 
^  of  the  family  ®  is  given.  The  inverse  f  =  r‘(z)  is  also  exhibited. 

The  family  33  given  in  this  paper  is  somewhat  more  general  than  the 
family  5  advanced  in  [PPP].  The  older  family  5  is  contained  in  the 
family  93,  being  merely  the  case  of  93  with  X  =  1. 

The  sequence  of  transformations,  as  used  herein  with  X  =  1,  seems 
somewhat  simpler  than  the  sequence  used  by  [PPP].  Certain  ques¬ 
tions  as  to  the  analyticity  of  the  transformations  used  by  [PPP],  but 
not  considered  by  them,  have  been  met.  It  is  felt  that  the  treatment 
of  the  families  5  and  93  given  here  should  be  of  material  aid  to  those 
pursuing  further  investigations. 

2.  Use  cf  CDnformal  mapping  in  aiif  )il  the  Dry.  In  this  section  a  brief 
review  of  certain  principles  underlying  the  application  of  conformal 
mapping  to  the  theory  of  ideal  plane  fluid  flow  is  given.* 

'  Presented  by  title  to  the  American  Mathematical  Society  at  Seattle,  Wash¬ 
ington,  June  20,  1940.  ' 

*  Piercy,  N.,  Piper,  R.,  and  Preston,'  J.,  "A  new  family  of  wing  profiles.” 
Phil.  Mag.,  Vol.  24,  Series  7,  (1937),  pp.  425-444.  [PPP]. 

*  Burington,  R.  S.,  ‘‘On  the  use  of  conformal  mapping  in  shaping  wing  profiles.” 
Am.  Math.  Monthly,  Vol.  XLVII,  No.  6,  June-July,  1940,  pp.  362-373. 

388 


'  t 

NEW  FAMILY  OF  WING  PROFILES 


389 


Suppose  that  the  potential  function  F(z)  =  ^(x,  y)  +  t^(x,  y)  for  a 
plane  flow  of  an  ideal  incompressible  fluid  around  a  circular  cylinder  G 
(Fig.  1)  of  infinite  span,  center  at  2o  and  radius  a  in  the  2-plane  is 

(2.1)  f  (,)  =  -  z.)  +  ^  log 

where  2  *  x  -|-  ty  and  where  on  the  boundary  @  of  0,  f  (x,  y)  =«  0. 
Here  =  u  dx  v  dy  and  d^  ^  udy  —  vdx,  where  u  and  v  are  the 
components  of  velocity  of  the  flow  in  the  2-plane;  and  the  velocity  of 
the  air  stream  at  infinity  is  Ue'^.^.a  being  the  angle  of  the  wind  velocity 
with  the  positive  real  axis.  The  value  of  F  will  be  considered  later. 


The  procedure  consists  in  mapping  by  means  of  a  suitable  analytic 
function  the  circular  boundary  @  of  the  cylinder  0  (and  the  corre¬ 
sponding  flow  picture)  into  a  profile  P  of  boundary  $  resembling 
airfoils. 

Suppose  the  points  in  the  2-plane  are  subjected  to  a  transformation 

(2.2)  2  =  m,  (f  »  {  +  *n) 

which  is  analytic  almost  everywhere  and  which  maps  the  circle  @  into 
a  profile  resembling  an  airfoil.  Let  ((f)  be  so  restricted  that:  (a)  to 
each  point  z  of  @  there  corresponds  a  definite  point  f  of  the  new  profile  $ 
and  that  this  correspondence  is  biunique;  (b)  d(/df  is  finite  and  not 
zero  over  2,  the  whole  of  the  z-plane  outside  of  and  so  that  2  will  be 
represented  by  the  domain  0  of  the  f-plane  outside  of  the  airfoil  (c) 
((f)  is  analytic  at  infinity,  and  that  as  f  — »  « ,  z  — +  « ,  and  dt/di  — ♦  k, 
a  real,  finite,  non-zero  constant;  (d)  ever3rwhere  outside  of  (2.2)  has  a 
single-valued  inverse  f  =  /(z). 
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The  new  potential  function  for  the  flow  about  ^  may  be  obtained 
from  the  potential  F{z)  and  transformation  (2.2),  and  is  given  by 

(2.3)  Fii)  =  Fim)  -  f.({,  1,)  +  ,). 

Since  for  each  z  on  ^(x,  y)  ^  0,  and  F{z)  is  real,  it  follows  from 

(2.3)  and  (a)  that  ij)  =  0,  for  all  points  f  on  so  that  the  flow 
across  ^  is  zero.-- 

The  velocity  function  for  the  flow  in  the  z-plane  is  dF/dz  =  u  —  iv  » 
tos ,  and  for  the  new  flow  in  the  {*-plane  is 

.X  dF  dF  dz  dt 

(2.4)  _  =  =  u,  =  -  ivr.* 


dr 


where  u  and  v  are  the  components  of  velocity  of  the  flow  in  the  2-plane, 
and  tif  and  t'f  the  components  of  velocity  in  the  r-plane. 

The  restriction  (c)  is  made  in  order  that  the  velocity  W{  of  the  fluid 
at  infinity  in  the  r-plane  be  a  real  constant  k  times  the  fluid  velocity  w, 
at  infinity  in  the  z-plane.  If  F(z)  is  as  given  in  (2.1),  the  velocity  at 
infinity  in  the  z-plane  is  Ue'“. 

Since /‘(r)  =  F(z)  when  z  =  <(r),  it  follows  that  for  each  r  and  corre¬ 
sponding  z,  4>ix,  y)  =  4>({,  rf)  and  \pix,  y)  =  4'(f,  ij).  Hence  tq^ewh 
equipotential  line  0  =  Ci  in  the  z-plane  (ci  a  real  constant)  there  corre¬ 
sponds  in  the  r-plane  the  equipotential  line  ^  =  Ci ,  and  to  each  stream 
line  ^  =  Ct  in  the  z-plane  (ci  a  real  constant)  there  corresponds  in  the 
r-plane  the  stream  line  4^  =  c* . 

The  restriction  in  (b)  that  dt/d^  shall  be  analytic,  finite,  and  non-  . 
zero  over  2  is  made  in  order  that  the  flow  pattern  in  the  region  2  of 
the  z-plane  formed  by  the  families  ^  Ci ,  ^  =  Ci  shall  be  mapped 
conformally  (with  preservation  of  angles)  into  the  flow  pattern  formed 
by  the  families  =  ci  and  ^  =  Ci  in  the  {’-plane.  Since  0  =  Ci  and 
^  =  Cl  are  orthogonal,  so  are  ^  =  Ci  and  ^  =  Ct. 

The  points  in  the  f-plane  where  dT/df  =  0  are  called  the  critical 
points  of  the  f-plane;  at  such  points  the  velocity  W(  vanishes.  From 

(2.4),  it  follows  that  if  dt/dj;  is  finite  and  non-zero  at  a  critical  point  A' 
in  the  f-plane,  then  dF/dz  =  0,  and  the  point  ^l.in  the  z-plane  corre¬ 
sponding  to  i4'  is  a  critical  point  of  flow  in  the  z-plane. 

If,  however,  B  is  a  critical  point  iUithe  z-plane  and  at  B  d^/dz  is  zero, 
then  the  second  member  of  (2.4)  is  indeterminate.  Let  B'  be  the  point 
in  the  f-plane  corresponding  to  B.  ■  The  velocity  of  flow  at  B'  is  re¬ 
quired  to  be  finite  and  non-zero,  which  implies  that  dF/d^  is  finite  and 
non-zero  at  B'.  (This  condition  is  known  as  the  Joukowski  condition 
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for  ‘‘smooth  flow”  at  the  trailing  edge.)  Evidently,  B’  is  not  a  critical 
point  in  the  j'-plane. 

Let  *  2e  +  o€“’*  be  the  point  B  on  the  cylinder  @  corresponding 
to  B\  the  trailing  edge  of  the  profile  From  the  Joukowski  condi¬ 
tion,  it  follows  that  ; 

(2.5)  ^1  =  ^  =  0, 

dzja  2x0 

hence  'v 

(2.6)  *  r  =  4x(/o  sin  (a  -1-  x)- 

This  value  of  F  is  the  one  to  be  used  in  (2.1).  r  • 

This  shows  how  otfe  may  obtain  from  a  given  potential  F(z)  and  asso¬ 
ciated  profile  the^potential  F(t)  for  the  flow  of  an  ideal  fluid  aroimd 
any  profile  $  which  is  generated  from  @  by  a  conformal  transformation 
of  the  type  described.  ,  ‘ 

A  number  of  families  of  airfoil  sections  have  been  advanced  by 
Joukowski,  Karman,  Treftz,  Mises,  Hohndorf,  Theodorsen,  Piercy, 
Piper,  Preston,  and  others,  using  the  methods  just  described. 


3.  Airfoils  generated  from  a  hyperbola.  In  this  section  a  sequence 
of  transformations  which  map  a  circle  into  a  closed  curve  resembling 
an  airfoil  section  is  exhibited. 

Let  ^  be  the  right-hand  branch  of  the  hyperbola  (Fig.  3)  whose  equa¬ 
tion  in  the  Z|-plane  is  - .  ^ 

/•j  n  _ y*  =1  \ 

'  ^  X»co8*oj^  X»sin*(rT 

where  X  and  o  are  real  and  positive,  and  0  <  v.  <  i.  Let  Zt  —  -f'  ty» . 

Let  (—  €  —  ii)  be  a  point  C*  in  the  region  to  the  left  of  ,The  trans¬ 
formation 


(3.2) 


z»  -h  *  +  it 


where  tan  /3  «  i/(X  cos  <r%  -|-  e)  and  f  »  {  +  tij,  produces  an  inversion 
of  Zt  with  respect  to  C|  followed  by  a  rotation  of  angle  0.  The  image 
of  ^  in  the  f-plane  is  a  closed  curve  $  resembling  an  airfoil  section. 
(Fig.  2.)  *  As  a  point  Pi  on  $  passes  downward  from  w  to  A|  and  on 
to  so,  the  image  P  of  P*  in  the  f-plane  moves  from  B  counterclockwise 
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The  transformation 


where  X  is  real,  non-zero  and  positive,  and  24  =  Z4  +  Wa  ,  maps  the 
24-plane  into  the  2i-plane.  ^  is  the  image  in  the  2t-plane  of  the  line 
1/4  =  air  in  the  24-plane.  As  a  point  P%  on  ^  passes  downward  from  * 
to  At  and  on  to  <»,  the  image  P4  in  the  24-plane  of  P|  moves  from  « 
to  the  left  along  the  line  ^4  =  to  A4  and  on  to  the  left  to  w .  (Fig.  4.) 
The  line  ^4  =  ir  is  the  image  of  that  part  of  the  xt-axis  lying  to  the 
left  of  2t  =  —X,  inclusive.  The  region  to  the  left  of  $  is  mapped  by 
(3.3)  into  the  region  defined  by  air  <  yt  ^  jt.  In  order  that  (3.3) 


have  a  single-valued  inverse,  the  strip  for  which  0  ^  2/4  ^  t  is  selected 
as  a  fundamental  region  in  the  Z4-plane. 

The  transformation 

(3.4)  24  =  Tt  —  2(1  —  a)zt 

translates,  reflects,  and  shrinks  the  cross-hatched  region  of  the  24-plane 
into  the  cross-hatched  region  shown  in  the  2rplane.  (Fig.  5.)  As  a 
point  Pa  moves  to  the  left  along  yt  =  air,  the  image  P|  moves  to  the 
right  along  yt  =  t/2. 

The  cross-hatched  strip  of  the  2i-plane  is  mapped  into  the  right  half 
of  the  2t-plane  by  the  transformation 


(3.5) 


2t  «  cosh  2t  . 
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The  strip  for  which  0  ^  j/t  ^  x  is  selected  as  the  fundamental  region 
in  the  Zrplane.  As  P|  moves  to  the  right  along  yt  =  x/2,  the  image 
P*  in  the  Zj-plane  moves  upward  along  the  j/raxis.  (Fig.  6.) 


The  image  Ct  of  C»  is  given  by 

(3.6)  E-\-Di  =  cosh  • 

Here  E  >  0  since  Ct  is  an  interior  point  of  the  cross-hatched  region  of 
the  Zt-plane. 
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Transformation 

(3.7)  Zi  =  E  +  Di+  — 

Zl 

maps  the  right  half  of  the  Zx-plane  into  the  entire  region  outside  the  unit 


circle  with  center  at  Zi  =  —  1.  (Fig.  7.)  As  a  point  Pi  moves  upward 
along  the  i/t-axis,  its  image  Pi  in  the  Zi-plane  moves  counterclockwise 
once  around  the  circle  @i .  The  image  Ci  of  Ct  in  the  Zi-plane  is  at  <» . 
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The  transformation 


(3.8)  «i  =  Xz  -  1, 

where 


(3.9) 


—  4£X(1  —  a)  8inh[2(l  —  <r)cil 
sinh  ci 


where  C|  is  the  complex  representation  of  the  point  Ci ,  maps  into  a 
circle  @  in  the  z-plane  with  center  at  2  =  0  and  radius  1/|  K  |.  As  Pi 
moves  counterclockwise  around  ,  the  image  P  of  Pi  moves  counter¬ 
clockwise  once  around  6$.  The  region  outside  is  transformed  into 
the  region  outside  of  The  image  P.  in  the  2-plane  of  P  is  at  2  =  \/K', 
the  image  A,  of  A  is  at  2  =  (  — P  -f-  Di)/K{E  -f  Di)]  and  the  image 
C,  of  C  is  at  2  =  00.  (Fig.  8.)  Transformation  (3.8)  is  introduced 
here  in  order  that  condition  (d)  of  §2  be  met  in  such  a  way  that  k  =  1. 


4.  .^>pUcation  of  the  mapping  transformation  of  §3.  In  this  section 
the  transformations  listed  in  §3  are  shown  to  satisfy  all  of  the  require¬ 
ments  listed  in  §2. 

From  the  discussion  of  §3  it  is  seen  that  to  each  point  2  of  @  in  Fig.  8 
there  corresponds  a  single  point  f  of  the  profile  ^  in  Fig.  2  and  that 
this  correspondence  is  biunique.  It  follows  that  everywhere  outside 
of  r  =  f{z)  has  a  single-valued  inverse. 

Next,  it  must  be  shown  that  dz/di  is  finite  and  not  zero  over  2,  the 
whole  of  the  2-plane  outside  of  and  that  Z  will  be  represented  by 
the  domain  0  of  the  f-plane  outside 

Now 


(4.1) 


dz  dz  dzidzt  dzt  dzt 
dC  dzi  dzt  dzt  dzt  df  ' 


From  (3.2)  to  (3.8),, it  follows  that 
(4.2)  2-1(2, -HI), 


(4.3)  2,= 


2E 


2,-(p+z)tr 

(4.4)  2t  —  cosh  2i , 


dz  1 

dzi 


-2E 


dz,  [zt  -  (P  -H  Z)i)P  ’ 

^  —  sinh  2t ; 
dz% 


0 
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(4.5)  z»  =  -  X  cosh  [2(1  -  <r)2il,  ^  ^ ^  , 

rfz*  2X(1  —  ff)  smh  [2(1  —  (t)z»] 


(4.6)  2»  =  y  -  e  -  «t, 
and 

(4.7)  r  = 


dz*  _  — 

df  “  “F 


-|-  6t  —  X  cosh  2(1  —  <r)  cosh  +  Di  -f 


Evidently,  dz/df  is  finite  and  ^  0  everywhere  outside  the  circle  0, 
except  possibly  at  the  points  where  the  derivatives  in  (4.1)  are  zero  or 
infinite. 

An  examination  of  the  terms  in  (4.1)  yields  the  following  information: 

The  derivative  dz/dzi  is  finite  and  not  zero  everywhere  in  S,  provided 
X  ^  0,  or  ao  ;  that  is,  as  seen  from  (3.9),  if  —  «  —  5*  ^  —X.  However, 
if  — «  —  it  =  —\,Kis  indeterminate.  As  —  €  —  it  — ♦  —X,  the 
limit  of  K  exists,  and  is 


(4.8) 


K'  = 


-  8^(1  -  ff)* 


where  K'  is  finite  and  non-zero.  If  —  €  —  it  **  —  X,  /C  is  defined  to 
be  K'.  It  can  now  be  concluded  that  dzjdzi  is  finite  and  nonzero  every¬ 
where  in  2. 

Further  examination  reveals  the  possibility  of  dz/df  being  zero  or 
infinite  only  at  the  ix)ints  B,  B  being  at  f  =  0;  C,  which  is  at  <»  in  the 
f-plane;  and  at  the  points  whose  positions  in  the  Z|-plane  are  Zi  =  xij, 
and  Z|  =  Tt;72(l  —  a),  where  j  is  an  integer.  (The  only  such  values  of  z* 
which  fall  in  the  fundamental  region  of  the  zr plane  and  which  are  the 
image  of  points  in  @  are  the  points  where  j  »  0.) 

Next,  the  p>oint8  B,  C,  and  z*  =  0  will  be  examined  in  some  detail. 

At  the  point  B,  f  =  0,  z  =  l/K,  and  dz/df  is  not  defined.  A  calcu¬ 
lation  shows  that  lim  dz/df  is  infinite,  so  that  z  =  1(f)  is  not  conformal 

at  f  =>  0.  At  B,  d^/dz  is  defined  to  be  zero.  A  more  thorough  examina¬ 
tion  of  B  will  be  made  later. 

At  the  point  C,z  ^  f  =  w ,  and 

dz  _  —  4BX(1  —  a)  sinh  [2(1  —  <r)cil 

riiUldf  ^  Snh^;  ’ 


(4.9) 
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where  Ct  =  C08h~‘  {E  +  Di).  This  limit  will  be  equal  to  1  if  /C  is 
selected  to  be  the  value  stated  in  (3.9). 

At  Zi  =  0, 


(4.10) 


..  dz  _  -  Ei\  -  t-  3t)* 

dr  -  <TyK\{l  -E-  Diy ' 


This  limit  will  be  finite  and  non-zero  if  E  +  Di  9^  1.  It  can  be  shown 
that  «  -I-  3t  X,  when  E  +  Di  ^  1,  and  conversely.  If  E  +  Di  ^  1, 
lim  dz/dr  is  defined  to  be  the  limit  of  the  right  hand  member  of  (4.10) 

*l-»0 

as  J?  -|-  Di  —*  1.  This  limit  is  1. 

It  has  now  been  shown  that  all  of  the  requirements  (a),  (b),  (c), 
and  (d)  of  §2  are  met  by  the  transformation  (4.7).  The  inverse  of 
(4.7)  is 


(4.11)  2 


fl+— 

2E 

■i  ^  K 

cosh 

o/T~ — rCOsh 
.2(1 -<r) 

-{E  +  Dt)^ 

The  point  at  r  =  0,  is  selected  as  the  trailing  edge,  the  tail  point. 
The  image  of  B  in  the  2-plane  is  at  2  =  1/K.  At  B,  d^/dz  =  0.  The 
Joukowski  condition  requires  that  dP /dr  be  finite  and  non-zero  at  B. 
From  (2.4),  it  follows  that  dPjdz  must  vanish  at  ,  so  that  B,  is  a 
critical  point  in  the  z-plane,  though  B  in  the  2-plane  is  not  a  critical 
point.  ! 

From  (2.1), 


dP  _  rr  -u.  Ua'e^  iV 

dz  (2-2o)*‘‘'2ir(2-ro)' 


The  center  of  the  cylinder  @  is  at  20  «  0  and  its  radius  is  a  1/|  K  |. 
Since  at  the  tail  point  2  ■=  \/K,  dF/dz  vanishes,  it  follows  that* 

(4.12)  r  =  2tIH  ^  j  =  4tU  imag  , 


which  is  the  value  of  F  to  be  used  in  (2.1). 


5.  Relation  to  previous  papers.  The  family  of  airfoils  given  in 
§§3,4  is  somewhat  more  general  than  the  family  $  advanced  in  [PPP]. 
The  family  5  is  obtained  from  the  family  ©  by  setting  X  =  1.  The 
hyperbolas  used  in  $  contain  the  single  parameter  a,  the  varying  of 


*  K*  is  conjugate  of  K. 


which  changes  the  angle  between  the  asymptotes  and  hence  the  tail 
angle  of  the  profile.  In  addition  to  the  parameter  a,  the  family 
contains  the  parameter  X.  The  varying  of  X,  with  <r  fixed,  changes  the 
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position  of  the  vertex  as  well  as  the  curvature  of  the  hyperbola.  The 
change  in  curvature  due  to  change  in  X  is  most  pronounced  in  the 
neighborhood  of  the  vertex.  (Fig.  16.) 

Thus  the  tail  angle  can  be  fixed  at  will  by  a  proper  choice  of  a,  after 
which  the  curvature  of  the  nose  can  be  adjusted  by  varying  X.  The 
method  of  varying  X  to  increase  the  curvature  of  the  nose  of  the  profile 
seems  simpler  than  the  one  used  by  Piper.* 

The  tail  can  be  recessed  by  applying  the  method  of  [P]  to  the  sequence 
of  transformations  given  in  this  paper. 

The  sequence  used  in  §§3,  4  to  map  the  profile  into  a  circle  seems 
simpler  than  the  sequence  used  in  [PPP].  Furthermore,  explicit  ex- 

- X=  Va  *,  sco\e  ;  .  O  t— . 

- X  =  1  )  icoile  : '  ' 


pressions  for  the  over-all  transformation  and  its  inverse  are  given  in  §4, 
and  the  velocities  at  infinity  in  the  plane  of  the  circle  and  of  the  profile 
are  identical,  a  matter  of  considerable  advantage. 


6.  An  interesting  family  of  airfoils.  In  searching  for  the  transforma¬ 
tions  leading  to  famijy  a  most  interesting  family  of  airfoils  having  a 
hairlike  extension  to  the  tail,  was  encountered.  (Figs.  9-15.) 

The  sequence  of  transformations  referred  to  is  as  follows; 


(6.1) 


ri  +  «  +  W  ’ 


(6.2) 


Zi  3=  X  cosh  Zi , 


*  Piper,  R.,  “Extenaions  of  the  new  family  of  wing  profiles.”  Phil.  Mag., 
Vol.  24,  Series  7,  (1937),  pp.  1114-1126.  (P). 
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(6.3) 

(6.4) 

(6.5) 

(6.6) 
(6.7) 


Zi  =  cri  -|-  (1  —  <t)  log  Za , 

z,~r,  +  E  +  I>i-,  B  +  Di  =  ‘1, 

2D 


Zi  = 


Zi 


D>0, 


Zi  =  —  i{mz  —  1), 


+  5i  +  X  cosh  irai  +  (1  —  ff)  log  +  Di  +  J 


While  the  details  of  these  transformations  will  not  be  stated  here,  it 
was  found  that  as  a  point  moves  from  A  counterclockwise  once  around 
the  circle  in  Fig.  15  the  image  in  Fig.  9  moves  clockwise  from  A  to 
to  W  to  B  to  il.  The  conditions  encountered  in  §2  can  be  made 
hold  for  this  case  in  a  manner  similar  to  that  exhibited  for  family  iB. 


Mat  11,  1940,  The  Case  School  or  Applied  Science 
Cleveland,  Ohio. 
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THE  CINEMA  INTEGRAPH  IN  INTERREFLECTION 
PROBLEMS' 

Bt  Waltbb  R.  Hbdbman,  Jb. 

1.  Introduction 

The  interreflection  problem  is  concerned  with  the  multiple  reflection 
of  radiant  energj’  betw’een  reflecting  surfaces  or  between  parts  of  the 
same  surface.  Yamauti  (1)  expressed  the  problem  in  the  form  of  a 
finite  number  of  simultaneous  linear  algebraic  equations  by  dividing  the 
system  into  elemental  parts  and  considering  conditions  to  be  uniform 
within  any  one  part.  Buckley  (2)  recognised  the  set  of  equations  so 
formed  as  Fredholm’s  solution  of  an  integral  equation  of  the  second 
kind  (5),  and  stated  the  problem  very  concisely  as  an  integral  equa¬ 
tion.  This  form  of  expression  has  been  difficult  to  utilize.  Rigorous 
solutions  have  been  obtained  only  for  those  relatively  few  cases  which 
are  analytically  simple  (2,  13).  Approximate  methods  of  solution  have 
been  devised  for  more  complicated  problems,  but  have  been  applied 
with  difficulty. 

The  object  of  this  paper  is  to  demonstrate  the  utility  of  a  computing 
machine,  the  Cinema  Integraph,  in  the  numerical  solution  of  integral 
equations.  A  review  of  the  theory  of  the  interreflection  problem  will 
be  followed  by  the  solution  of  a  particular  problem  by  machine  methods. 
This  solution  will  be  compared  with  the  solution  obtained  for  the  same 
problem  by  Buckley’s  approximate  method. 

2.  The  Integral  Equation 

Let  there  be  a  surface  S  which  reflects  according  to  Lambert’s  cosine 
law.  The  symmetry/ of  the  surface  is  such  that  the  problem  is  one¬ 
dimensional,  and  the  integral  equation  for  the  luminosity  at  any  point 
Pi(z)  is  (14) 

Liz)  =  Uz)  +  pit)  f  Kiz,  f)L(f)  d«(r)  (1) 

Jb 

'  A  portion  of  a  thesis  entitled  “The  Numerical  Solution  of  Integral  Equations 
on  the  Cinema  Integraph,”  accepted  by  the  Massachusetts  Institute  of  Tech¬ 
nology  in  partial  fulfillment  of  the  requirements  for  the  degree  of  Doctor  of 
Science  in  Electrical  Engineering. 
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where 

Lo(z)  =  luminosity  at  Pi  previous  to  interreflections — the  “exciting 
luminosity.” 

p(z)  =  reflection  factor  of  the  surface  at  the  point  Pi . 

K{z,  f)  =  kernel  of  the  integral  equation,  which  can  be  interpreted 
as  the  illumination  at  Pi  produced  by  unit  luminosity  and 
unit  area  at  Pj . 

L(f)  =  luminosity  of  the  area  ds  at  Pj . 


The  particular  problem  which  will  be  solved  is  that  in  which  the  ex¬ 
citing  luminosity  varies  lengthwise  along  a  right  circular  cylinder  and  is 
constant  around  any  cross-section  of  the  cylinder.  Due  to  the  sym¬ 
metry  of  the  system  the  total  luminosity  will  vary  lengthwise  along  the 
cylinder,  and  Ekj.  (1)  will  express  the  problem  completely.  If  it  is  fur¬ 
ther  assumed  that  the  reflection  factor  is  constant  over  the  surface  of 
the  cylinder  and  equal  to  p,  Eq.  (1)  becomes 

Uz)  =  Lo(z)  +  p  [  K(z,  f)L(f)  ds(f)  (2) 

•'3 


The  function  K(z,  f)  d«(f)  in  Ekj.  (2)  is  the  illumination  produced  atz 
by  a  narrow  band  of  area  da  and  of  unit  luminosity  at  z  =  f . 

As  stated  by  Buckley  (2),  the  kernel  for  the  circular  cylinder  is  ob¬ 
tained  from  the  expression: 


K(z  -  r)ds(f)  =  1 


iz  -  mz  -  f)*  +  6a*l\ 
((z  -  r)*  -H  4a]»/^ 


(3) 


w’here  o  =  radius  of  cylinder.  This  function  can  be  inserted  in  Eq.  (2). 
The  limits  of  integration  are  0  and  b,  where  b  is  the  length  of  the  cylinder 
parallel  to  its  axis.  By  the  changes  of  variable: 


Eq.  (3)  becomes 


K{¥  —  vi)  dain) 


!/,(«'-  »'i)l(>'  -  »’i)*  +  Oil 


dvi 


(4) 


and  the  integral  equation  for  the  cylinder  in  these  coordinates  is 
Liv)  *  LoW  +  ~  •'»)  Liyi)dv) 


1 

\ 

i 

I 


(5) 
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where 


(y  —  i>i)[(y  —  vi)*  +  6]\ 

[(y  —  yi)*  +  4]*'*  / 


(6) 


In  the  accepted  nomenclature  (5),  Eq.  (6)  is  known  as  a  linear  inte¬ 
gral  equation  of  the  second  kind,  Fredholm  type. 

3.  Solution  of  the  Fredholm  Eqtiation 


It  has  been  stated  by  Volterra  (6)  that  the  solution  of  Eq.  (5)  can  be 
written : 


L(y)  =  Lo(y)  -I-  r(p;  y,  yi)  LoMdvi,  (7) 


where  r(p;  y,  yi),  known  as  the  reciprocal  kernel  [that  is,  reciprocal  to 
pK{v,  yi)],  is  defined  by  the  equation 


r(p;  y,  yi)  =  Kiy,  yi)  -|-  p 


r 


K(v,  «)  r(p;  8,  yi)  ds 


(8) 


The  solution  of  Eq.  (8)  is  given  by  Volterra  (6),  and  also  by  Bdcher  (7). 
Define  the  series  of  functions: 


Kiiv,  yj)  =  K(y  —  vi) 

Kni»,  vi)  =  Kiiv,  «)  Kn-i{s,  yi) 


(9) 


ds 


where  Kn{v,  vi)  are  known  as  iterated  functions.  Then  it  can  be  shown 
r(p;  y,  yi)  =  ^  p" Kniy,  yi).  (10) 


If  r(p;  y,  yi)  is  known,  it  can  be  substituted  in  Eq.  (7)  to  give  the  solu¬ 
tion  of  Eq.  (5)  for  any  exciting  luminosity  Lo(y). 

It  is  noted  that  Eq.  (9)  is  independent  of  the  reflection  factor.  The 
only  parameter  entering  the  equation  is  the  shape  factor  &/a;  that  is, 
the  ratio  of  the  length  of  the  cylinder  to  the  radius  of  the  base.  The 
evaluation  of  Eq.  (9)  for  all  ratios  h/a  will  then  conclude  the  solution 
of  Eq.  (5)  for  all  right  circular  cylinders,  and  for  all  exciting  luminosities. 


4.  The  Evaliution  of  Definite  Integrals 

The  solution  of  Eq.  (8)  involves  the  evaluation  of  a  large  number  of 
definite  integrals,  these  integrals  being  stated  by  Eq.  (9).  Approximate 
evaluations  of  such  integrals  are  based  on  approximations  to  the  func- 
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tion  K{y,  vi),  as,  for  instance,  Buckley’s  exponential  approximation  for 
the  example  given  (2).  It  is  mentioned  in  passing  that  when  an  expo¬ 
nential  approximation  to  the  kernel  can  be  found,  the  solution  is 
obtainable  by  Whittaker’s  (8)  method.  In  many  cases,  however,  such 
approximations  lead  to  errors  of  unpredictable  magnitude  in  the  final 
solution  of  the  problem.  It  is  here  that  machine  computation  as  per¬ 
formed  by  the  Cinema  Integraph  is  of  great  advantage;  that  is,  the 
machine  can  be  used  equally  well  for  evaluating  the  accuracy  of  a  given 
approximate  solution  and  for  solving  the  integral  equation.  The 
methods  of  performing  these  operations  will  be  demonstrated  later  in 
this  paper. 

The  Cinema  Integraph,  briefly,*  is  a  machine  that  measures  a  quantity 
of  light  which  is  proportional  to  the  integral  being  evaluated.  The  first 


Fia.  1.  Principle  of  operation  of  the  Cinema  Integraph 

operation  which  it  performs  is  that  of  multiplying  two  functions  point- 
by-point;  the  second  operation  is  the  integration  of  this  product  between 
definite  limits.  The  method  of  doing  this  is  shown  in  Fig.  1. 

In  this  figure  SS'  is  a  line  source  of  light  having  substantially  uniform 
radiation  per  unit  length.  To  simplify  the  discussion,  say  that  SS' 
radiates  “light,”  and  that  the  radiation  obeys  Lambert’s  Law  (4).  The 
apertures  Ai  and  At  are  located  at  e'  and  e”,  respectively,  on  the  optical 
axis  ee'e”  so  that  ee'  is  equal  to  e'e".  The  surfaces  of  these  apertures 
are  coincident  with  the  surfaces  of  right  circular  cylinders  of  which  SS' 
is  the  axis. 

To  evaluate  the  definite  integral  /  fix)g(x)  dx,  a  strip  of  70-mm. 

*  For  a  more  complete  discussion  of  the  Cinema  Integraph,  see  Hazen  and 
Brown  (9). 
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motion-picture  film  is  prepared  for  f(x)  with  transparent  and  opaque 
regions  such  that  the  transparent  ordinate  at  any  value  of  x  is  propor¬ 
tional  to  /(x),  and  so  that  the  boundary  between  transparent  and  opaque 
regions  represents  the  function  /(x).  This  film  is  inserted  in  the  aper¬ 
ture  Ai  ;  and  a  similar  film,  prepared  for  the  function  g{x),  is  inserted 
in  the  aperture  Aj . 

The  films  are  placed  in  their  respective  apertures  and  “synchronised” 
so  that  corresponding  values  of  x  lie  on  straight  lines  passing  through 
the  light  source  (the  abscissa  scale  for  At  is  tmce  the  abscissa  scale 
for  i4i).  Consider  a  single,  narrow,  vertical,  transparent  element  of  the 
film  in  the  aperture  Ai .  This  element  can  be  imagined  as  composed 
of  a  vertical  chain  of  small,  rectangular  holes.  Any  one  of  these  holes 
will  form  an  image  of  the  light  source  SS*  on  the  ai)erture  At .  The 
number  of  images  so  formed  is  proportional  to  the  total  ordinate, 
or  fix). 

The  illumination  at  any  point  on  the  aperture  Ai  is  then  proportional 
to/(x).  But  only  a  quantity  of  light  proportional  to  gix)  is  allowed  to 
pass  this  aperture,  the  gix)  film  acting  as  a  mask.  The  total  amount  of 
light  passing  At  is  the  sum  of  the  individual  contributions  from  narrow 
elements,  and  is  proportional  to  the  value  of  the  integral  stated.  This 
total  quantity  of  light  is  collected  by  a  mirror  and  directed  through  an 
optical  system  to  a  photocell,  where  it  is  measured. 

The  photocell  receiving  the  light  is  in  a  balanced  bridge  circuit  and 
receives,  in  addition,  a  quantity  of  light  called  “bias  light.”  This  bias 
light  is  controlled  by  means  of  a  mechanical  shutter.  With  the  bridge 
in  balance,  the  light  that  is  proportional  to  the  integral  is  admitted  to 
the  photocell.  The  mechanical  shutter  on  the  bias  light  is  then  closed 
to  reduce  the  bias  light  sufficiently  to  obtain  a  balance  of  the  bridge. 
The  amount  that  the  shutter  closes  is  directly  proportional  to  the  value 
of  the  integral.  Balance  is  restored  automatically  by  means  of  a  servo¬ 
motor  which  drives  t^e  mechanical  shutter  through  a  torque  amplifier. 

Various  mechanisms  are  provided  on  the  Cinema  Integraph  to  permit 
simplification  of  procedure  for  special  typ>es  of  mathematical  functions. 
Functions  that  are  of  especial  interest  to  this  paper  are  so-called 
“shifting”  functions — a  type  encountered  in  the  superposition  theorem 
for  linear  networks.*  Suppose  the  integral  to  be  evaluated  is 

*  It  is  noted  that  many  functions  f{t,  T)  can  be  transformed  into  shifting  func¬ 
tions  in  order  to  take  advantage  of  the  continuous  evaluation  method.  The 
means  of  finding  whether  such  a  transformation  is  possible,  and  also  of  finding 
the  necessary  changes  of  variables,  is  given  by  C.  E.  Shannon  in  Appendix  II  of 
Reference  11. 
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—  T)g{T)  dT.  This  integral  will  result  in  a  functional  evalua¬ 
tion  in  terms  of  t,  which  is  a  parameter  in  this  case.  A  film  is  prepared 
for  g{T)  and  another  for  f{T). 

When  t  is  zero,  iit  is  desired  to  evaluate  A(0)  =  f  f(—T)g(T)dT. 

J  a 

The  f unction /(—  T)  is  simply  the  function /(T)  turned  end-for-end.  To 
add  t,  in  obtaining /(I  —  T),  involves  shifting/f  — T)  to  the  right  in  the 
aperture  by  the  amount  t.  The  film  is  driven  continuously  through  the 
aperture  by  a  motor  drive,  and  balance  is  continuously  maintained  by 
the  servo-motor.  The  shutter  is  geared  to  an  output  stylus  which  writes 
on  a  platen  geared  to  fihe  .hlm  displacement.  As  the  integral  is  con¬ 
tinuously  evaluated  as  a  function  of  t,  the  output  stylus  draws  a  graph 
of  the  output  function.  If  calibrated  graph  paper  is  used  on  the  platen, 
it  is  possible  to  adjust  the  Cinema  Integraph  so  that  this  graph  will  be 
direct-reading. 

Suppose,  for  example,  that  it  is  desired  to  evaluate  Kt{v,  Pi),  Eq.  (9). 
This  function  is  given  by 

Ki{v,  Fi)  =  K.{v,  s)  Kiis,  vi)d8 

/« 

Kiv  -  8)  K(8  -  vi)  d8. 

Since  Ekj.  (7)  later  requires  an  integration  with  respect  to  >>i ,  it  is  de¬ 
sirable  to  evaluate  Ktiv,  »'i)  as  a  function  of  vi .  The  functions  involved 
are  shifting  functions,  so  a  continuous  evaluation  in  this  parameter  is 
possible. 

The  method  used  to  evaluate  i»i)  was  to  prepare  two  films  for 
K{8).  One  of  these  was  made  for  the  aperture  Ai ,  and  the  second  for 
the  aperture  At .  One  of  these  films  was  shifted  by  the  quantity  v,  and 
remained  fixed.  The  other  film  was  shifted  continuously  by  the  quan¬ 
tity  Pi ,  where  0  ^  I'l  ^  b/a.  As  this  second  film  was  shifted  con¬ 
tinuously,  the  integral  of  Eq.  (11)  was  evaluated  continuously  as  a 
function  of  the  parameter  Pi  and  was  recorded  as  a  graph  on  the  output 
platen.  Kt(p,  i^)  was  evaluated  for  a  sufficiently  large  number  of 
different  values  of  y  so  that  interpolation  between  functions  was  possible.^ 

*  B6cher  also  notes  some  properties  of  iterated  functions  corresponding  to 
certain  properties  of  the  kernel.  Such  mathematical  laws  often  provide  material 
aid  in  solving  integral  equations  and  in  evaluating  the  accuracy  of  solutions  ob¬ 
tained  by  machine  methods. 
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The  evaluation  of  Pi)  proceeds  in  much  the  same  way,  except  that 
several  frames  of  film  must  be  prepared  for  Kt(p,  s),  as  this  function  is 
not  a  shifting  function.  Therefore  a  frame  of  film  was  prepared  for 
each  value  of  p  for  which  Kt(p,  s)  was  evaluated.  These  frames  were 
placed  successively  in  the  aperture  of  the  Cinema  Integraph  and  Ki{p,  Pi) 
evaluated;  that  is,  for  a  particular  value  of  p,  Kt(p,  $)  was  placed  in  one 
aperture  and  K{8)  in  the  other  aperture.  If  K(8)  in  the  one  aperture 
is  shifted  continuously  by  the  quantity  Pi ,  then  Kt{p,  ki)  is  evaluated 
continuously  in  the  parameter  Pi  for  the  particular  value  of  p  corre¬ 
sponding  to  the  film  for  Ktip,  «).  This  process  was  repeated  for  that 
number  of  different  values  of  p  for  which  Kt(p,  ri)  was  evaluated. 

The  relation  between  iterated  functions  is  illustrated  graphically  in 
the  above  process.  In  this  process  the  result  of  the  evaluation  of  a 
parametric  product  integral  is  placed  under  the  integral  sign,  and  this 
result  is  in  turn  reinserted  under  the  integral  sign. 

6.  Evaluation  of  Errors 

In  any  computational  procedure  involving  the  use  of  machine  aids, 
sources  of  error  must  be  carefully  eliminated.  With  respect  to  the 
Cinema  Integraph,  certain  general  checks  have  been  found  to  be  suflS- 
cient.  The  accuracy  of  a  reciprocal  kernel  can  be  estimated.  Say,  for 
example,  that  r(p;  p,  fi)  has  been  evaluated  and  that  the  function  ob¬ 
tained  by  evaluating  the  integral  of  Eki.  (7)  is  Liip),  different  from  L{p). 
This  function  Li{p)  will  satisfy  an  integral  equation,  and  this  equation  is 

Liip)  =  Loi(p)  +  P  <^*'1  •  (12) 

Eq.  (12)  is  then  a  definition  of  the  function  Ln(p). 

Subtracting  Eq.  (12)  from  Eq.  (5),  and  letting 

L,(p)  =L(v)  -Liip)  (13a) 

'  LM  =  Lo(p)  -  Loi(p)  (13b) 

we  obtain 

L«(i»)  *  Laoip)  +  /*  ^(^  ~  *'»)  dpi .  (14) 

From  Eq.  (7), 

Lt(p)  «  Lko{p)  + 


r(p;  p,  I*!)  Lm>{pi)  dpi . 


(16) 
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The  percent  accuracy  of  Li(i')  is  then: 


fliv)  =  100 


Up) 


(16) 


Ll{v)  +  Lm{p)  ' 

If  Lm{p)  is  small,  however,  the  integral  of  Eq.  (14)  can  be  neglected,  and 

Up) 


ft(p)  =  100 


Li(>')  +  Lai»{p) 


(17) 


From  Eqs.  (12)  and  (13b), 

Up)  +  Uip)  *=  Up)  "I"  ^  ^(*'  ~  Uvi)  dpi .  (18) 

Introduce  the  notation: 


Thus,* 


Lt{p)  =  Up)  +  Uip)- 


,(,)=  100^> 


(19) 

(20) 


It  is  interesting  to  note  the  similarity  between  this  process  of  evalu¬ 
ating  errors  and  the  process  of  solving  an  integral  equation  by  successive 
approximations  (5).  In  the  method  of  successive  approximations,  the 
function  dehned  here  as  Li(i')  is  exactly  the  second  approximation  to 
L(p)  if  Up)  is  the  6rst  approximation  to  L(p). 

Consider  the  particular  problem  where  Up)  is  exactly  unity.  For 
this  problem,  by  Eq.  (7), 


r/a 

r(p;  p,  vi)  dPi , 


(21) 


and,  from  Eq.  (18), 


Up)  “  ^  P  ^(*'  ~  Upi)  dpi .  (22) 


The  difference  between  Up)  Up)  is  a  measure  of  the  accuracy  of 
Up)‘  The  integral  of  Eq.  (21),  evaluated  in  finding  Li(v),  is  the  area 
under  r(p;  p,  Pi)  for  a  particular  value  of  p.  The  indicated  error  is  then 
an  error  in  the  area  of  r(p;  p,  i^).  Since  the  function  is  essentially 
integrated  when  applied  in  the  solution  of  a  particular  problem,  this  is 
accepted  as  a  sufficient  measure  of  its  accuracy. 

This  procedure  can  be  utilized  also  by  employing  more  accurate  com- 
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putational  methods  than  the  Cinema  Integraph.  That  is,  an  approxi¬ 
mate  solution  can  be  obtained  rapidly  by  means  of  the  Cinema  Inte¬ 
graph,  the  error  evaluated  by  means  of  a  more  accurate  medium  such 
as  the  Differential  Analyzer  (10),  and  the  error  equation,  Eq.  (15), 
solved  again  on  the  Cinema  Integraph  (11). 

6.  Solution  of  a  Particiilar  Problem 

The  series  of  functions  Kn{v,  vi)  was  evaluated  for  the  circular  cylinder 
with  shape  factor  b/a  =  2.  The  series  is  convergent  at  every  point, 
and  it  was  found  that  terms  beyond  the  eighth  were  of  the  order  of 


Fio.  2a.  Iterated  kernels  for  the  luminosity  distribution  in  a  right  circulaf 
cylinder 


magnitude  of  the  probable  error  and  could  be  neglected.  Figures  2a  to 
2h  show  the  functions  Ki{v,  vi)  to  Kt{v,  i»i),  respectively.  Final  results 
for  the  luminosity  distribution  are  given  in  Fig.  3  and  Table  I. 

Table  I  gives  L(v)  from  Eq.  (12),  and  the  first  correction  to  this  solu¬ 
tion  from  Eq.  (13).  The  corrected  solution  was  computed  manually  in 
this  case  by  means  of  an  average-ordinate  method,  but  usually  this 
computation  is  also  performed  on  the  Cinema  Integraph.  Table  I 
shows  in  addition  the  solution  obtained  by  Buckley’s  method,  using  a 
single-term  exponential  approximation  to  K(v,  i>i). 

It  is  noted  from  Table  I  that  the  estimated  error  of  the  reciprocal- 
kernel  solution  is  everywhere  less  than  one  percent,  while  Buckley’s 


2  .4  .6  .8  1.0  1.2  1.4  1.6  1.8  2.0 

Vq  X  Distonce  01009  Axis  of  Cylinder  from  Bose 

Fia.  3.  Luminosity  distribution  in  a  right  circular  cylinder 
Lt  —  const,  b  ^  2a 
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method  results  in  a  solution  which  is  in  error  by  as  much  as  4  percent. 
It  should  be  further  pointed: out  tha,t  Buckley’s  method  requires  more 
analytical  work  as  the  exciting  luminosity  becomes  more  analytically 
complex.  The  reciprocal  keiHel  may  be  used  immediately  to  evaluate 
the  solution  for  any  exciting  luminosity  by  means  of  an  explicit  integra¬ 
tion.  Furthermore,  when  the  solution  of  any  problem  has  been  ob¬ 
tained,  a  simple  procedure  can  be  us^  to  estimate  the  error  of  that 
solution,  as  has  been  indicated.  This  is  particularly  easy  with  the 
Cinema  Integraph,  where  solutions  and  check  solutions  may  be  evaluated 
with  extreme  rapidity.  '  Thus,  once’  thie  reciprocal  kernel  is  obtained, 
a  solution  can  be  found  for  any  particular  exciting  luminosity;  and  the 


TABLE  I 


¥ 

j  L(»)  for  p  ”  1 

Eq.  (12) 

.  ,  Ist.  Corr. 

Buckley 

0 

2.036 

2.044 

2.000 

0.1 

2.134 

2.147 

2.095 

0.2 

2.223 

2.240 

2.180 

0.3 

2.305 

2.324 

2.255 

0.4 

2.377 

2.398 

2.320 

0.5 

2.440 

2.462 

2.375 

0.6 

.2.493 

2.514 

2.420 

0.7 

2.532 

2.555 

2.455 

0.8 

2.563 

2.585 

2.480 

0.9 

2.583 

2.602 

2.495 

1.0 

2.584 

2.608 

2.500 

solution  can  be  checked,  within  one  to  two  hours,  by  employing  the 
Cinema  Integraph.  Even  in  cases  where  the  Cinema  Integraph  is  not 
immediately  available,  an  average-ordinate  integration  performed  man¬ 
ually  will  give  a  solution  within  a  reasonably  short  time. 

Buckley’s  solution  (2)  is  obtained  by  considering  a  finite  cylinder  of 
length  2,  and  solving  the  approximate  integral  equation^ 

-I 

L(y)  =  Uy)  +  ^  '  LM  dv, .  (23) 

If  Ln{y)  =  Lo  =  constant,  the  solution  of  Eq.  (23)  can  be  written  in 
the  form:  ’ 

*  The  assumption  introduced  by  this  expression  is  that  the  kernel  of  Eq.  (6) 
can  be  expressed  approximately  by  L 
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L{p)  »  oo  +  ai  cosh  by. 
Substitution  of  Eq.  (24)  in  Eq.  (23)  gives 
b  =  y/\  -  p 


(24) 

(26a) 

(25b) 


_ flop _ 

cosh  bl  +  b  sinh  bl 


(25c) 


The  solution  is  thus: 

tw  -  JS-  (i - pco«h 

1  —  P  I  cosh  y/l  —  pi  -j-  y/\  —  p  sinh  \/l  —  p 

When  p  =  1,  the  quotient  term  in  brackets  becomes  indeterminate.  By 
the  use  of  THospital’s  Rule  (12)  it  can  be  shown  that,  for  p  =  1, 


Uy)  =  y[a  +  1)*  +  1  -.-*1  (27) 


In  Eq.  (27)  the  symbol  “1”  is  identical  with  6/2o,  or  one-half  the  “shape- 
factor,”  as  it  is  called  in  this  paper.  For  the  particular  case  where 
b/a  =  2,  Eq.  (27)  becomes 

Uy)  =  (5  -  •'*],  (-1  ^  I'  ^  1)  (27a) 

and  when  Lt  unity,  this  becomes 

(-l^i'^l)  (27b) 

Elq.  (27b)  is  that  from  which  the  comparison  solution  given  in  Table  I 
is  derived,  and  is  listed  as  “Buckley’s  solution.” 


7.  Acknowledgments 

The  author  desires  to  express  his  sincere  appreciation  to  Professors 
H.  L.  Hazen,  Parry  Moon,  andG.  S.  Brown,  of  the  Electrical  Engineer¬ 
ing  Department  of  the  Massachusetts  Institute  of  Technology,  for  their 
interest  and  constructive  suggestions;  and  to  Mr.  W.  T.  White,  member 
of  the  staff  of  the  Electrical  Engineering  Department  of  the  Massa¬ 
chusetts  Institute  of  Technology,  who  patiently  aided  the  author  in 
carrying  out  the  computations  and  machine  operations. 


INTERREFLECTION  PROBLEMS 


417 


BIBLIOGRAPHY 

(1)  Z.  Yamsuti,  “The  Light  Flux  Distribution  of  a  System  of  Interreflecting 

Surfaces,”  Jour,  of  the  Optical  Soc.  of  America,  13,  1926,  p.  561. 

(2)  H.  Buckley,  “Some  Problems  of  Interreflection,”  Proc.  International  Con¬ 

gress  on  Illumination,  1928,  p.  888. 

(3)  G.  S.  Brown,  “The  Cinema  Integraph,”  Sc.D.  Thesis  in  Elec.  Eng.,  M.I.T., 

1938. 

(4)  Parry  Moon,  “The  Scientific  Basis  of  Illuminating  Engineering,”  McGraw- 

Hill,  New  York,  1936. 

(5)  W.  V.  Lovitt,  “Linear  Integral  Equations,”  McGraw-Hill,  New  York,  1924. 

(6)  V.  Volterra,  “Lecons  sur  les  Equations  Integrales,”  Gauthier-Villars, 

Paris,  1913.  Rice  Institute  Pamphlet,  Vol.  7,  Oct.  1920. 

(7)  M.  Bdcher,  “An  Introduction  to  the  Study  of  Integral  Equations,”  Cam¬ 

bridge  University  Press,  2nd  Ed.,  1926. 

(8)  E.  T.  Whittaker,  “On  the  Numerical  Solution  of  Integral  Equations,” 

Proc.  Roy.  Soc.  of  London,  94A,  1918,  p.  367,  1918. 

(9)  H.  L.  Hazen  and  G.  S.  Brown,  “The  Cinema  Integraph,”  Jour.  Franklin 

Institute,  Part  I,  July,  1940,  pp.  19-44;  Part  II,  August,  1940,  pp. 
183-206. 

(10)  V.  Bush,  “The  Differential  Analyzer.  A  New  Machine  for  Solving  Dif¬ 

ferential  Equations,”  M.l.T.  Publications,  E.  E.  Dept.  No.  75,  October, 
1931. 

(11)  W.  R.  Hedeman,  Jr.,  “The  Numerical  Solution  of  Integral  Equations  on  the 

Cinema  Integraph,”  Sc.D.  Thesis  in  Elec.  Eng.,  M.l.T. ,  1939. 

(12)  F.  S.  Woods,  “Advanced  Calculus,”  Ginn  and  Co.,  New  York,  1932. 

(13)  W.  F.  Whitmore,  “Interreflections  Inside  an  Infinite  Cylinder,”  Jour,  of 

Math,  and  Phys,^  8,  1939,  p.  218. 

(14)  Parry  Moon,  “On  Interreflections,”  J.  O.  S.  A.,  80,  1940,  p.  196. 


ON  THE  MOTION  OF  AN  ELECTRIC  PARTICLE 


Bt  I.  Opatowski 

The  bases  for  a  theoretical  study  of  the  motion  of  an  electric  particle 
in  a  magnetic  dipole  field  were  given  by  C.  Stormer  (*) :  he  reduced  the 
problem  to  that  of  a  motion  of  the  particle  in  a  plane  and  to  a  rotation 
of  that  plane  about  an  axis.  He  proved  also  the  existence  of  forbidden 
regions  i.e.  regions  where  no  motion  is  possible.  C.  Graef  and  S.  Kusaka 
gave  explicit  formulas  for  certain  plane  motions  in  a  dipole  field  ( ). 

C.  Stormer  still  in  1912  pointed  out  the  importance  of  the  study  of  the 
motion  in  general  electric  and  magnetic  fields  (*).  The  recent  investiga¬ 
tions  of  cosmic  rays  caused  new  interest  in  this  problem  (^)  (‘).  In  the 
present  paper  the  particle  is  assumed  to  move  in  electric  and  magnetic 
fields  of  a  very  general  form  which  include  the  most  important  fields  of 
mathematical  physics  (fields  symmetric  about  an  axis,  plane  fields,  etc.) ; 
forbidden  regions  are  determined  and  cases  are  indicated  where  the  equa¬ 
tion  of  motion  can  be  simplified  or  explicitly  integrated. 

1.  The  Integral  of  Energy.  The  equation  of  motion  of  an  electric 
particle  in  electric  and  magnetic  fields  of  intensity  Ei  and  Hi  respectively 
is  (•)  (^): 

(1)  d(my)/dt  =  E  -f  v  X  H,  where  E  =  cEi ,  H  =»  cc“‘Hi ,  » 

V  is  the  velocity  of  the  particle,  c  the  velocity  of  the  light,  m  the  mass 
(function  of  v),  e  the  electric  charge  and  X  the  symbol  of  the  right-handed 
vector  product  (^).  We  shall  use  the  right-handed  system  of  Cartesian 
coordinates  x,  y,  z  and  V  as  the  symbol  of  the  gradient.  I*utting 
E  =  —  VF  the  scalar  product  of  (1)  by  v  gives  the  integral  of  energy: 

(2)  mv'  -  i  j  m.dv'  ^  V  ^  K, 

where  X  is  a  constant.  Eq.  (2)  shows  that  the  variation  of  the  magni¬ 
tude  of  the  velocity  depends  only  on  the  electric  field  and  not  on  the 
magnetic.  The  motion  of  the  particle  on  an  equipotential  surface  of 
the  electric  field  is  possible  only  with  a  constant  velocity. 

From  Eq.  (2)  we  have  for  constant  mass: 

(3)  v'  =  2{K  -  V)/m,  and 

(4)  =  c*Il  -  c*mi(K  -  V)-*] 
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for  relativistic  mass  if  ttio  is  the  mass  at  rest.  It  is  seen  therefore  that 
the  motion  is  possible  only  where  V  <  Kii  the  mass  is  constant  or  where 
moc*  <  K  —  V\i  the  mass  is  relativistic.  If  the  trajectory  of  the  particle 
passes  through  infinity  and  all  electric  charges  are  in  a  finite  region, 
then  =  0  and  X  >  0  or  >  Woc*  respectively. 

2.  The  Integral  of  Momentum.  In  this  and  in  the  following  Secs, 
we  consider  fields  defined  by  the  existence  of  two  constant  vectors  a  and 
b,  a  scalar  function  W  and  a  scalar  constant  C  such  that: 

(5)  =  u  X  H,  —C  =  u-E,  where  u  =  a  -1-  b  X  r, 

r  being  the  radius  vector.  Since  v  =  dr/dt,  we  have:  y-du/dt  =  0, 
so  that  u«d(mv)/dl  =  d(mv-u)/dl  and  the  scalar  product  of  (1)  byu 
gives:  d(mv-u)/d<  =  E-u  +  v  X  H-u  or  by  (5):  d{my-u)/dt  =  — C— 
v-VlT.  But  v-VlT  =  dW/dt,  hence  by  integration: 

(6)  my-vi-\-W  —  L  —  Ct,  where  L  is  a  constant. 

Eq.  (6)  gives  the  component  of  the  momentum  of  the  particle  along  the 
vector  u.  F*utting  in  (1)H  =  VW  X  u/u*  (which  is  a  consequence  of 
the  first  Eq.  5),  eliminating  v-u  by  means  of  (6)  and  taking  into  account 
that  v-VlT  =  dWIdt,  we  get: 

(7)  dimy)/dt  =  E  -  M"*((2m)~'v(L  -  Ct  -  W)*  +  idW/dt)u]. 

3.  Forlridden  Regions.  We  shall  see  in  Sec.  4  that  the  most  im¬ 
portant  fields  correspond  to  C  =  0.  The  absolute  value  of  the  cosine 
of  the  angle  between  v  and  u  is  then  by  (6):  |  (L  —  W)/(mvu)  |  which 
must  be  ^1.  Eliminating  here  v  by,  means  of  (3)  and  (4)  we  obtain 
the  forbidden  region: 

(8)  \  L  —  W  \  >  4-[2m(X  —  |  u  |  for  constant  mass, 

(9)  I  L  —  W  I  >  -f  [(X  —  V)*  —  mJcY^*  I  u  |•c~'  for  relativistic  mass. 

A  particle  having  its  energy  and  the  component  of  its  momentum  determined 
by  the  constants  X  and  L  can  not  reach  any  of  the  points  satisfying  (9) 
and  (8).  The  well  known  formula  which  Stormer  deduced  for  the  study 
of  aurora  borealis  and  M.  S.  Vallarta  applied  in  his  theory  of  cosmic 
rays  is  a  particular  case  of  (8). 

4.  Fields  Satisfying  the  Condition  (5).  We  shall  consider  potential 
fields  and  put:  H”  — Vf/,  E  =  — VV,  where  U  and  V  are  harmonics. 
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Then  it  follows  from  (5):  VW -VU  —  0,  i.e.  W  *  const,  represents  a 
family  of  surfaces  orthogonal  to  the  equipotential  surfaces  of  the  mag¬ 
netic  held. 

Let  z,  p,  ip  he  cylindrical  coordinates  and  v  =  tz  +  n<p,  where  n  is  a 
constant,  «  =  0ifn=l,€=lifn^l,  v,  p,  ip  are  helical  coordinates. 
Assume  that: 

(10)  U  =  /(p,  y)  +  p(«^  +  nz);  V  =  g(p,  v)  -f  qiap  nz), 

where  /  and  g  are  functions  of  p  and  y  only,  and  p,  q  are  two  constants. 
If  €  =  0, becomes  ip  and  /,  g  are  plane  harmonics.  If  n  =  0,  f  becomes 
z  and  /,  g  are  harmonics  symmetric  about  an  axis.  (10)  represents 
therefore  a  very  important  class  of  helds.  It  is  not  difficult  to  prove 
that  U  and  V  of  (10)  satisfy  the  condition  (5)  with 

a  =  —nVz,  b  =  eV*,  —  C  =  g(n*  —  e), 

(11) 

W  =  -w  -  pn  t  (log  p  p  /2), 
w  being  a  function  of  p,  y  dehned  by: 

(12)  =  p“‘(n*  -I-  «p*)/r ,  w,  =  -p/, 
or  by  the  equivalent  vector  equation: 

(13)  Vtp  =  (-nVz  +  «Vz  X  r)  X  V/, 
which  may  be  written  also  as: 

(13')  Vu>  =  (-nVz  +  ep*V^)  X  V/  =  p(V»'  X  Vp)  X  V/. 

The  subscripts  in  (12)  mean  derivatives.  The  existence  of  tc  is  a  con¬ 
sequence  of  the  fact  that/satishes  the  Laplace  equation  (').  A  method 
of  calculating  w  by  series  expansions  has  been  given  by  the  writer  (') 
('*).  to  reduces  to  the  ordinary  plane  (or  symmetric)  stream  function 
if  «  =  0  (or  n  =  0).  Since  v  =  ^Vp  +  pVv^  +  iVz,  the  integral  of 
momentum  (6)  is  by  (11)  and  (13'): 

(14)  m{tp(p  —  nz)  =  to  -|-  pne  (log  p  -|-  p /2)  -f-  L  —  g(e  —  n*)<. 

5.  The  Case  of  Constant  Mass.  If  c  =  0,  i.e.  if  /  and  g  are  plane 
harmonics,  u  becomes  —  Vz  and  the  projection  of  (7)  on  the  plane 
(x,  y)  perpendicular  to  u  =  —  Vz  is: 

(16)  m(fVx  -b  gVy)  =  -V(g  +  (2m)~^(L  +  g<  +  to)*]. 


MOTION  OF  ELECTRIC  PARTICLE 


421 


If  n  =  0,  i.e.  if  /  and  g  are  harmonics  symmetric  about  an  axis,  u  be¬ 
comes  p*Vv’.  The  projection  of  (7)  on  the  plane  (p,  z)  perpendicular 
to  u  and  the  elimination  of  ^  by  means  of  (14)  gives  then: 

(16)  m(pVp  +  iVz)  -  -Vto  +  (2mp*)“‘(L  -  qt  +  u;)*]. 

In  both  cases,  (15)  and  (16)  reduce  the  motion  to  a  plane  motion  in  the 
potential  held  [  <  •  •  ]  and  to  the  motion  of  the  plane  itself  according  to 
(14),  which  is  a  translation  parallel  to  z-axis  in  the  hrst  case  (e  =  0) 
and  a  rotation  about  the  same  axis  in  the  second  case  (n  =  0). 


6.  The  Case  of  Relativistic  Mass.  Since 
d{my)/dt  =  [Dt(mfi)  —  mp^*]Vp  -f-  p[pDi(m^)  +  2m^]Vv’  +  D,(mz)Vz 

f 

where  Z)«  =  d/dt,  we  get  from  (7)  and  (10):  j 

d(rnfi)/dt  =  mp^*  —  Qp  +  m~^{n*  -H  —  Ct  —  W)Wp , 

(17)  \p  d{m»)/dt  =  —  2mnppip  —  (n*  -f-  fp*)g, 

—  qnt  (1  -}-  p*)  m  *(Z/  —  Ct  —  W)Wp , 

where: 

(18)  m  =  7noc(c*  —  r*)  =  inoc[c*  —  /6*  —  pV*  —  2*] 

If  c  =  0,  I*  is  =  ^  and  z  can  be  eliminated  in  m  by  means  of  (14)  which 
gives: 

(19)  m*  =  [mjc*  -H  (ip  -}-  L  -H  90*]/(c*  ~  ~  p'<p*)- 

If  e  =  1,  z  is  =  »»  —  and  (14),  (18)  give  then: 

mjc*[(n*  -f  p*)^  —  nv]* 

^{L-Ct-  W)V  -o'-  pV  -{p-  ny>)*], 


which  enables  one  to  eliminate  ^  in  m  and  in  (17).  It  is  seen  therefore 
that  in  the  equations  of  motion  the  3rd  variable  (z  or  ip)  can  always  be 
eliminated. 


7.  Exidicit  Equations  of  a  Motion.  Assume  that  c  or  n  is  =  0  and 
Vi-p)  =  Viv),  Ui-y)  =  -U(y).  Then  by  (10),  (12)  and  (11) 
g,ip,  0)  =  0;  W,ip,  0)  =  0  and  the  2nd  Eq.  (17)  is  satished  by  i*  =  0, 
whereas  the  1st  Eq.  (17)  becomes  an  ordinary  differential  equation  for 
p{t).  (If  the  mass  is  relativistic  eliminations  indicated  in  Sec.  6  must 


422 


1.  OPATOWSKI 


be  carried  out.)  ip(t)  or  z(t)  can  be  obtained  from  (14)  after  the  evalua¬ 
tion  of  p(0-  If  besides  the  previous  conditions  g  is  =  0  we  get  ex- 
pUcitly  from  (3)  or  (4),  (10),  (14)  and  (19)  or  (20): 

t  =  j  N ’Rip) -dp’,  e<p  -h  m  =  J  (ep~*  —  n)[tc(p,  0)  -|-  LJ-R(p)-dp, 

where  for  constant  mass: 

N  =  m;  Rip)  =  \2m[K  -  gip,  0)]  -  (n  +  *p-*)(u;(p,  0)  -f-  L]*}"*'*, 
and  for  relativistic  mass: 

N  ^[K-  gip,  0)]/c*; 

Rip)  =  {c-*[K  -  gip,  0)]*  -  mjc*  -  (n  -f  «p-*)[u;(p,  0)  -f  L]*)"*'*. 


8.  Application  of  the  Lagrange  Function.  The  Lagrange  function 
corresponding  to  Eq.  (1)  is  (*)  (‘®)  (“): 

(21)  ^  ~  1  —  V  —  A‘V, 


where  —  A  is  the  vector  potential  of  the  magnetic  field  i.e.  rot  A  =  Vf/. 
If  functions  w.  and  are  known  such  that  V  f/  =  S  Vw,  X  VQ, , 

then  A  =  53  «»VO< .  Therefore  by  v  =  ez  -|-  and  by  (12)  we  have: 


-  vt/  =  VF  X  u/u*  =  VIF  X  Va  -  «n(n*  -|-  p‘)"'TT,Vp  X  Vv 

=  VIF  X  Va  -  V/3  X  Vp, 


where 


a  =  tip  ^  ez  —  z’,  /8  =  «np  ‘(/  -|-  np(l  -h  p*)(n*  -1-  p*) 
so  that 

(22)  -A  =  WS/a  -  j8Vp 

and  from  (21)  by  v  =  ^Vp  +  pvVv  +  iVz: 


(23) 


X  “  ^  /  m*dv*  —  V  +  Wa  — 


Since  e  is  =*  0  or  =  1,  the  substitution  of  (23)  into  the  equation: 
did\/da)/dt  *  d\/da  gives  at  once  (14)  by  (10)  and  (11). 

From  (22)  we  have: 

(24)  W  —  (e  —  1  —  ep*)A-Va 
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which  determines  W  in  terms  of  the  vector  potential  of  the  magnetic 
field. 

In  particular  cases  some  of  the  previous  results  concerning  the 
trajectories  of  motion  and  the  momentum  integral  have  been  obtained 
by  different  authors  (*)  (*)  (“)  ('*).  Of  particular  interest  is  here 
the  paper  of  T.  Boggio  (**). 

9.  An  Example:  Motion  of  an  Electrical  Particle  in  a  Field  due  to  a 
Magnetic  Dipole  and  to  a  Ring  of  Electricity.  Assume  the  dipole  in 
the  origin  of  the  system  of  coordinates  and  its  magnetic  moment  M 
parallel  to  r-axis.  Then  the  potential  is  Ui  =  Mir~'  cos  B,  where 
Ml  =  Me/c  and  6  is  the  angle  between  the  z-axis  and  r.  The  stream 
function  corresponding  to  Uiia: 

(25)  Wi  —  M\r~^  sin*  B. 

Assume  that  besides  the  dipole,  the  magnetic  field  of  an  electric  current 
of  intensity  I  is  acting  on  the  electric  particle.  Let  x  =  y  —  Q,  z  =  ^ 
be  the  Cartesian  coordinates  of  the  geometric  center  of  the  current  of 
radius  R  and  z  —  ^  the  equation  of  its  plane.  The  vector  potential 
is 

A,  =  Ar,(Vp/A:)[(l  -  W)F{k)  -  £(*)]•  Vv>,  where  AT,  =  -  Uy/R-ejc 

and  F,  E  are  Legendre’s  complete  elliptic  integrals  of  modulus  k  defined 
by:  fc*  =  4Rp[(z  —  f)*  +  (p  +  ii)*]”*.  By  (24)  and  (11)  the  stream 
function  corresponding  to  At  is: 

(26)  Mp,  z)  =  N,{V~p/k)[(l  -  hk')F{k)  -  E{k)]. 

If  an  electrostatic  charge  of  linear  density  5  is  uniformly  distributed 
on  a  circle  of  radius  Ri  in  the  plane  z  =  fi ,  where  x  =  y  =  0,  z  — 
are  the  coordinates  of  the  center  of  the  circle,  then  the  electrostatic 
potential  acting  on  the  particle  is: 

(27)  g  =  2eSki{Ri/py'*Fiki),  where  k\  =  4«,p[(z  -  fi)*  +  (p  +  «i)*]"‘. 

Putting  in  the  formulas  of  Sec.  3  and  4n  =  0,  e  =  1,  i»  =  z  and  w  = 
uh  +  u>t ,  where  iPi  and  tOt  are  given  by  (25)  and  (26)  and  g  by  (27)  we 
obtain  a  forbidden  region  for  the  motion  of  an  electric  particle  in  the  field 
due  to  a  simultaneous  action  of  a  magnetic  dipole,  a  circular  electric  current 
of  constant  intensity  and  an  electrostatic  charge  distributed  uniformly  over 
a  circle.  The  equations  of  motion  in  the  meridian  plane  can  be  deduced 
in  the  same  way  from  Sec.  5  and  6.  If  f  =  0,  we  have  by  (27) : 
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a(-*.  P)  =  p)  and  by  (25),  (26):  u>i(-2,  p)  -  tp.(z,  p);  (i  »  1,  2), 
so  that  motions  in  the  plane  z  =  0  exist  and  their  explicit  equations  are 
given  by  Sec.  7.  The  complete  determination  of  the  forbidden  regions 
for  the  fields  here  considered  is  of  interest  for  the  theory  of  cosmic 
rays  and  has  been  suggested  to  the  writer  by  Professor  M.  S.  Vallarta. 

Univbbbitt  or  Minnesota,  Minneapous,  Minn. 
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